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ABSTRACT. These notes accompanied Math 5001 (‘Mathematics of Medical
Imaging’) in Fall 2020 at Missouri University of Science & Technology. The
notes are based primarily off of the textbook of C. L. Epstein [1], with a number
of figures imported from that text.
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OVERVIEW: X-RAY CT AND THE ASSOCIATED MATHEMATICAL PROBLEMS

X-ray computerized tomography (CT) for non-invasive medical imaging applica-
tions was pioneered by Hounsfield in the early 1970s, with the possibility of such an
application proposed several years earlier by Cormack. Since then, X-ray CT has
been developed extensively and has become one of the primary medical imaging
modalities in use today.

In ordinary X-ray imaging, one essentially obtains an image of a shadow of a
three-dimensional object, which we can view as the superposition of the shadow of
each two-dimensional slice of the object. In X-ray CT, we instead obtain precise
imaging of each individual slice by taking multiple measurements of the ‘shadows’
of individual lines/beams of X-rays. There are different options for precisely how
to configure the beams (e.g. parallel beams versus fan beams).

The goal in X-ray CT is to reconstruct the attenuation coefficient y : R — [0, 00)
of some part of the body. This function quantifies the tendency of tissue to absorb
versus scatter X-rays. We work with one slice at a time, each of which is represented
by a function on R2, using a coordinate system determined by the X-ray machine.

What we actually measure in X-ray CT essentially determines the value of

/uds,
L

where L is the line traversed by the X-ray beam. To derive this model of mea-
surement, we use some basic physics of X-rays and a few simplifying assumptions.
In particular, we ignore some effects like refraction/diffusion and assume infinitely
thin and monochromatic X-rays, and the main underlying physical principle is that
of Beer’s law. Some of the physical assumptions are more realistic than others.
The monochromatic assumption is not very realistic, but it plays a key role in what
follows because it leads to a linear model for measurements. More accurate models
would also take into account that the integrals above should really be taken over
strips, or even 3d objects.

The map p — f. pds is described mathematically by the Radon transform.
This is a linear transformation, but must be interpreted in the setting of infinite-
dimensional vector spaces. For the question of reconstructing p from its Radon
transform, we are immediately led to questions such as invertibility and (if invert-
ibility holds) inversion formulas. In fact, we will show that the Radon transform is
invertible for suitable types of functions, with accompanying inversion formulas (in
particular, the filtered back-projection formula).

In any real application, there will be approximations made at many levels. It will
therefore be important to understand stability /continuity properties of the Radon
transform and its inverse. We will need to understand how to approximate inver-
sion formulas (e.g. with finite sums replacing integrals), how to perform inversion
with incomplete data, how to account for failures of uniqueness, and so on. This
mathematical understanding will inform the development of several approaches to
reconstruction.

For the problems of inverting the Radon transform and designing reconstruction
algorithms, we rely largely on Fourier-based approaches. In particular, we will need
to develop mathematics related to convolution and filtering, Fourier series, and the
Fourier transform. As we will see, the choice of scanner geometry (e.g. parallel
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beam versus fan beam geometry) plays an important role in the approach taken to
reconstruction.

To test reconstruction algorithms, one can study so-called mathematical phan-
toms (as introduced by Shepp). The idea is to simulate a body section by a math-
ematical function that can be described explicitly. In this way, we remove all
‘measurement error’ and can understand precisely what errors are introduced by
our reconstruction algorithms. An example of a phantom is given in the following
figure (from L. A. Shepp and J. B. Kruskal, Computerized Tomography: The New
Medical X-Ray Tomography, American Mathematical Monthly 85 (1978), no. 6,
420-439).

After developing the theory needed to describe several reconstruction algorithms
in detail, we will turn to several other important topics that may be studied math-
ematically. The first such topic concerns various imaging artifacts that arise in
X-ray CT. We will also study the effect of noise in measurements, which entails the
introduction of some topics from probability theory.

In the final few sections of these notes, we will cover some additional topics,
including an introduction to magnetic resonance imaging (MRI).
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PRIMER ON FINITE- AND INFINITE-DIMENSIONAL LINEAR ALGEBRA

We will work with many different vector spaces in this class, including the stan-
dard finite-dimensional spaces R™ and C™, as well the infinite-dimensional Lebesgue
function spaces LP(R™) and sequence spaces (P(C) (with 1 < p < c0). All of these
vector spaces admit standard norms (or lengths), which in turn define standard
metrics (or distances), which in turn define topologies that give rise to notions of
open sets, closed sets, convergence, continuous functions, and so on. Some of the
vector spaces we consider additionally admit inner products which may be used to
define the norm (and hence all of the things just mentioned), but which also give
us a notion of angle/orthogonality.

We will assume familiarity with the usual spaces R™ and C". We summarize
what we need in the following example (in the setting of C™).

Example 1. An element of C™ may be denoted by z, which we view as a column
vector

2= (21,20, 2n)7,
where T denotes the transpose and each entry zj is a complex number (we write
zj € C). This means z; = xj+iy; for some real numbers x;,y; (we write x;,y; € R)
and i is the imaginary unit obeying i> = —1. In general, we will not use bold text

for vectors or do any decorations with arrows. The inner product of z € C" and
w € C" is defined by

Here ~ denotes complex conjugation, defined by = + iy = x — iy, and * denotes the
conjugate transpose (also called the adjoint). In the setting of C™ (or R™) we may
use the more familiar ‘dot product’ notation and write (z,w) = z - w.

For a complex number z = x + iy, we have Zz = x> + y?, which corresponds to
the euclidean length of the vector (z,y)T as an element of R? and is denoted in this
context by |z|*.

The norm of a vector z € C™ is defined by

n
Do lzlP = VAP + -+ el
j=1

2l == v/ (2, 2) =

In the setting of C™ and R™, we commonly write |z| instead of ||z, leaving the || - ||
notation primarily for norms defined on function spaces. However, we will continue
to use the notation || - || for the remainder of this example.

We have the Cauchy—Schwarz and triangle inequalities, given respectively by

[(z,w)| < [[z][ lwll and ||z +w] < |[z]| + [Jw].
The distance between two vectors z,w € C" is defined by
d(z,w) = ||z — w||.

Any norm gives rise to a distance (or metric) in this way.
We then consider the topology on C™ generated by the basis of open balls in C™.
In particular, given zo € C™ and r > 0, we define the open ball B(zp,7) by

B(zg,m) ={2€C": ||z — 20| <},
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and we call a set S C C™ open if for every zy € S, there exists r > 0 such that
B(zg,7) C S. A set is closed if its complement is open. A set S C C™ is called
bounded if there exists R > 0 such that S C B(0, R).

A sequence (zx) in C" is Cauchy if for any e > 0, there exists N > 0 such that

G k>N = ||z, — 2z <e,
and the sequence converges to z if for any € > 0, there exists N > 0 such that
J>N = |z; —z| <e.

In the latter case, we write z; — z as j — 00 or lim;_,o 2z; = 2. The metric space
C™ is complete, which means that any Cauchy sequence converges to some element
of C™. When we need to refer to the components of a collection of vectors, we may
use notation such as zj = (2j1,...,%jn)" -
Finally, a mapping T : C™ — C™ is called continuous if for all z € C™, we have
that
zn — 2 = T(zn) = T(2).

The spaces R™ and C" are examples of Banach spaces: normed vector spaces
that are complete with respect to the metric induced by the norm. In fact, they
are Hilbert spaces: inner product spaces that are (i) complete with respect to the
induced metric and (ii) separable. (A metric space (V, d) is separable if there exists
a countable set {¢;} C V such that for any v € V and any ¢ > 0, there exists j
such that d(v, ¢;) < €.)

The vector spaces R” and C" are n-dimensional. Indeed, one has the standard

basis {ej};’:l, where
1 k=3
€ip =
N0 k£

We may ‘send n — oo’ to obtain the vector space of sequences of real or complex
numbers, which may be denoted by R“ or C¥, respectively. That is, an element of

C¥ is a sequence (zj)‘j‘;l of complex numbers. We can define a family of subspaces

of C¥ (or R¥) by introducing the standard ¢P-norms.

Example 2. Let 1 < p < oco. We define ¢P(C) to be the subspace of C* consisting
of sequences z = (z;)32, such that

Iz|ler < 0,

where the (P-norm || - || is defined by

1
- (E;il\zﬂp)p 1<p<oo,

SUP1<j<oo |zj|  p=oo.

[12][ev

The space P is a Banach space for every 1 < p < oco. Moreover, £ is a Hilbert
space with the inner product

oo
(z,w) = Z Zjw;.
j=1

We will also make frequent use of the Lebesgue spaces on R™. To define these
carefully requires the introduction of Lebesgue measure. Let us briefly recall the
definitions and some of the key properties.
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Lebesgue measure can be constructed by first defining a notion of an ‘outer
measure’ on subsets of R™. In particular, this is defined so that it returns the
correct volume for any set defined by the cartesian product of intervals. A set in
R™ is then called measurable if it satisfies a certain regularity condition, namely,
that it is well-approximated from without (in the sense of this outer measure) by an
open set. The measure of a measurable set is simply its outer measure. Essentially
any set you will encounter in ‘everyday life’ will be measurable, but nonmeasurable
sets certainly do exist. Lebesgue measure agrees with our intuitive notion of ‘n-
dimensional volume’. We do not really need to go through all the definitions, but
it is worth describing one special case in detail. A set £ C R™ has measure zero,
written |E| = 0, if for any € > 0, there exists a countable collection of balls By, in
R™ such that

EC UBk and Z|Bk| <e.
k k

Lebesgue measure is used to define a theory of integration. In particular, given
a measurable set E of finite measure, one first defines the characteristic function

of F to be
(@) 1 z€eF
xTr) =
XE 0 z¢F

and defines the integral to be [ xgdx = |E|. One then extends this definition to
act linearly on finite linear combinations of characteristic functions of disjoint sets
(called ‘simple functions’), and subsequently uses approximation by simple func-
tions to define the integral of more general functions. While this sounds more
complicated than Riemann integration, it turns out that when a function is inte-
grable in both the Lebesgue and Riemann senses, the two integrals return the same
value. What is gained by Lebesgue integration is the ability to ignore the behavior
of functions on sets of measure zero. The classical example is the Dirichlet func-
tion, defined by the characteristic function of the rational numbers. This function
is not Riemann integrable (it is ‘too discontinuous’), but it is easily integrated in
the Lebesgue sense. Indeed, because the rational numbers have measure zero (this
is true of any countable set), the integral of this function is zero.

The inability of the Lebesgue integral to ‘see’ sets of measure zero also means
that when we later define Lebesgue spaces, we must implicitly identify any function
f with the equivalence class of all functions that equal f ‘almost everywhere’ (that
is, the set of functions g such that the set {x € R™ : f(z) # g(x)} has measure
zZero).

We can now define the Lebesgue spaces on R".

Example 3. For 1 < p < oo, we define LP(R™) to be the set of all functions

f:R™ = C such that
Ifler = ([ 1i@was) " <o
Rn

We define L>=(R™) to be the set of all functions f : R™ — C such that
IfllLe :=inf{a>0:|{z € R": |f(z)] > a}| =0} < co.

In particular, || f||Le is the infimal M such that |f(z)] < M almost everywhere.
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The spaces LP(R™) are Banach spaces for all 1 < p < oo. In addition, L?(R")
is a Hilbert space with the inner product

(f,9) = f(x)g(z)dx.

R™

As mentioned above, we must view elements of LP(R™) as equivalence classes of
functions that are equal almost everywhere.

To verify the claims above, one needs to check that the quantities || - |Lr do in
fact define norms (e.g. they obey the triangle inequality). In addition, one must
prove completeness (i.e. that Cauchy sequences converge). These are well-known
facts in analysis and we will take them for granted here.

The Lebesgue spaces above were defined for complex-valued functions, although
one can restrict to real-valued functions as well. If necessary, the codomain of the
functions may be indicated by using notation such as L?(R™; C) or L?(R™; R).

One of the main tools from Lebesgue integration that we will need is the following
theorem, called the dominated convergence theorem.

Theorem 1 (Dominated Convergence Theorem). Suppose fi : R* — C is a se-
quence of measurable functions that converge to some function f : R™ — C almost
everywhere. If there exists a function g € LY(R™) such that | fi(z)| < |g(z)| almost
everywhere, then

lim fr(z)dr = f(z)dx.
k—o0 Rn Rn
It is also useful to work with function spaces that are defined in terms of the
regularity of the functions in the space.

Example 4. We define C(R™) to be the vector space of continuous functions f :
R™ — C. This is a Banach space under the supremum norm (which agrees with the
L>-norm for continuous functions).

For k = 1,2,3,..., we define C*¥(R") to be the vector space of functions f :
R™ — C that are k-times continuously differentiable. The space C*°(R™) consists
of functions that are k-times differentiable for all k € N.

At times, it will be useful to restrict to functions with ‘bounded support’, i.e.
functions such that {x € R™ : f(z) # 0} is a bounded set. We can indicate this
with the subscript p, e.g. Cy(R™) denotes the vector space of continuous functions
of bounded support. We may also write Co(R™) for the vector space of continuous
functions f such that lim || f(x) = 0.

We next discuss linear transformations on vector spaces. Given two vector spaces
V and W over C, we call a mapping T : V — W a linear transformation if

T(av + fw) = oT(v) + BT (w)

for all a, 8 € C and v, w € V. For finite-dimensional vector spaces, all linear trans-
formations are represented by matrices and so the situation is somewhat familiar.
In the infinite-dimensional setting, the situation can change quite a bit. In what
follows, let us work through a few examples that are representative of what we will
encounter later on.
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Example 5. Let V = LY(R"), W = L>®(R") and let K € L>°(R™ x R"). Define
the mapping T : V — W wvia

Tf(x)= | K(z,y)f(y)dy.

R‘n
The fact that T maps V into W follows from the inequalities

Tf(x)] < /IK(myy)l [f W)l dy < K]l Lo @ xrmy | f ]l 21

uniformly over x € R™. We call T an integral transform and we call K the (inte-
gral) kernel of T. The inequalities above also show that T is a bounded operator
from L' to L*>®°; in particular,

1Tl L1z = sup{[|Tfllzee : [ fller =1} < | K| (g ).
For linear transformations, boundedness is equivalent to continuity.

In the special case that K(z,y) = ¥(x —y) for some function ¢ : R™ — C, we
call T a convolution operator and v the (convolution) kernel of T.

Example 6. Suppose V is a vector space over C with an inner product (-,-) and
that W is a closed subspace of V.. Then for each v € V, there exists a unique
element P(v) € W such that

- P = inf —wl|.
o= P()] = inf [lo—ul

The mapping P : V. — W defined by v — P(v) is a linear transformation, called the
orthogonal projection of V onto W. The transformation P is bounded/continuous,
with norm equal to 1. For any v € V', we have that P(v) is orthogonal to v — P(v),
that 1is,
(P(v),v—P))y=0 forall veV.

Neat suppose that we have an orthonormal basis {¢;} for W. This means that

the span of the ¢; is dense in W and that
1 j=k

<¢j7¢k> = {O ]75 k.

Then the orthogonal projection of v onto W is computed via

P(U) = Z<¢jav>¢j~

J

Given a linear transformation T : V' — W, we define the kernel (or null-space)
of T by
NT)={z€eV:T(z) =0}
and the image (or range) of T' by
RT)={T(z):z €V}

We call T injective if N(T) = {0} and surjective of R(T) = W.

In finite-dimensional linear algebra, one is often faced with linear systems of the
form Az = b that may or may not have solutions. Viewing = +— Ax as a linear
transformation (which we still denote by A), one can instead solve the associated
normal system AT Az = ATb, which is always consistent. In fact, solving the normal
system is equivalent to solving

Az = projp(a)(b), (1)
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where projp(4) denotes the orthogonal projection onto R(A). This system is evi-
dently consistent, and solutions to this equation are minimizers of the problem

minimize || Az — b||?

over all choices of z. For this reason, we call solutions to (1) least-squares solutions
to the original system. If A has full rank, the least-squares solution is unique.
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THE PHYSICS OF X-RAY CT

The goal of X-ray tomography is to reconstruct a three-dimensional object from
its two-dimensional slices. The object is described by its attenuation coefficient,
which is a function p : R?* — [0,00) that quantifies the tendency of the object to
absorb or scatter X-rays. We assume that air is transparent to X-rays, so that
= 0 outside of the patient.

Remark 1. We will work directly with the attenuation coefficient. In radiology
one instead works with a dimensionless quantity called a Hounsfield unit, which
compares the attenuation coefficient to that of water (and takes on both negative
and positive values). From the following table (imported from [1]), we can see that
the range encountered in a CT measurement may be around 2000 units, while one
needs to be able to reconstruct the attenuation coefficient accurately to within around
10 units to distinguish between the different types of tissues.

Material Attenuation coefficient
in Hounsfield units
water 0
air —1000
bone 1086
blood 53
fat —61
brain white/gray —4
breast tissue 9
muscle 41
soft tissue 51

Let us now describe a simplified classical model for the interaction of X-rays with
matter. With the interpretation of X-rays as high-energy electromagnetic radiation,
we assume:

(i) No refraction/diffraction: X-ray beams travel along straight lines and are
not bent by the objects they pass through.
(ii) The X-rays are monochromatic (i.e. all of a single frequency).
(iii) Beer’s law: Each material encountered has a characteristic attenuation co-
efficient p for X-rays of a given energy/frequency. The intensity I of the

X-ray beam satisfies

% :_M—L

where s is the arc-length along the straight-line trajectory of the X-ray
beam.
Assumption (i) is reasonable for high energy X-rays, while assumption (ii) is not.
However, it is necessary if we wish to work with a linear model for measurement
(more on this later).

Beer’s law is essentially a probabilistic one. Under the monochromatic assump-
tion, the intensity is proportional to the number of photons per second, and Beer’s
law posits that p(s)As is the probability that a photon incident on the material at
coordinate s is absorbed over a length As.

Using Beer’s law, we may deduce that the intensity of an X-ray beam is attenu-
ated on the line segment joining points xg + av and xg 4+ bv by

exp{/abu(:rg + sv) ds}.



MATH 5001 - MATHEMATICS OF MEDICAL IMAGING 11

When we use Beer’s law, we implicitly assume that attenuation is isotropic (that
is, independent of the direction of travel).

Example 1 (Beam Spreading). Suppose we have a point source of X-rays of inten-
sity In (measured in electron-volts/second) placed at the origin in the plane, with
the same outgoing flux in all directions. Writing I(r) for the intensity at distance
r from the origin, we may derive that I(r) = %IO through an argument using
conservation of energy.

This effect can also be modeled by Beer’s law. We introduce the function ps = 1/r
to account for the attenuation due to the spreading of the beam. Then Beer’s law
implies r1(r) = rol(rg) for any r,ro > 0, which agrees with the identity above.

We say that we have a non-diverging source of X-rays whenever the attenuation
due to beam spreading is very small compared to the attenuation due to the object.

To make measurements, we turn on an X-ray source for some fixed period of
time. We therefore know the total energy, denoted I;, incident on the object along
a line £. We measure the total energy, denoted I,, emerging from the object along
¢ using an X-ray detector.

If we integrate Beer’s law along this line, then we obtain

log[%’] = —/guds.

We model the measurements we make via these line integrals.

If we send X-rays along many parallel lines, we obtain a projection (or shadow)
of the object. If we place the X-ray source at many different angles, we can better
distinguish between various arrangements of objects. This is the basic idea under-
lying X-ray CT, with the goal of reconstructing each two-dimensional slice of the
object under consideration.

Example 2. Suppose we have a point source of X-rays, a photographic plate, and
an attenuating body in between (as in the figure, imported from [1]). We may use
polar coordinates (r,$) based at the source.

Source

The attenuation coefficient is the sum of u, (attenuation to due absorption) and
ws = -1 (attenuation due to beam spreading). The attenuation of the x-ray beam
along a line through the source at angle ¢ is given by Beer’s law:

,%I = _[.Ua(Ta ¢) + %]I

We expose the film by turning on the source for some known period of time. Let us
also use I to denote the energy per unit length resulting from this exposure.

Proposition 1. Let ay and by denote the first and last points of intersection of the
X-ray line with the absorbing body, and let L + h be the distance from the source to
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the film. Let 0(¢) denote the density of the film at the point where the line meets
the film. Then

bd’ 2
- / ta(s,6) ds = 7~18(¢) — log L2228

¢
for some (physical) constant v > 0.

The quantities on the right-hand side are determined by measurement. In par-
ticular, the measurement is a linear function of the attenuation coefficient.

Proof. Integrating Beer’s law from some small r = ro > 0 to r = r, (the distance
to the film along the line) yields

be
log f220 —tog 2~ [ (.6 ds.
ag
With ¢ the distance to the front of the body, and L the distance to the back of the

body, we have

_ ¢ _ L __ L+h
a¢_cos¢’ b¢_ cos ¢’ and T¢_cos¢'

Thus (recalling that 79I (rg, #) = 5=Io due to beam spreading)

b
o) = o+ 5o epd = [ s, 0)as ).

@

The density of the developed film at a point is proportional to the logarithm of
the total energy incident at the point (we take this for granted). We next compute
this energy:

We need to determine the flux across the part of the film subtended by a small
angle A¢. This is given by

P+A¢
AF = / I(ry, )7 - fido,
[

where 7 = —(sin ¢, cos @), n = (0, —1) is the outward unit normal to the film plane,
and do is the arc-length element along the film, given in polar coordinates by
_ _L+h
do = cos? ¢d¢

(here we are using 7 = (L + h)[cos ¢] ! and do = ,/r2 + (%)Qd@.

Now, for A¢ small, we get

d+AP
AF =~ / I(ry,¢)7 - nEHde
¢

cos? ¢

cos? ¢ bs L+h
~ Ty—2 P oxpd — W(s.0)d Ad.
%27(L + h) exp{ /% Ha(s, ) 8}c052¢ ¢

Using that the length of film subtended by angle A¢ is approximately Ao =
LEh A, we deduce that the energy density at the point P4 (where the line meets

cos? ¢
the film) is

dF  Iycos® ¢ bs

o mexp —/% Ha(s, @) ds ¢
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and so the density of the film is

2 be
5(6) = 1o 4 = ow 25218 — [ (o)

a¢

for some 7. Rearranging, we get

b¢ 2
f/ pals,6) ds = 773(9) — log [ L2ee ],
ag

as desired. O

By moving the source and film around a circle enclosing the absorbing body, we
can measure the line integrals of the attenuation coefficient for every line intercept-
ing the body. The fact that this allows us to recover the function itself is what makes

X-ray CT work.

Before we turn to the mathematical formulation that describes the measurements
above, let us conclude this discussion by revisiting some of our physical assumptions
above.

The assumption that our X-rays are monochromatic is not realistic. Rather, our
X-ray source will be described by some spectral distribution function S(A). The
attenuation coefficient of a material is frequency-dependent and typically decreases
as the energy increases. This fact leads to the phenomenon of beam hardening,
which means that the distribution of output energies is skewed towards higher
energies. Integrating Beer’s law and taking into account the dependence on the
spectral parameter, one can derive that the measured output (for an X-ray beam
along a line /) is given by

U, = /000 S()\)exp{—/e/i(m,)\) ds}d)\.

In particular, the measurements are now modeled by nonlinear functions of u and
hence the reconstruction problem becomes much more difficult. We will return to
this issue later.

Another issue related to our model arises from the fact that an X-ray beam is not
continuous, but rather it is comprised of discrete particles (photons). The physical
effect of this is the presence of random noise in the measurements. While this issue
could essentially be solved by simply increasing the number of photons, doing so
can become dangerous to the patient! We will discuss this tradeoff between patient
safety and contrast/resolution in a later section.
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INTRODUCTION TO THE RADON TRANSFORM

In X-ray CT, measurements are modeled by line integrals of a two-dimensional
slice of the attenuation coefficient of the object being imaged. The collection of
all such line integrals is described mathematically by using an integral transform
known as the Radon transform.

To define this transform, we begin by introducing a convenient parametrization
of lines in the plane. In what follows, we denote the unit circle in R? by S'. That

is,
Slz{[wl]eRQ:wf+w§=1}.
w2

Given t € R and w € S!, the set
{(z,y) € R*: {(z,y),w) = t}

is a line in the plane, where we recall the notation (-,-) denotes the usual inner
product. In particular, the vector w is perpendicular to this line, and the value |t|
is the distance from the line to the origin.

We obtain the same set if we use (—t, —w) instead of (t,w). However, if we
impose an orientation (i.e. a positive direction along the line), then (¢,w) defines
a unique line, which we denote ¢;,. To impose an orientation, we observe that
@ = (—wa,w1)T is perpendicular to w and therefore parallel to the line—we use @
to define the positive direction along the line.

The set of points on ¢;,, may be parametrized as follows:

{tw+ s&: s € R}.

In fact, given (z,y) on the line ¢; ,,, one obtains the corresponding s € R by solving

e

In practice, the CT machine determines a coordinate system (x1,xo,x3) for R3.
Writing p for the attenuation coefficient, we fix a height ¢ and measure line integrals
of the slice p(-,-,¢). In particular, for the oriented line ¢;,,, the measurement is
described in terms of the integral

/ u(tw + s, ¢) ds.

In fact, this is the Radon transform of the function u(-, -, ¢) evaluated at (¢,w).

Definition 1 (Radon transform). Let f € Cy(R?). The Radon transform of f is
the function

Rf:RxS' =R
defined by

Rf(t,w) = /_00 f(s@ + tw) ds,

where
w = (wl,wg)T and @ = (—wg,wl)T

Remark 1. To define the Radon transform of f, it is not necessary for f to be
continuous, nor is it necessary for f to have bounded support. What is needed
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is enough reqularity to restrict the function to a line, as well as enough decay to
guarantee that the improper integrals above converge. That is, we need to have

/ |f(tw + s)|ds < oo for all (t,w) € R x S'.

— 00

We call the set of functions satisfying this property the natural domain of R.

Our interest in this section will not be to develop the theory of the Radon trans-
form, but rather to discuss a few relevant properties related to the reconstruction
question, and to work towards a formal inversion formula.

First, observe that the Radon transform is a linear transformation. It also pre-
serves nonnegativity. Finally, as ¢;,, and ¢_; _,, yield the same line, the Radon
transform of a function is always even:

Rf(t,w) =Rf(—t,—w) forall ¢ ,w.
We next compute a simple example.

Example 1. Let B = B(0,1) be the unit ball in R? and let xp denote its charac-
teristic function, that is,
1 zeB
xB(z) = {

0 z¢B.
Then for each (t,w), we have that
Rxs(t,w) = length of intersection of £y, N XB-

Thus
2v1—t2 ¢ <1

Ra(t,w) = {o It > 1

The next example shows that the Radon transform cannot distinguish between
two functions that agree almost everywhere (in the sense of Lebesgue measure.)

Example 2. Define

f(x,y):{l ze[-1,1 and y=0,

0 otherwise.

Then
2 ift=0 d = (0,+1)T
Rf(t,w) = yr=0 and w (0.%1)
0 otherwise.
In fact, if we replace f by any other function that equals 1 on a subset of R x {0} of
total length 2, then we will obtain the same result for the calculation of the Radon

transform.

Combining the previous example with linearity, we see that the Radon transform
may map a nonzero function the identically zero function. This non-uniqueness, or
failure of injectivity, seems like it could be an issue, given that we would eventually
like to invert the Radon transform!

The resolution to this issue comes from observing that that the non-uniqueness
above stems from the fact that the functions in question differ only on sets of
Lebesgue measure zero. When we discuss the formal inversion of the Radon trans-
form, we will do so in the setting of function spaces in which such functions are
regarded as the same element in the space. In particular, there is a straightforward
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mathematical resolution to this issue. At the same time, no physical measurement
will be able to detect behavior on sets of measure zero. Thus any practical re-
construction algorithm will necessarily need to be insensitive to this type of issue,
anyway.

In practice, we will be imaging objects of finite size; correspondingly, the atten-
uation coefficient will be modeled by a function of bounded support. This support
property is reflected in the Radon transform:

Lemma 1. Suppose f :R? — R has bounded support, i.e. there exists R > 0 such
that f(xz) =0 for |x| > R. Then

Rf(t,w) =0 whenever [t| > R.

Proof. If 4, is a line with |t| > R, then ¢, lies outside the support of f. Thus,
by definition of the Radon transform, R f(¢,w) = 0 for any w. O

The converse is false:

Example 3. Define the function f : R2 = R in polar coordinates via

£ 6) = {Tcos(ﬁ) r>1

0 r<l1.

Any line Cy ., with |t| > 1 lies entirely outside the unit disk, in which case a direct
computation (using contour integration, for example) shows that

Rf(t,w) = 0.

In particular, the Radon transform can vanish for |t| > R without the function being
zero outside the disk of radius R.

Recall that our main goal is to reconstruct functions from their Radon trans-
forms. Mathematically, this should be equivalent to finding an inversion formula
for the Radon transform. However, early reconstruction algorithms did not take
this approach. Instead, they relied on direct algebraic techniques. We will discuss
this approach in the next section.

Modern reconstruction algorithms are indeed based on inverting the Radon
transform. For the rest of this section, we will give a brief and informal intro-
duction into this topic, saving a rigorous treatment for later sections.

One natural approach to inverting the Radon transform is to try back-projection,
which refers to the following: given a function f and a point x € R2, take the average
of the values of Rf over all lines that pass through x. Now, for a given direction
w, the value of ¢ € R such that ¢; , passes through z is given by ¢ = (x,w). Thus,
parametrizing the set of directions w by

w=w(f) = (cosh,sind)T, 6 c|0,2n],
we arrive at the following.

Definition 2 (Back-projection). Given the Radon tmnfform Rf of some function
f:R? = R, the back-projection of Rf is the function f : R? — R defined by

2

f(x) = % o Rf(<$7w>7w) do. (1)
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The back-projection of Rf does not recover f, but rather a blurred version
thereof. (In fact, it is not the inverse of R but rather a type of transpose operation.)
An example is provided in the following figure (imported from [1]).

(a) A simple object. (b) The result of back-projecting

the object’s Radon transform.

The actual inversion formula for the Radon transform can instead be described
as a ‘filtered’ back-projection of the Radon transform. To describe what this means,
let us briefly introduce two main ingredients, which will be discussed in detail in
later sections.

The first ingredient is the central slice theorem, which provides a connection
between the Radon transform and the Fourier transform (defined and discussed
later). This refers to the formula

Rf(r,w) == /_ - Rf(t,w)e " dt = f(rw) (2)

for r € R and w € S', expressing the one-dimensional Fourier transform of Rf (in
the affine parameter ¢) in terms of the Fourier transform of f.

The second ingredient is the Fourier inversion formula, which expresses a func-
tion in terms of its Fourier transform as follows:

f@) =3 [ e fe e 0

Changing to polar coordinates in (3) and using (2) and evenness of the Radon
transform, one can derive the following filtered back-projection formula:

f@)= 2 [ VIR A (). db ()
0
where w(#) = (cosf,sinf)” and
VIRF(tw) = 3 [ Rl dr
This final integral has the form of a filter applied to the Radon transform. The
formula (4) then resembles the back-projection formula (1), applied to the filtered
Radon transform rather than the Radon transform itself.

The filtered back-projection formula and Fourier inversion formula form the ba-
sis for the reconstruction algorithms that we will discuss in later sections. To get
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there, we will first need to undertake a rigorous treatment of the Fourier trans-
form and related topics. We will turn to this after our brief detour into algebraic
reconstruction techniques in the next section.
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ALGEBRAIC RECONSTRUCTION TECHNIQUES

In this section we will discuss some algebraic reconstruction techniques, which
seek to produce approximations to a two-dimensional slice of an attenuation co-
efficient without any explicit reference to inverting the Radon transform. These
techniques were used in some of the earliest reconstruction algorithms. While it
is possible to obtain very good images with algebraic reconstruction techniques,
this approach is typically much slower (in terms of computation techniques) than
modern approaches based on exact reconstruction formulas.

The figure above (from [1]) is an example of an early X-ray CT image using
the EMI scanner and an algebraic reconstruction technique. The dark edge around
the skull is an artifact of the reconstruction algorithm called the false subarachnoid
space.

Let f: R?2 — R be the function that we wish to reconstruct. For simplicity, let
us assume that f is supported in the square [—1,1]?> C R?. As before, we model
the X-ray measurements we take as samples of the Radon transform R f of f. We
suppose that we have samples of Rf at the points {(¢;,w;)}!._,, which we denote
by

piz’Rf(ti,wi), iZl,...,I.

We will produce an approximation of f of the form
J
R b (1)
j=1

for some collection of basis functions {b;}7_, supported on [~1,1]>. Using linearity
(and continuity) of the Radon transform, we should have

J
Rf~ Y xjRb;.
j=1
Evaluating this at the points (¢;,w;) and denoting
’I‘ij = ij (ti,wi),

we can therefore obtain the following linear system for the coefficients x;:

J
pi:ijrij for i=1,...,1.
j=1
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In vector/matrix notation, we may express this as p = rz. We call r the measure-
ment matrix. It has dimensions I x J, where I is the number of measurements and
J is the number of basis elements.

The problem now boils down to two main parts:

e The first part concerns finding a good choice of basis functions. For this,
one should first of all choose a large enough set of functions that are suf-
ficiently localized that we can faithfully reconstruct the functions f under
consideration. In addition, we must be able to compute (or approximate)
the measurement matrix r, whose entries consist of the Radon transforms
of the basis functions evaluated at the sample points.

e The second main component involves solving the linear system p = rz.
The challenges here lie in the fact that the system will be large in size and
cannot be expected to be consistent in general.

In what follows, we will consider the specific case of the pizel basis, defined
as follows. Given a positive integer K, we subdivide [—1,1]? into a K x K grid.
We label the sub-squares (called pizels) S]K for j = 1,... K2, and let bJK be the
characteristic function of S;.

To reconstruct a function f with the pixel basis as in (1), one could take x; to
equal the average of f on SJK . Indeed, if f is continuous and supported in [—1,1]?,
then

K2

o= X [ 1] = 1

j=1
uniformly as K — oco. whenever f is a continuous function supported in [—1,1]2.
To construct the exact measurement matrix with a one-dimensional X-ray beam,
we should take r;; to be the length of the intersection of the it ray with the jt*
pixel. If the X-ray has a one-dimensional cross section, one should take the area of

the corresponding strip.
Ray/ Strip/

i i
v i

N L
>
=

)4
K+ / K+1
| / 31415 K ! L G K

V.

e

(a) Using onc-dimensional rays. (b) Using two-dimensional strips.

)

For an even simpler model, one can take r;; = 1 if the center of the 4t pixel
is contained in the i* strip and 0 otherwise. In fact, this was used in early ap-
plications. This approach is computationally simpler (in the sense that you can
compute 7;; ‘as you go’), but it does not give a particularly accurate model for
measurements.

Suppose now that we divide the square into 128 x 128 pixels and take 150 samples
of the Radon transform at 128 equally spaced angles. Then the measurement matrix

has dimensions ~ 19000 x 16000. This is problematic for several reasons. First,
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this matrix is too large to deal with numerically. This is ameliorated somewhat by
observing that at least the matrix is sparse, in the sense that for each i, there are
only about 128 values of j such that r;; # 0. The second issue is that since the
system p = rz has more equations (/~ 19000) than unknowns (a 16000), we cannot
expect the system to be consistent in general. In this case it is natural to look for
the least squares solution to p = rx, which entails solving the normal system

rTp=rlre, (2)
which is guaranteed to be consistent. As discussed in the linear algebra primer,
solutions to (2) minimize ||p — rz|| over all choices of x, and if r has full rank, then
(2) has a unique solution. Unfortunately, 77 still has dimensions ~~ 16000 x 16000,
and this matrix is no longer guaranteed to be sparse. Thus it is not reasonable to
try to solve (2) directly.

Our problem is therefore to find a computationally reasonable way to construct
an approximate solution to p = rx. The method used in algebraic reconstruction
techniques is related to the Kaczmarz method, or the method of projections, which
we now describe.

We write the linear system p = rz in the form

pi=ri-x, t1=1,...,1,

where r; is the it" row of . Solving the system is therefore equivalent to simul-
taneous membership the I hyperplanes determined by the equations above. The
Kaczmarz method is an iterative algorithm, described as follows.
1. Choose an initial vector z°.
2. Project 20 orthogonally onto the hyperplane r; - £ = p;, vielding 2.
Project z!' onto the hyperplane 75 - © = ps, yielding x2.

Project =1 onto the hyperplane r; - z = py, yielding z!.
3. Repeat Step 2 with =/ instead of 2.
For the sake of completeness, we recall that the formula for the projection of a
vector y onto the hyperplane r; - x = p; is given by
e —
gy YR 3)
Ty Ty
This algorithm is pictured in the figures below (from [1]), depicting some different
scenarios that could arise in the case I = 2. In the figures, the notation z(-*)
corresponds to our z/ ¥,

) L

@

x @2

7]
_‘_(O;I: [l /
I 1, b

We have the following result concerning this method.

Theorem 1. If the system p = rx is consistent, Kaczmarz iteration converges to
a solution.
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Proof. Suppose p = rz. By construction and the Pythagorean theorem,
a4 22+l — 2F P = ot — 2. (4)

Indeed, 2**1 is the projection of z* onto some hyperplane r; - & = p;, of which z

is also a member. Thus zFt! — 2* is orthogonal to this hyperplane, and hence to
k+1

T - z.

The equality above implies
2™+ — 2] < fl2* — 2],

which implies that the sequence {[z* — z||} C [0,00) converges as k — co. In
particular, {z*} is a bounded sequence and hence converges along a subsequence
(denoted x*7) to some limit z*. By construction and the pigeonhole principle,
infinitely many terms of the subsequence x*/ must belong to one of the hyperplanes,
say ry-x = pg. As this further subsequence still converges to * and the hyperplane
is closed, we deduce 7, - x* = py.

On the other hand, by (4) and convergence of {||z* —z||}, we have ||z%—z* 1| —
0, and so

%o+t — 2| < [l — a4 e —2*| = 0.
Applying the argument in the preceding paragraph, we then deduce 7y 1-2* = pyyq.
Repeating this argument I times implies r; - z* = p; for each i = 1,...,1, so that
* is a solution to rz = p.

It remains to show that the full sequence z* converges to x*. For this, observe
that since {||z¥ — z||} converges for any solution z, we have in particular that
{lla®—=*||} converges to some limit. However, since the limit along the subsequence
x%i is zero, that limit must be zero. O

k

In imaging applications, the system is generally not consistent. Moreover, be-
cause the system is so large (I ~ 19000), we cannot practically compute more than
a few complete iterations in a reasonable time. In fact, one observes that the qual-
ity of the reconstructed image only improves for a few iterates, before becoming
worse again (perhaps due to noise in the data and inconsistencies arising from the
approximation of the measurement matrix).

This algorithm naturally takes advantage of sparseness in the measurement ma-
trices. Indeed, computing orthogonal projections requires primarily computing in-
ner products with the rows r;, which becomes simple when r; has many zeros.
Moreover, we can see from (3) that in passing from x* to x**1, the only entries
that change are those at indices at which the appropriate row has a nonzero entry.

In the case that rz = p has more than one solution, we may use Kaczmarz
iteration to find a solution of minimal norm.

Lemma 1. With 2° = 0, the solution x* obtained by Kaczmarz iteration has
minimal norm.

Proof. The image R(r”) is invariant under Kaczmarz iteration. This follows from
(3) and the fact that 7; belongs to the image of 7' (it is the image of the i** standard
basis vector). Thus if we choose 2° = 0 € R(rT), we deduce that ¥ € R(rT) for
all k and hence z* € R(rT). As R(rT) = [ker(r)]+, we deduce that

lz* +vl|* = [l2*|* + [|v]* > a*[|* for any v € ker(r).

As any solution to rz = p is of the form a* 4+ v for some v € ker(r), the result
follows. (]
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We will discuss imaging artifacts in a later section. These frequently appear as
rapid oscillations in the image. To minimize such effects, we may wish to construct
solutions with the smallest possible variation. To make this precise, define the
average value of a vector z € R’ by

pie = 3(e,x), where e= a,...,nT.
We then define the variance of x € R’ by
oy = ||z — poel®.

Proposition 1. Ife € span{r;}, then finding a minimal variance solution to rz = p
is equivalent to finding a minimal norm solution.

Proof. Tt suffices to show that if rz = p, then ||z|* and o2 differ by a fixed constant.
To this end, first observe that if e = > ayr;, then

(e7x> = Zai<riax> = Z%‘Pi-

2
o — 3 (e, xhel? = ol = Lie,a)? = o - },(Z aipi) ,

and the result follows. O

Thus

We will conclude this section by describing a modification of the basic Kaczmarz
algorithm that may reduce the effects of noise and modeling error. In particular,
we may introduce some relazation parameters to diminish noise and speed up con-
vergence. This involves introducing factors {\;} C [0, 2] so that instead of exactly
projecting onto the hyperplane r; - © = p; as in (3), we instead use the update

y ey - NP
Ty Ty
in the k" complete iteration. In particular, A\ = 0 means we do not update at all,
while A = 1 recovers the original algorithm. If 0 < A; < 1, then we remain on the
same side of the hyperplane as the input, while if 1 < Ay < 2 we end up on the
opposite side. The case A\ = 2 means we reflect across the hyperplane.

One can prove that as long as A\; € (0,2) for all £ and the system has a solution,
the modified algorithm also converges to a solution. Furthermore, if z° = 0 then
the limit will again be a minimal norm solution. In fact, if we let Ay — 0 as k — oo,
then we may obtain convergence even when the system has no solution.

Using such modified algorithms, one can find approximate solutions that op-
timize various criteria (e.g. minimizing norm or improving contrast). See, for
example, Y. Censor and G. Herman, On some optimization techniques in image
reconstruction from projections, Appl. Numer. Math. 3 (1987), no. 5, 365-391.

We conclude our discussion with the following observation. In taking the X-ray
measurements, adjacent rays will produce measurement vectors r; and r;4; that
are nearly parallel. As a result, when considering subsequent projections of our
approximate solutions, our approximation will only change very slightly. In fact,
the changes could be lost completely in noise and rounding errors. To improve
this situation, one would like to order the hyperplanes so that they are as close to
orthogonal as possible. One way this can be done is to order the measurements
randomly to minimize the expected correlation between successive measurements.
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THE FOURIER TRANSFORM

We begin by defining the Fourier transform for the class of L' functions, where
the definition as an integral transform makes sense. Later we will extend our
definition to L2, on which the Fourier transform has many nice properties. We will
focus in this section on the one-dimensional case. We will discuss extensions higher
dimensions briefly at the end.

Definition 1. For f € L'(R), we define the Fourier transform of f to be the
function f : R — C defined by

f(6) = / f(@)e== d. (1)

Remark 1. Here €'*¢ is the complex exponential, given by
e’ = cos(x€) + i sin(z€).

We view this as an oscillatory state with frequency % Equation (1) may be inter-
preted as computing the component of f in the direction of this state.

For f € L'(R), we can show function f : R — C is continuous in ¢ and tends to
zero as |[€| — oco. In particular, we may view the Fourier transform F as a linear
transformation F : L'(R) — Co(R).

Proposition 1 (Riemann-Lebesgue lemma). For f € L', we have f € Co(R).

Remark 2. We will prove this below. The Riemann—Lebesgue lemma demonstrates
an important fact about the Fourier transform, namely, that it interchanges decay
(in this case, the assumption that f € L') and regularity (in this case, the fact that

f is continuous).

Our first main goal is to prove the Fourier inversion formula, which allows us
to recover a function from its Fourier transform:

Theorem 1 (Fourier inversion). Let f € L*(R). Suppose in addition that f is
uniformly continuous. If f € L*(R), then

fla) = & /R (&) de.

Before we can prove Theorem 1, we will need to collect a few lemmas. The
first lemma, which consists of working out the Fourier transform in the special
case of a Gaussian, will introduce us to some useful algebraic properties of this
transformation.

Lemma 1. Let f(z) = e~ for some a > 0. Then

f() = fze €1,

Proof. We first observe that with f(z) = e~%*", we have
f'(@) = =20z f(x).

Now let us take the Fourier transform of both sides of this equality. First, using
integration by parts, we have

F()(E) = / f ()i da = i / f(@)e " de = ig f(€). @)
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On the other hand,

/xf(x)e—iwf de = id%/f(g;)e—iwﬁ dr = i f(€). (3)
Combining these, we deduce

&1 =—51(9).
This implies
fO = foe e = | [ ot eie = fromem
R

as desired. 0

Remark 3. Fquations (2) and (3) are also related to the fact that the Fourier
transform interchanges decay and regularity of functions.

We next have the following identity.
Lemma 2. Suppose f,g € L'(R). Then

[ 1@ s = [ fwgt) i

Proof. Both integrals converge absolutely, as the Fourier transform of an L' func-
tion is bounded. Then, by Fubini’s theorem, both of the quantities above are equal

! / / f(@)e™™g(y) dy da.

Let us turn to the proof of Theorem 1.

Proof of Theorem 1. Let f € L*(R) be uniformly continuous. We will recover the
value of f at a point x € R by taking the limit of averages of f against rescaled
Gaussians. More precisely, let us define the family of functions Kj(x) by

Kiy(a) = y/Le ",
which (in light of (4)) obey [ Ky dx =1 for all b > 0. The integrals
[ H) Kot =) dy o)

represent weighted averages of f around the point z. As b — oo, these averages are
concentrated in smaller and smaller neighborhoods of z, and accordingly we claim
the following;:

£@) = Jim [ F) Kol ) dy (6)

To prove (6), we use [ Kjdz =1 and a change of variables to write
f@) = [ 1)Kot =)y = [[5(@) = fa = )] Ko(y) dy
- [ -t - HKw . @
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We now observe that since f € L' and f is uniformly continuous, we have f € L.
Furthermore, by continuity of f we have that the integrand tends to zero as b — oo
for all y € R. Thus the dominated convergence theorem implies (6).

We now consider the right-hand side of (6). By a change of variables and the
fact that K} is even, we can first rewrite the integral as

/ Fly + 2)Kly) dy.

Now, by Lemma 1 (with b = ﬁ), we see that K is the Fourier transform of the
function ie’ﬁ/ 4 We are then in a position to apply Lemma 2. This requires
that we compute the Fourier transform of the function y — f(y + z), which (by a

change of variables) we find equals € f(¢). Thus Lemma 2 now yields
/ fla =y Ky(y)dy = 5 / e e f(E) de.

To complete the proof of the inversion formula, we recall that f € L' by assump-
tion, so that by the dominated convergence theorem, this final quantity tends to
%fe*”ff(ﬁ)df as b — oo. O

Just as we view the Fourier transform F as a mapping F : L'(R) — Cp(R),
we may view the operator appearing in the Fourier inversion formula as a linear
transformation, denoted 7!, and the Fourier inversion formula reads f = F~! f
for suitable f. As the two operators have essentially the same form, the Riemann—
Lebesgue lemma implies F~! : L}(R) — Cy(R). The interpretation of F~1 as an
inverse of F will be clarified after we have introduced the L? theory.

The quantity appearing in (5) is an example of a convolution, and can be written
as

The argument we used (to show K * f(x) — f(z)) is an example of an approzimate
identity argument, which we will discuss in more detail in a later section.

Definition 2. For f,g € L'(R), the convolution of f and g is the function f * g :
R — C defined by

fra(@) = [ 1= vat)dy
The Fourier transform interacts simply with the convolution product.
Proposition 2. For f,g € L'(R), we have f * g € L*(R), and
FIf#916) = F(©)a(¢).

Proof. To prove f x g € L', we use Fubini’s theorem and translation invariance of
Lebesgue measure:

[159@lde < [[ 17 = wlloto)|dy o

< [1al] [ 176 =l as] ay

< ||f||L1/|g(y)|dy < [ fllzellgllze-
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For the identity, we compute directly, again using translation invariance:
Ff xg)(&) = // e fz = y)g(y) dy da

= [ atmes [ [ = gy da| dy = F©3(6).
(I

With some of the basic theory in place, let us work out a simple illustrative
example, which in turn will be used in the proof of the Riemann-Lebesgue lemma.

Example 1. Let r; be the characteristic function of the interval (—1,1). Then

1
~ —iz e €1 in
r1(§):[16 Cdp = [F]! = puag

sin &

The function £ — 3
in many signal processing applications. Beware that in many other references, the

sinc function is instead defined as % It is pictured below.

1s called the sinc function, which plays an important role

N\

Observe thatry € L'(R) and 71 € Co(R), but 71 is not absolutely integrable. The
discontinuity of r1 at the endpoints of the interval (—1,1) leads to the characteristic
1/|€] type decay of the Fourier transform.

More generally, the Fourier transformation of X(a) 15 given by

X(ap)(§) = %[e‘ia& — e,

The previous example illustrates the Riemann-Lebesgue lemma. In fact, it also
provides a proof of the Riemann—Lebesgue lemma. In particular, we can see that
an arbitrary finite linear combination of characteristic functions of intervals satisfies
the conclusions of the Riemann-Lebesgue lemma. Using the general fact in anal-
ysis that arbitrary L' functions may be approximated in L!-norm by such linear
combinations, we can deduce the result for general L' functions.

One can prove a wide range of results demonstrating the interchange of de-
cay /regularity between a function and its Fourier transform. We will not go into
too much detail, but let us mention a few representative results, which rely on
identities such as those appearing in (2) and (3):

(i) If f has j integrable derivatives, then f decays like (1 + |¢])7.
(ii) The rate of decay of the Fourier transform of a continuous L' function may
be arbitrarily slow (if the function is very ‘noisy’).
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(i) If f € L' and [1 + |¢[)7 f(€) is integrable, then f is continuous and has j
continuous derivatives.

(iv) If [1 +|z|)7 f is integrable, then f has j continuous derivatives that all tend
to zero as || — 0.

(v) The Paley—Wiener theorem is a classical result, stating essentially that if
the Fourier transform of f decays exponentially, then f can be viewed as the
restriction to the line of an analytic function function defined on some strip
in the complex plane. This result implies that a function and its Fourier
transform cannot both have bounded support.

Let us prove only (i), since we will use it in what follows.

Proof of (i). Let us consider the case j = 1; the extension to larger values of j is
similar.

We have already seen that f € L' implies f € L*°. Now suppose further that
f' € L'. Then, computing as in (2), we have

F(&) = £F ().
As F(f') € L™, this shows that f decays like [¢|~! as [¢] — co. O

« & &

Our next main goal is the extension of the Fourier transform to L2?. The key
fact that underlies this extension is the Parseval formula:

Theorem 2 (Parseval formula). Suppose f € L* N L%. Then felL? and

Jlr@rde= 4 [1f©P
Let us first show that this holds for functions with some additional smoothness.
Lemma 3. Parseval’s formula holds f € L' N L? satisfying f' € L' N L? and
el

Proof. By item (i) above, we have that f decays like (1 + [£])~2, so that f € L.
Note also that f’ € L? also implies that f is uniformly continuous.
We begin by writing

/\f(w)IZdw=/f(w)f($)dx= fx9(0), where g(z) = f(-2).

We claim that the Fourier inversion formula applies to f x g. Indeed, f * g is in
L' by Proposition 2. To see that f * g is uniformly continuous, note that

frglas) — frgle) = / @z — ) — [ — w)lo(y) dy.

Thus uniform continuity follows from the facts that f € L' and f is uniformly
continuous. Finally, to see that F[f % g] € L', we apply Proposition 2, which shows

FIf +9)€) = f(©)3(6) = F(&F (&) = IF O

Since f € L' N L™, we have |f|> € L' as desired.
We may now apply Theorem 1 and the above identity to f * g to deduce

£ g(0) = ﬁ/f[f*g](é“)dfz ﬁ/wf(&)\%@
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Combining this with the above identity now yields the result. O
We will recover the Parseval formula for f € L' N L? by approximation.

Lemma 4. For any f € L' N L2, there exists a sequence of functions f, € L' N L?
such that fi € L*N L%, f' € L', and f, — f in L'- and L?-norms.

Proof. We can use an approximate identity argument as in the proof of the Fourier
inversion formula. Recall the functions

Ky(z) = \/g(flm2 for b>0.
Now consider the sequence

By the linearity of the convolution product, we can derive that f = f * K] and
fI/' = f+ K!!. In particular, using

If gl < [1fllellgler,
we see that f,,, f', f € L'. To see that f,, f, € L?, we first observe

If*gllpe < sgp/ If(z = y)lgw)ldy < I fllzllgllne-

Therefore (using K/, K|/ € L>) we have f,, f, € L' N L> C L2

The proof that f, — f in L'- and L?-norms is similar to the argument in the
proof of the Fourier inversion formula (where we showed f, (z) — f(z) pointwise).
For now, let us take the result for granted. We will discuss such arguments in more
detail in the next section. [

We turn to the proof of the Parseval formula.

Proof of Theorem 2. Let f € L' N L? and choose f, as in Lemma 4. By Lemma 3
and the linearity of the Fourier transform, we have

I fn — meQLg = %an — fm||%2 for all m,n > 1.

As f, — f in L?>norm, we deduce that { fn} is a Cauchy sequence in L? and hence
converges to some limit g. However, because f, — f in L', we can deduce that
fn — f pointwise. Thus, by uniqueness of limits, we have g = f . Therefore, using
Lemma 3 again, we derive

1F13s = lim (£l = T L) fule = £ 1713,
as desired. O
We now turn to the definition of the Fourier transform on 2.

Definition 3. Let f € L?(R). We define the Fourier transform of f by

R
fle) = Jim_ [ pe)e s (8)

R—o0
where the limit is taken in the L* sense.
To make such a definition, we must check that the claimed limit always exists.

Proposition 3. For f € L?, the limit in (8) ewists.
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Proof. Fix f € L?. Observe that x|_g g f € L' N L? for any R > 0. Writing
gr = F(X|=r,r)f), Parseval’s formula implies

lom, —gn | =27 [ [f@)Pds

Ri<|z|<R2

for any Ry > Ry > 0. This, together with the dominated convergence theorem,
shows that {gr} is Cauchy in L? as R — oo. Thus gg has an L? limit as R — oo,
as desired. O

We collect the main properties about the Fourier transform on L? in the following
theorem.

Theorem 3. The Fourier transform extends to a bounded linear transformation
F : L? — L% Parseval’s formula holds for all f € L?, and consequently the
Fourier transform satisfies the Plancherel formula

(f.g) = £(f.g) forall fgelL®

The Fourier inversion formula holds in the following sense:

R
f(z) = lim L / e (9)

R—o0
where the limit is taken in the L?-norm.

Proof. We have described how to extend the Fourier transform to L? functions.
This transformation is linear by construction. The Parseval formula follows from
the definition and the Parseval formula on L' N L2. Indeed,

AFI3e = Jim ANF{ e = Jim e mm 13 = 1713

Boundedness (which is equivalent to continuity by linearity) then follows from
Parseval’s identity. Parseval’s identity also implies Plancherel’s identify. To see
this, let f,g € L? and t € R. Then

I£1I? + 2t Re(f, 9) + gl > = |If + tgll7
= 2|1 f +t4l7
= 5= [IfI72 + 2t Re(f, 3) + 2|9 Z:]-
As this holds for all t € R, we find Re(f,g) = i Re(f,3). The same argument
using ¢t instead of ¢ shows that the imaginary parts are equal as well, and so we
derive Plancherel’s identity.
Finally, we consider the Fourier inversion formula. We let f € L?, so that f € L.

For any R > 0, we have that XRf € L' N L?, where Y denotes the characteristic
function of [~ R, R]. Let us define

R
on(z) = [ e

We first wish to show that gr = xr f . This is ‘obvious’ by the Fourier inversion
formula, but it is subtle here because we do not yet know in which spaces gp lives.
By the Riemann-Lebesgue lemma, we have that gr € Co(R), but we cannot expect
gr € L' in general. We can, however, see that gr € L?. Indeed,

gr(2) = = F{xrf}(—2).
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so that by Parseval’s formula we have
lonle = % [ 15(@)7de < &R
[EI<R

Once we establish §r = xrf, we can complete the proof of (9) by using Parseval’s
theorem. In particular, we have

||Lcucc—f||%z=;anﬂ—fi2=2;/Igl @0 a5 R
>

We turn to the evaluation of gr. This proof may be skipped in lecture. Recalling
the definition of the Fourier transform on L?, we fix T > 0 and compute

T R T .
/ e " gp(z)de = L U e”@”)dx}f(n)dn

2
-T —-RrLJ-T
— & [ Gerf)o) - Flurl(€ - ndn
= ﬁXRf*}-[XT](f)-

Writing

Kr(§) = 5. Fxr](€) = 7 - T'sinc(T¥),

the problem has now been reduced to another approximate identity type argument,
in the sense that we would like to prove

XR]E*KT—>XRJE as T — oo. (10)

This is a bit subtle, however, because the sinc function fails to be absolutely inte-
grable. To resolve this point, we observe that we already know (by the definition
of the Fourier transform on L?) that convergence in L? holds as T — oc:

XRf*KT—>§R in L? as T — oo.

Thus it suffices to identify the limit as xgr f , for which almost everywhere conver-
gence in (10) will be enough. For this, we argue as follows.

Our first goal is the following: there exists a sequence T,, — oo such that for
almost every z, we have

im 1 sinc (e — 2 =1 Fa sinc
lim 1 /y<M ) erfle - ) dy = Lxnf()] /y|<M Wdy (1)

for all M € N. To this end, we note that for a given M € N, we may use Minkowski’s
integral inequality and continuity of translatons in L? to deduce

H /1J|§M Sinc(y){[XRf](x -¥) - [XRf](m)} dy

L3

< |lxar(v) sine(y) |Ixrf(x — 4) — xrf(@)| 12

<ClogM  sup |Ixrf(-—%)—xrf()lL2
y€[—M,M]

—0 as T — co.

1
Ly

We now rely on the fact that L? convergence implies almost everywhere convergence
along a subsequence. In particular, we may find a sequence T} — oo and a full
measure set S7 so that (11) holds along this sequence for z € S; and with M = 1.

Passing to a subsequence T2 of of T}, we may find another full measure set So so
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that (11) holds along this subsequence for x € Sy and with M = 2. Proceeding in
this way, we then take the sequence T,, = T} and the full measure set S = Ny Sas
and obtain that (11) holds for every M € N and for every z € S. Without loss of
generality, we may also assume that f is finite on S.

Now let x € S and take ¢ > 0. As [sinc(y)dy = 7 (a fact proven by contour
integration), we may choose M € N sufficiently large to guarantee

1 : -
‘1 “/|y|<MS”m(y)dy T e fl@l

On the other hand, as sinc € L? we may use Cauchy-Schwarz and the dominated
convergence theorem and choose M possibly even larger to guarantee

sup / sinc(y) [xnf](z — &) dy
T>01J |y|>M

< || sinc ||L2(\y\>M)HXRJ3||L2(R) <&

Finally, choosing x € S, we obtain

%/sinc(y)XRf(x - 1) = [xrfl(2)

n

<

Tlr/y|<M sinc(y) [xrf](z — 73’7) dy — %[XRf](JC)/

+ ‘[fo}(x) <i /|y|<M sinc(y) dy — 1)‘
+ ‘/|y|>M sinc(y)xrfl(z — £) dy‘

<2+40(l) as n— oo.

We conclude that XRf*KTn — fo almost everywhere as n — oco. As XRf*KT —
gr in L2, we conclude that yrf = §r, as was needed to show. O

We have now constructed the Fourier transform F as a bounded linear trans-
formation from L? to L?. Furthermore, we have the inverse map !, e.g. by the
formula (9).

To conclude this section, let us briefly discuss the extension to higher dimensions.
The definition of the Fourier transform in higher dimensions is similar to the 1d
version, namely,

for = [ et

defined initially for f € L'. The Fourier inversion formula is similar, as well. It
takes the form

f@) = e | e ae

for suitable f. Similar phenomena occur regarding the interchange of decay and
regularity.
The Parseval formula in higher dimensions takes the form

17122 = e I F13,

which again plays a key role in the development of the L? theory.
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THE CONVOLUTION PRODUCT

The convolution product was introduced in the previous section. In particular,
we defined

Fro@ = [ fa=a)dy

for f,g € L' and obtained f * g € L'. In fact, the integral converges in other
settings, e.g. if f € L' and g is bounded. These facts may be expressed by using
the estimates

1 * gl <[ flleillgllzy and [f* gl <[[fllzllgllze,

both of which we already proved in the previous section. More generally, one has
the estimate

1f*gllee < fllzllgllee for any 1 <p < oo,
which is an instance of Young’s convolution inequality.

Example 1. Let g = mXBT(O)’ where B,.(0) is the ball of radius r > 0 centered

at x =0 and |- | denotes Lebesque measure. Then
£ = ey | = e | W

That is, [ * g(x) is the average value of f on the ball B,.(x).

More generally, convolutions have the interpretation of weighted averages, where
f * g represents the weighted average of f against g (or vice versa).

The convolution product gives rise to an important class of linear transforma-
tions. In particular, for a fixed f € L', the mapping

g Crlg) =[xy

defines a linear transformation from L? to itself, for any 1 < p < co. In the language
of engineering, we say that convolution with a fixed L' function defines a linear
filter.

An essential property of filters defined via convolution is that they are shift
mnvariant.

Definition 1. Let f : R® — C. For 7 € R", the shift of f by 7 is the function
fr(z) = f(z —1).
A filter A : L* — L is shift invariant if
Alf:] =[Af]lr forall TeR™ and feL*. (1)

Remark 1. In mathematical settings one often speaks of ‘translations’ rather than
‘shifts”. We can also describe translation invariance by saying that an operator
‘commutes with translations’.

Proposition 1. Filters defined by convolution are shift invariant.

Proof. Let ¢» € L'. Then by a change of variables we have
Colfo)a) = [t~ u)fly =) dy
— [wle =y =Dt dy = (ColPl(e - 7).
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Remark 2. The converse is essentially true as well. That is, any shift invariant
linear filter can be represented by convolution. However, to make this precise one
must introduce the notion of convolution with distributions (also called ‘generalized
functions’), which we will not pursue here.

Another essential property of filters defined via convolution is that they are
Fourier multiplier operators.

Definition 2. Let T : L?(R") — L?(R"). We say that T is a Fourier multiplier
operator if there exists a bounded function m : R™ — C such that

FIT(H)IE) =m(&)f(€)

(as an equality of L? functions). We may write T = F~'mF, and we call m the
symbol or multiplier for T

Proposition 2. Filters defined by convolution are Fourier multiplier operators.

Proof. Suppose 1 € L'(R™) and define Cy,(g) = 1 x g as above. Proposition 2 from
the previous section implies

FlCu(9))(&) = Flib* gl(§) = ¥(£)3() (2)
for all g € L'. This identity shows that Cy : L? — L? is a Fourier multiplier
operator with symbol .

The following may be skipped in lecture: Strictly speaking, we actually need
prove (2) for g € L?2. We can achieve this as follows: For g € L?, we may define
9k = X[—k,k)9, Which satisfy g, € L' N L? and g — ¢ in L?-norm. This implies
g —Y*gin L2, as

% gx =¥ gllrz = [[v (g — glllz < [0l lge — gll 2

On the other hand, by Parseval’s theorem, we also have g, — § in L?-norm. Thus,
as ¢ € L™, we have ¥g, — 1§ in L2-norm. Therefore the identity (2) also holds
for g € L?, provided it is interpreted as an equality of L? functions. O

Remark 3. The preceding result has real practical importance. It shows that we
can compute filters arising from convolution using the Fourier transform and its
inverse. Indeed, we have

Cy(f) = FH(Wf).
This is important because the Fourier transform has efficient and accurate numerical
implementations.

So far, we have primarily considered convolution operators Cy, with ¢ € L. If
we additionally assume that v is smooth, then the convolution f * ) is smooth as
well.

Proposition 3. Suppose f is a locally integrable function and that ¢ is a function
with bounded support and k continuous derivatives. Then f*i also has k continuous
deriatives. In fact, for any multiindez o with |a] < k, we have

G (f + ) = [+ (979).

Remark 4. A multiindex o = (aq,...,ay) is an element of [NU{0}]". We write
07 = [510 - [
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Remark 5. The integrals defining the convolutions in Proposition 8 converge due
to the fact that f is locally integrable and v (along with all of its derivatives) have
bounded support.

Proof. Let us prove something simpler, namely, that if f is locally integrable and
1 € Cyp, then fx*1 is continuous. Repeating the argument using difference quotients
will then yield the more general result.

Given any z1, x5 € R™, we may write

f o) — fx (@) = / F@)(es — v) — oz — ) dy.

Now suppose ¥ is supported on Bg(0) and let € > 0. By uniform continuity of 1,
we may choose 0 < § < 1 so that |20 — 21| < 0 implies [¢)(22) — ¥(21)| < 57, where
we take
M= [ @iy [ Il
Br(z1) Br(z2)
which is finite by the assumption of local integrability. Then for |zo — z1| < §, we
obtain

|f = () = frp(an)| <e.
This implies continuity. ([

Remark 6. The proof above also shows that if f € L' and i € Cy, then f x 1) is
uniformly continuous.

Remark 7. We can understand the smoothing effect as follows. As we saw in the
previous section, smoothness is connected to decay of the Fourier transform. If we
take the Fourier transform of f x 1, we obtain fzﬁ As fel! = f € L, we
see that f?ﬁ decays just as rapidly as ). Therefore f x 1 is just as smooth as 1.

Combining the previous proposition with the ‘approximate identity’ arguments
mentioned in the last section, we can now describe a general method for the smooth
approximation of functions.

Proposition 4 (Approximation to the identity). Suppose ¢ € L' and [¢ = 1.

For each € > 0, define

pe(z) = 20(2).

Then:
() If f € L?, then oo * f — f in L? as e — 0.
(ii) If f € LY, then p. * f — f in L' ase — 0.
(iii) If f is locally integrable and continuous at x and ¢ has bounded support,
then @, * f(x) — f(z) ase — 0.

Remark 8.

(a) While we have focused on L' and L?, parts (i)-(ii) actually hold on LP for
any 1 < p < oo.

(b) If @ is smooth, then by Proposition 3 we see that pe x f give smooth approz-
imations to f in suitable norms.

(¢) When proving the Fourier inversion formula, we essentially proved (i) under
stronger assumptions on f (namely, f € L* and f uniformly continuous) but weaker
conditions on the kernel (namely, we did not use a kernel with bounded support).
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Proof. These proofs may be skipped in lecture.
As (i) involves the L? topology, we can give a simplified proof using Parseval’s
formula. In particular, it is equivalent to prove that

e —1fllz2—0 as &—0. (3)

Now a change of variables shows

P:=(£) = p(e).

Now observe that for every &, we have p(e€) = ¢(0) = [p =1 as e — 0. Thus (3)
holds by the dominated convergence theorem.

We turn to (ii). This proof generalizes to treat the LP case for 1 < p < oo by
incorporating Minkowski’s integral inequality (i.e. ||[F(z,y)|lrrrr < |F(2,y)||L1Le
for 1 < p < 00) and continuity of translations in LP.

We let 7 > 0 and use the continuity of translations in L' to find § > 0 so that

If(-=y) = fC)ller <n forall [y] <o

We now use [ ¢ =1 to write

H/fx— Yoo (y) dy — f(a

H/ (@ —y) — f(@)lp:(y) dy

We split the dy integral into two regions, namely, |y| < ¢ and |y| > §. We first

estimate
"/ygé[f(x —y) — f(@)]ee(y) dy

< oWl f(x —y) - f(=)
On the other hand, by the triangle inequality,

|/ it~ v

Now observe that by a change of variables and the dominated convergence theorem,

L1

L

1 (ly|<5) < EHLPHLL

L2l fllprloellnr (y >6)-

L}

leellr(yi>s) = lelliy>en-1) =0 as n—0.

Combining the estimates for the two regions, we complete the proof.
Finally, consider (iii). We let n > 0 and choose § > 0 so that

|f(z) — flz—y)|<n forall |yl <.

As ¢ has bounded support, we have that ¢.(y) = %(é(%) is supported in {|y| < §}
for all e sufficiently small. Thus

60« f(z) — F(2)| = ] /ym (&~ y) — ()] dy

_/<5|f(x_ y) = FWl1e=(v)ldy < nlld]l -

This completes the proof. O

As an application, let us remove the assumption of uniform continuity from the
Fourier inversion formula.
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Corollary 1. The following Fourier inversion formula holds provided f € L' and
felL:

flz) =+ /Reméf(ﬁ) d¢  for almost every x € R. (4)

Proof. This proof may be skipped in lecture.

Let f € L' with f € L' and take a family of approximate identities ¢.(z) =
5‘%0(%), where ¢ is smooth and has bounded support. Then for every ¢ > 0, we
have . * f € L' and (by Remark 6) is uniformly continuous. Moreover, its Fourier
transform is given by $(e€)f(¢) € L'. Therefore the Fourier inversion formula

proved in the previous section implies

ek f(2) = & / p(e6) f(€)e™™E de (5)

for all z € R and € > 0. By the dominated convergence theorem (and the fact that
¢(0) = [ ¢ = 1), the right-hand side of (5) converges to

L [ feeas
pointwise for € R. On the other hand, the left-hand side of (5) converges to f in
L'-norm as e — 0, and hence (by uniqueness of limits) we derive (4). O

In each of the items in Proposition 4, we see that the functions . converge to
some kind of identity element for the convolution product. However, the limiting
object is not a function. In fact, the convolution product on L' does not have an
identity element.

Proposition 5 (No identity element). There is no function g € L' such that
fxg=f forall f e L.

Proof. For simplicity, let us work in the one-dimensional case.
Suppose such g € L' exists and let f(z) = e * /2. Then we have f(¢) =
vV 27re_52/2, and so by the convolution identity F[f * g] = f§ we derive

e €25(6) = €% forall ¢eR

This implies §(¢) = 1 for all £ € R, which contradicts the Riemann-Lebesgue
lemma. Indeed, if g € L' then we must have g — 0 as |£] — oo. O

Although the convolution product has no identity element in L', there is in fact a
perfectly natural notion of an identity element for the convolution product, namely,
the Dirac delta distribution. This object arises frequently in mathematics, physics,
and engineering. It is not a function, but rather a linear functional or distribution.
It may also be called the J-function (a misnomer) or a unit impulse.

Definition 3 (Dirac delta distribution). The Dirac delta distribution is the func-
tional § : C(R™) — C defined by

6(f) = f(0) for any fe C(R").

As mentioned above, § is not itself a function, but rather a ‘distribution’ or
‘generalized function’.
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The term ‘generalized function’ is reasonable, in the sense that functions them-
selves may be identified as distributions. For example, any function ¢ € L' can be
identified with a functional T, : L>°(R") — C by setting

T, (f) = / f(w)g(y)dy forany fe L®(R"). (6)

This defines a continuous linear transformation with norm equal to ||g||z:. More-
over, the mapping g — T} is injective.
If we (formally) suppose that § arises as in (6), so that

“£(0) = / S f () dy,
then we obtain
“f % b(x) = / 5)f(x —y) dy = f(z)",

demonstrating that § is indeed the identity element for the convolution product. In
fact, by extending the definition of convolution to accommodate distributions, one
can make this rigorous. Furthermore, one can extend the Fourier transform to the
setting of distributions, and in this setting one obtains F4é = 1, which is precisely
what we expect in light of the proof of Proposition 5.

The results of Proposition 4 may be summarized succinctly by saying that for
¢ € L' with [ ¢ = 1, the functions ¢.(z) = 2¢(%) converge to § ‘in the sense of
distributions’.

In many applications one needs to design suitable approximations to §. For
example, if we have some ‘noisy’ data, then (as we have seen above) convolution
with an approximate identity provides a way to smooth out the data without losing
too much information. In practice, one can build approximate identities either by
using functions like . above or by approximating F§ (which is just the constant
function 1) in Fourier space.

Example 2. Suppose we want to construct a function ¢ such that ¢ is approxi-
mately one in a given interval [—B, B]. If we choose

P(§) = X[-B,B] (5)7

then we obtain

p(x) = ¥p(€) == ;Bsinc(Bz)
(called a sinc pulse in this context). This function is not a good choice for an
approrimate ide@tity because it is not absolutely integrable. On the other hand, if
we approximate & by

(&) = 35 X[=B,8) * X|-B,5] (),
then we obtain the sinc? pulse

¢(x) = 35¥E(2),
which is positive, absolutely integrable, and more sharply peaked at x = 0. Neither

sinc nor sinc® have bounded support. They both have oscillatory tails as |z| = oo,
known in engineering literature as side lobes.

We will close this section by discussing briefly the notion of resolution in this set-
ting. We have previously seen that convolution has a smoothing effect on functions,
which can be helpful in suppressing ‘noise’. On the other hand, convolution makes
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the function ‘blurrier’. To make this more precise, we begin with the following
result.

Proposition 6. The support of f * g (i.e. the closure of the set where f * g is
non-zero) is contained in the algebraic sum of supp f and suppg, i.e. the set

supp f +suppg={x+y:z Esuppf and y € suppg}.

Proof. If x is not in supp f + supp g, then for every y we have f(y)g(z —y) = 0 and
hence f * g(x) = 0. In fact, we can apply this argument on some ball containing x
that is disjoint from supp f + suppg. ([

Using this support property, we see that if 1 is a nonnegative approximate
identity supported in the ball of radius e, we have that the support of ¢ x f is
contained in the set of points within a distance € of the support of f. The value
f=1(x) is a weighted average of the values of f over [x — e,2 + ¢].

Now consider what happens if we take the j-fold convolution of ¥ with itself,
denoted 9 x; . This will still give an approximate identity, as its total integral is

o [0 vt@rde =710 15010 = 5O = | [ via) dz]j -

By the above result, 1 *; ¢ will be supported in [—je, je], and so f * [1 *; ¥](z)
will be a weighted average over [ — je,x 4 je|. On the other hand, the Fourier
transform of 1) *; 9 decays j times faster than 1& Thus f*[1) ;1] will be a blurrier,
smoother version of f than f .

We can balance the two effects (smoothing/blurring) by considering the scaled
j-fold convolution j[v *; ¢](jz). This function is again supported in [—¢, €], so that
it blurs f no more than 1 itself. On the other hand, it is far more smoothing than
1), as its Fourier transform is given by [1/1( )}9, which decays j times faster than .
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MORE ON THE RADON TRANSFORM

With the theory of the Fourier transform and convolutions in place, we return to
our study of the Radon transform. Our first main goal will be an inversion formula.

We begin by recalling the definition of the Radon transform: for a function
f € Cy(R?), the Radon transform is the function

Rf:RxS' =R
given by
Rf(t,w) :/ f(s@ + tw) ds,

where w = (wy,w2)T and & = (—ws,w;)T. In particular, Rf(t,w) is the integral of
f over the oriented line ¢; ,,, where w is the vector perpendicular to this line and |¢|
is the distance from the line to the origin. Continuity and bounded support are not
necessary conditions for the Radon transform to be well-defined. What is really
needed is
o0
/ |f(tw + s@)|ds < oo for all (t,w) € R x S'.

— 00
The set of functions satisfying this property is called the natural domain of the
Radon transform. This includes, for example, any piecewise continuous function
decaying like |z| =17 for some ¢ > 0 as |z| — oc.

When integrating with respect to w, it is useful to use the parametrization

w(#) = (cosO,sin(0))T, 6 e [0,2n).

Then integration over R x S! is given by

27 00 27 oo
/ / h(t,w(6)) dtdd, denoted by / / h(t,w) dt do,
0 —00 0 —0o0

and the L*(R x S')-norm is defined via

27 o)
1803 sty = / | e e,

We say h : R x S — R is continuous if h(t,0) := h(t,w(f)) is 2m-periodic in @
and continuous as a function on R x [0, 2x]. Differentiability is defined similarly.

Our first main result connects the Radon transform and the Fourier transform,
which will allow us to leverage the Fourier inversion formula into a Radon inversion
formula.

Theorem 1 (Central slice theorem). Let f € L*(R?) be in the natural domain of
R. For anyr € R and w € S,

/Rf(t,w)e_m dt = f(rw),
R

where [ is the (two-dimensional) Fourier transform of f.

Remark 1. The expression on the left gives the one-dimensional Fourier transform

of t — Rf(t,w) (for fized w € S*).
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Proof. We first use the definition of R to write
/ Rf(t,w)e " dt = / f(tw + s@)e " ds dt.
R R2
Now let us change variables and write @ = x(t, s) = tw + sw. The Jacobian is
det[ Wi ] = |wf® =
w2 w1
Moreover, x - w = t, and hence the integral becomes
f(@)e ™) doy = f(rw).

RQ
This completes the proof. 0

In light of the central slice theorem, we introduce the following notation:

Definition 1. For a function h = h(t,w) on R x S, we define

h(r,w) = / h(t,w)e "t dt.

— 00

Then the central slice theorem is the identity

flrw) =Rf(r,w).

Before moving on to the Radon inversion formula, let us first point out that
in contrast to the Fourier transform, the Radon transform does not extend to a
continuous map from L?(R?) — L?(R x S'), nor can R~! be a continuous map
from L?(R x S') to L?(R?). This will be a consequence of the following Parseval
formula for the Radon transform.

Theorem 2 (Parseval formula for the Radon transform). Suppose f € L? and f
is in the natural domain of R. Then

/RQ |f(@)]? da = 4;2/; /O; IRf(r,w)|?|r| dr dw.

Proof. We assume additionally that f € L'. This may be removed with an approx-
imate identity argument.

We first recall that since #; ., = £_; _, are the same line, the Radon transform
satisfies Rf(t,w) = Rf(—t, —w). This implies

7?, —r, —w) / Rf(t, et dt = / Rf(—t,w)e'™ dt = 73,7(7*, w),

where we have changed variables ¢t — —t in the final step.
Changing to polar coordinates and applying the central slice theorem, we can
therefore obtain

27
/ |f(@)]? de = 1= / frw)Pr dr dw
R2

= 4ﬂ2/ / \Rf (r,w)?|r| dr dw,

as desired. O

Using this Parseval formula, we may now preclude the possibility that R or R~}
be bounded between the appropriate L? spaces.
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Corollary 1. There are no m >0, M > 0 such that
IRfllL2mxsty < M| flle2mey  and  [|Rf||L2@xsty = m| fllz2®2) (1)
for all f € L?(R?).

Proof. This proof may be skipped in lecture. By the 1d Parseval formula for the
Fourier transform, we have

2 oo
IR S22 zxey = 2= / / R (. 0)|2 dr dov.
—oo

Thus, if the first bound in (1) holds for some M > 0, we have by the Parseval
theorem for the Radon transform that

27 [ T o
= ; / |Rf(r,w)|2drdw§%/o / IRf(r,w)?|r| drdw (2)

for all f € L2(R2). Now let us consider the family of functions f,(t) = al/4e=ot".

Then we have f,(r) = \/7711*1/46”2/4“. Thus, after a change of variables y = r/+/a,
we find that for the left-hand side of (2) we obtain

LHS(2) = w/ eV 6 qy forall a> 0.

— 00

On the other hand, by the same change of variables,
RHS(2) = %a% / e*y4/16|y| dy—0 as a—0.

Thus an inequality of the form (2) (with M fixed) that holds for all f € L? is im-
possible. A similar argument shows that the second inequality in (1) is impossible,
as well. (]

Remark 2. The quantity appearing in the Parseval formula, namely, ‘T|%/7€]?(7“, w),
is the Fourier transform of the half-derivative operator in the affine parameter.
Thus the Parseval formula implies that the Radon transform of an L?-function
must have some smoothness in the affine parameter.

Using the central slice theorem and Fourier inversion, we can now give an inver-
sion formula for the Radon transform.

Theorem 3 (Radon inversion formula). Let f € L' be in the natural domain of
R, and suppose f € L*. Then

flz) = #/0 [ eim'“’ﬁ?(r,wﬂﬂdrdw.

Proof. We apply the Fourier inversion formula and change to polar coordinates to
write

2 0o
fl@) = ﬁ /2 e (&) de = #/ / e f(rw)r dr dw.
R o Jo
We now apply the central slice theorem. This yields

2 [eS)
f(z) = ﬁ/@ /O eix'(rw)ﬂ(r,w)rdrdw. (3)

Recalling that /ﬁf(fr, —w) = ?27(7",(.0), we may rewrite (3) to obtain the stated
inversion formula. O
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Remark 3. In imaging applications, it is typical to work with piecewise continuous
functions f of bounded support. This does not guarantee that f € L', and so the
Fourier inversion formula needs to be interpreted appropriately. In particular, using
the L? theory, we may write

R—oo 4

f(z)= lim = / / e (T“)Rfrw)|r|drdw

as an L? limit. Typically, if f is continuous at x, then the integral on the right-hand
side will exist as an improper Riemann integral and converge to f(x).

Remark 4. We now have completed a very idealized mathematical model for X-ray
CT imaging:

e The attenuation coefficient f of a two-dimensional slice of material deter-
mines the attenuation of the intensity I of X-rays of a given energy traveling
along a line € ., via Beer’s law: d I =—fI

e By comparing the intensity of the incident beam to the emitted beam, we
measure the Radon transform of f:

Rf(t,w) = —log[12t].

e Using the Radon inversion formula, we reconstruct f from the measure-
ments of Rf.

This is clearly an overly simplified model. One obvious issue is the fact that we
will have only finitely many samples of Rf to work with. Nonetheless, this basic
model will already be good starting point for developing some practical reconstruction
algorithms.

The Radon inversion formula can be viewed as two steps. In particular, one first
performs the radial integral, and then takes the angular integral.

e The radial integral has the form of a filter applied to the Radon transform.
Indeed, we may write this integral as

YIRSt w) / RE(r,w)e™|r|dr, t = (z,0).

This has the form of a Fourier multiplier operator F~'mJF applied to Rf,
where F is the Fourier transform in the affine parameter and the symbol
m is given by m(r) = |r|.

e The angular integral is essentially just the back-projection formula, but
applied to the filtered Radon transform rather than directly to the Radon
transform:

o)=L / " VIR (2w w) doo

For this reason, we call the Radon inversion formula the filtered back-projection
formula. To better understand the filtered back-projection formula (and how we
might build approximate versions of it), we will need to take a closer look at the
filtering step, which is quite a bit more subtle than the back-projection step.

The filter |V| appearing above is the composition of two filters. This is most
readily seen on the Fourier side, where the symbol |r| is given by the product of r
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and sign(r), where

1 r>0
sign(r) =¢0 r=0
-1 r<O0.

We first consider both of these operators separately. To remain consistent with the
above notation, we write functions as f = f(t) and write the Fourier transform as
f=fr).

Example 1. The Fourier multiplier operator with symbol m(r) = r is %at. Indeed,
integrating by parts we have

FILo,f)(r) = 1 /

R

=IO, F(t) dt = 7 / e~ E (L) dt = (1),
R
Example 2. The Fourier multiplier operator with symbol m(r) = sign(r) is called

the Hilbert transform, denoted by H. Thus for f € L? such that f € L', we have
Hf(t) = %/ f(r)sign(r)e™ dr.
—o0

Differentiation is simple in the sense that it is a local operator. To evaluate the
derivative of f at a point only requires the values of f nearby that point. On the
other hand, real data will always contain some noise, which means that the data
will need to be smoothed out before it can be differentiated. On the other hand,
the Hilbert transform is a nonlocal operator. That is, to compute Hf at a single
point requires knowledge of f at all points. This poses a different challenge, as in
practice we can only ever compute integrals over finite intervals.

With the above definitions in place, the filtered back-projection formula can be
rewritten

f(z) = ﬁ/ HIORS]((z,w),w) dw.
0
In particular, we reconstruct f by back-projecting the Hilbert transform of %87573 f-

Remark 5. If f has bounded support, then so does O,/Rf. Using the theory of
analytic functions, one can then show that HOyRf does not have bounded support.
Thus the integrand in the filtered back-projection formula is typically non-zero, and
outside of the support of f the integral only vanishes due to cancellation between
positive and negative parts.

Example 3 (Example of Radon inversion). Consider the simple example of f =
XB,, where By is the closed unit ball. Then, as we have previously computed,

WI—2 |t <1,
Rt w) = {0 :t: >1

Let us apply the filtered back-projection formula. This requires that we compute
HORf, which we observe equals OyHRf. This relies on the fact that all Fourier
multiplier operators commute.

A computation using methods from complex analysis shows that

2t lt] <1
THRf(tw) =2t +VE2 1) t< -1
2t =2 —1) t>1.
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Now, this function fails to be differentiable att = £1. Nonetheless, we can interpret
%@HRf as a ‘weak derivative’ in L', given by

_ 20
%@HRJ“(t,w) = {2 V-1

t] > 1,
lt| < 1.

We now need to do the back-projection step. For x € By, we have |(z,w)| < 1,
and so

27”/ HORf((z,w), )dw—;ﬂ/OTerw:l:XBl(x),

as desired. Next consider x € R? with |x| > 1. Using the rotation symmetry, it
suffices to evaluate f(x,0) for some x € R with x > 1. In this case {x,w) = x cosH.
We now choose the angle 0, € (0,%) so that xcos, = 1. Then the inversion
formula becomes

(2 T—0y
_ 1 |z cos 0] —
f(x,o)—%|:4A <1_\/%)d8_2/9 d9:|—
This is a much more complicated integral, involving an unbounded integrand. In
particular, this would be a more challenging integral to compute numerically.

& &

We turn to some practical issues related to the computation of the filtered back-
projection formula. We begin with a further discussion of the Hilbert transform.

One effective approach to approximating the Hilbert transform is to use the
Fourier representation.

Proposition 1. Suppose {¢.} is a uniformly bounded family of locally integrable
functions that satisfies ¢ (€) — sign(€) as e — 0 for all € € R. If f € L?, then

Hf = lim F o f],
e—0
where the limit is taken in L?-norm.

Proof. By Parseval’s formula, we have

IHf = F o fll% = & / |sign(€) — 6 (E)PIFEPdE =0 as €0

by the dominated convergence theorem. O

Example 4. If f is smooth enough that f decays as || — oo, then we can write
t
w0 = lim 2 [ o.OF©e de

as a pointwise limit. If we take

¢5(§) = Bg(g) = Sign(5)6_5‘5|7
then one can compute the inverse Fourier transform of he to be

he(t) = Lt

mt2+4e2 "
This is a smooth function that decays at infinity (although not fast enough to belong
to L'). Using these functions, we arrive at approzimations to the Hilbert transform
expressed as convolutions:

Hsf:fil[fﬁs] :f*h5~
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Note that as h. € L?, these convolutions are well-defined pointwise for f € L?

If we send € — 0 in the previous example, we arrive at a guess for an expres-
sion of the Hilbert transform as a convolution operator. This is expected, as any
Fourier multiplier operator should be given by convolution with the inverse Fourier
transform of the symbol.

As h.(t) — tiﬂ pointwise, we arrive formally at the identity

i >~ S 2
CHp =1 [ s

— 00

As % is not integrable near t = 0, this expression cannot be expected to converge
absolutely and hence requires a suitable interpretation. For this, we use the Cauchy

principal value interpretation. It requires some degree of smoothness for f.

Theorem 4 (Hilbert transform as convolution). Suppose f has bounded support
and is Holder continuous of some order a > 0, i.e.

there exists M >0 such that |f(t) — f(s)] < M|t —s|® (4)
for all s,t. Then _
Hf = ﬁPV[f* %],
where PV denotes the Cauchy principal value, i.e.

PV[f % 1](t) = lim 10=3) g, (5)

e—0 |S‘ Se
Proof. This proof may be skipped in lecture.

Let us first show that the limit defining the principal value exists for all ¢ € R.

For t ¢ [-£, £] we have

s|>t|—t—s|>E - & = |s| >0,

while
s < [t~ sl 41t < & + ]|
Thus the limit exists and equals
/ ft=9) g
S
R

, we first observe that since

ds __
/ ? B 07
e<|s|<R

we have by the triangle inequality and (4)

/ 1t=5) 4 :/ Ft=9)=1 () g
|s|>e 3 e<|s|<R s

< M/ st ds.
e<|s|<R

This implies that we the limit as € — 0 exists.
To conclude the proof, we recall the functions h. from the example above and
endeavor to prove

in this regime.

Fort € [-& 4]

lim he * f(t) = LPV(f * 1)(¢)

e—0
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pointwise for t € R. For ¢t ¢ [—
as above to deduce

£ ], we use that h.(s) — -= pointwise and argue
frhe(t) = % / HE) ds,
R

EE]
27 2

yielding the correct value in this regime. For ¢ € [— , we use that h. is odd to

write
/ (- 9[- 2] ds+ / =0 g,
e<|s|<R Is|<e

_ E[ft—s)—f(1)] s[f(t—s)—f(¥)]
- /<| <R s(s?+e? ds / |< sthet o

We rewrite the first integral with a change of variables to obtain

f(t—se)—f(1)
/ o(02+41) dS’
1<|s|<e" 'R

which tends to zero as € — 0 by dominated convergence. For the second integral,
we can utilize the Holder bound and again use dominated convergence, bounding
the integrand by M|s|~!*® (which is integrable on (—1,1), say). This completes
the proof. (I

Remark 6. The preceding proof shows that for a Holder continuous function sup-
ported in [—%, g], we have

==

ds for te[-& 8]

flt—s) = f(t)

& &

In the rest of this section, we will briefly discuss issues related to approximating
the Radon transform and its inverse.

Recall that the Radon inversion formula requires that we take the Hilbert trans-
form of the derivative of some measured data (the Radon transform of the function
we are trying to recover). We also saw (from the Parseval formula) that unless
this measured data has some regularity in the affine parameter, it is not the Radon
transform of an L? function. (In fact, the more general problem of characterizing
the range of the Radon transform is a relevant and important problem, although
we do not pursue these questions here.) In applications, our measured data will not
be so regular due to measurement noise, and more generally we should not expect
that the data will belong to the range of the Radon transform.

One approach is to work with regularized inverses as follows. Recall that we
previously approximated the Hilbert transform H by the family of convolution
operators

Hef:f*hsa he(t):%ﬁ
Using this and recalling f * 0;g = 0; f * g, we may derive the following approximate
Radon inversion formula:

flz) = 271m./07r[8th6 * Rf|((z,w),w) dw.

A key advantage of this approximation is that we no longer need to approximate
derivatives of Rf.
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Another approach to approximation is to use the Fourier representation. For this,
we first fix N > 0. Suppose ¢y € L' satisfies [¢y = 1 and ¢}y € L'. Suppose

further that ¢y is bounded, even ¢y (r) = 0 for |r| > N. We can then approximate
the Fourier multiplier operator |V| (i.e. the filter in the Radon inversion formula)

by R
Pon|V|:= F [ (r) e[| F.

Proposition 2. Then the approximation of f given by

f(o)i= & [ Pex|VIRS(z,w)) do (©
0
is given by the convolution

fn=Kn*f, where Ky(p)=-2

s

= (1)
/p N1 1)

Proof. This may be skipped in lecture.
We express Ky * f using the filtered back-projection formula:

Ky f(z) = = /07r /OO R[E]\V_/* Fl(r,w)e™ < |r| dr dw.
—o0
In the lemma below, we will show that
RIKy * fl(t,w) = / " RE (5,0 Rt — ,w) ds.
—o0
Thus, using the convolution identity for the 1d Fourier transform, we obtain
Ky f(z) = 1= /OW/ RNf(r,w)ﬁ(r,w)eim'“’M dr dw,
—o0
and so the result follows provided we can establish
REN(r,w) =N (r) (8)

(as this yields REKy = 1hy). The verification of (8) is a direct computation, which
also fits into the theory of the Radon transform restricted to radial functions. We
will not pursue this topic in these notes. ([

In the preceding proof, we needed the following lemma, which states that the
Radon transform converts convolution in the plane to convolution in the affine
parameter.

Lemma 1. For f,g piecewise continuous of bounded support,
oo
RIf *g](t,w) = / Rf(s,w)Ryg(t — s,w)ds.
—o0

Proof. This proof may be skipped in lecture.
We first write

R(f*g)(t,w) = /f * g(tw + sw) ds.
Now we compute, using the coordinates (a, b) — (a4 bw) (which has area element

da db):

[rgltw +s0) = . fy)g(tw + sw —y) dy
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_ // Flad + bw)g((s — a)d + (¢ — b)w) da db.

Thus by changing the order of integration and changing variables in the ds integral,
we obtain

R(f *g)(t,w) = // fla® +bw)g((s — a)w + (t — b)w) dadbds

:/[/f(ad;—i—bw) [/g((s—a)a+(t—b)w) ds} da}db

— [ Ritbw)Rg(t ) ab
as desired. O

Proposition 2 shows that the approximation fy obtained is a blurred version of
the real image f. As N increases, we decrease the amount of blur but also reduce
the suppression of noise in the data, which is a type of tradeoff we have encountered
before.

Remark 7. Unfortunately, this result excludes the choice 1[) = X[-N,N], GS then
Y = Nsinc(N-) ¢ L'. Nonetheless, in this case one can compute the integral
defining Ky explicitly (as a convergent improper integral) by using the theory of
Bessel functions.

We finally turn to some continuity (or, equivalently, boundedness) properties for
the Radon transform and its inverse. Continuity properties for the Radon transform
are important to guarantee that the measurement process is stable. Continuity
properties for the inverse map are important to guarantee that the reconstruction
process is stable. We will not attempt a comprehensive treatment of these issues.
Instead we will try to present just a few representative results. A related issue
is characterizing the range of the Radon transform, which can yield consistency
conditions for our measured data; however, we will not discuss this topic here.

For the Radon transform itself, let us prove the following straightforward esti-
mate. We will consider functions supported where {|z| < L} for some L > 0, in
which case Rf(t,w) = 0 for any |t| > L.

Proposition 3. Suppose f € L*(R?) and f is supported in {|x| < L}. Then for
allw € S', we have

L
l/JRﬂamFﬁ§2MVﬁ»

Proof. Using the support properties of f and the Cauchy—Schwarz inequality we

estimate
/ flw + sw) ds

/L |Rf(t,w)|*dt = /

<u/’/ |f(tw + s@)[2 ds dt = 2L f|2.

dt

Remark 8. A more careful argument implies the slightly stronger bound

L R 2
‘ f(t7w)| 2
—dt <2 2.
/,L v =2l
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We turn to the inverse transform. In order to avoid several subtle mathematical
issues, we utilize the approximate inverses introduced above. In particular, we fix
N > 1 and 9y as above, and we define corresponding operators

R F(x) ;:i/o Pen VI F((,w), ) do,

for F € LY(R x S'), where P<y|V| := F~'{n(r)|7|]F. The limit N = oo and

1) = 1 formally recovers the true inverse transform.
Suppose we make a measurement R f,,, which approximates the Radon transform
R f of the unknown image f. Our reconstructed image is given by

fapp = R;\]lRfmv
and our interest is in estimating the difference between f and f,p, in terms of the
difference between R f and Rf,,. As we will see, this relies on continuity properties
for Rfvl.

Proposition 4. We have the following pointwise bound:
|f = fappl < |f — Kn * f| + CN|Rf — RfmllL®xst), 9)

where Ky is as in (7) and

On = 5= IF [In ()Ir[]l| o
Proof. This proof may be skipped in lecture.

Recall from Proposition 2 that RR,IR f =Ky x f. Thus
f - fapp = f - KN * f ""_R]ivl[Rf - Rfm]»

and we are faced with estimating the second term.

In particular, we need to prove an L' — L> bound for R&l with constant given
by Cy. To this end, we observe that

P<n|V|f =gy * f, where gy =F n(r)|r],

so that
Ry F(z) =4 Oﬁ(gN xt F)((z,w),w) dw
= /07r /RgN(<:r,w> —s5)F(s,w)ds dw.
Thus
IR Fllm < 3= [ [ lowllm | Flo)lds do < Ol Flusaon,
yielding the desired bound. (]

The first term on the right-hand side of (9) can be made arbitrarily small by
choosing N sufficiently large, at least at points of continuity of f. As for estimating
Cn, we have (by the support properties of )

IF ow (M)l < Ml (@)lrlllzr < N[l < N?[ln |1
Thus we expect this component of the error to increase as N increases. Nonetheless,
Proposition 4 does achieve our stated goal, in that it allows us to estimate the
difference between the true image and the reconstructed image in terms of the
measurement error.
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FOURIER SERIES

So far, we have been working with a continuous model for measurement and
reconstruction in X-ray CT. In practice, however, our measurement data will be a
finite, discrete set of points, and so it will be important to build a discrete model.
Our first step in this direction is to introduce the theory of Fourier series.

To simplify formulas, we will initially work with functions defined on the interval
[0,1] € R. We will discuss the extension to general bounded intervals and higher
dimensions at the end of the section.

The general problem we consider is that of representing functions by Fourier
series, i.e. as a linear combination of complex exponentials e?™"% where n €
Z. Such a function automatically admits a 1-periodic extension to all of R, as
e?min(etl) = e2mine for all € Z and z € [0,1]. Accordingly, it is natural to
consider the I-periodic extension of f : [0,1) — C, defined by f(x 4+ n) = f(z) for
x € [0,1) and n € Z. We note that if f is a continuous function on [0,1], then
its 1-periodic extension is continuous if and only if f(0) = f(1). Similar assertions
(using limits from the left /right) may be made concerning differentiability.

Example 1. The function f(x) = x is continuous on [0,1] but its 1-periodic ex-
tension is not.
The function g(x) = x(1 — x) is continuous on [0, 1] with a I-periodic extension;
however, its derivative ¢'(x) = 1 — 2z is not continuous as a 1-periodic function.
The function h(z) = 2™ along with all of its derivatives, is continuous as a
1-periodic function.

Given a function f : [0,1] — C, we seek to represent f in the form

f@) =3 fnyemine (1)

neZ

for some complex coefficients f (n) (called the Fourier coefficients of f). Observing

that
! 2minx  —2mwimx I n=m
e e dr = 6 1=
0 0 n#m,

we derive that if such a decomposition holds, the Fourier coefficients should be
defined by

f(n) ::/O f(z)e 2™ gy,

We observe that for f € L!([0,1]), the Fourier coefficients form a bounded sequence
of complex numbers. Indeed,

sup [ f(n)] < [|f]| -
ne”Z

Example 2. If f(z) = cos(2mnox), then

A L n=1n
fon=4¢ ’
0 n#+ng

In this case, (1) reduces to the well-known formula

COS(?’/TTL(}CE) = %[627"1‘”0@ + 6*27Tin0;p )
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Example 3. Let f(z) = X[a,p(x) for some 0 < a <b < 1. Then

A b—a n =20,
n) = . A
f( ) {273.”L [6727mna _ eQﬂ'znb] n ?é 0.
In general, because f(n) decays like L the series (1) will not converge absolutely
(e.g. take b—a = i) Thus we will need to be careful about how we interpret a
statement like (1).

Using the definition of the Fourier coefficients, one can readily verify a few sym-
metry properties. For example, if f is real-valued, then

f(=n) = f(n).
Moreover, real-valued even functions have real Fourier coefficients, and real-valued
odd functions have purely imaginary coefficients, where we say f : [0,1] — R is
even if f(z) = f(1 —z) and odd if f(x) = —f(1 — z).
To study the convergence properties of Fourier series as in (1), we introduce the

following partial sum operators. For N € N, we define the partial sum operator
S+ L1([0,1]) — C([0,1]) by

v = 3 fmermine

[n|<N

For each fixed N, this defines a continuous linear operator.

Our goal is to establish the convergence of Sy (f) to f in suitable topologies as
N — oo. In general, pointwise convergence of Sy(f;x) to f(z) may fail, even at
points of continuity of f. For smooth enough functions, however, we will obtain de-
cay for the Fourier coefficients, which will in turn allow us to establish convergence.
Our first result in this direction is the following.

Theorem 1 (Fourier inversion formula). Suppose f € C([0,1]) and {f(n)} € ¢*.
Then

flx) = Z F(n)e*™ e for all x € [0,1].
neL

Proof of Theorem 1. We will use an approximate identity argument.
For r € (0,1), let us define the convergent series

fr(x) = Z f(n)rln|62ﬂ'inw.
nez

Using absolute convergence and the fact that lim,_,; ™ = 1 for each n € Z, we may
derive that
li _ £ 2minT
lim f,(x) = 3 f(n)e
ne”Z

uniformly for x € [0,1]. Thus to prove the theorem it suffices to establish f,(x) —
flx)asr — 1.
For this, we compute

o) = X fremns = [ ) [S2 i) ay,

ne”Z 0 ne”Z
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where we have used absolute convergence to interchange summation and integra-
tion. We may therefore write

r) = / )P — ) dy,

Z |n\ 2mine __ 1+2RCZ n 27rzna:

neEZ

where

Using the formula for the sum of a geometric series (Zn:l p" = 1) and some
algebra, we may obtain the following:

1—r?
1 —2rcos(2mx) + 12’

Pp(z) =
We now observe that P, are positive functions obeying
1
/ P.(z)der=1 forall re(0,1)
0

and lim, 1 P.(z) = 0 for all z # 0. Thus, using approximate identity arguments
(as in previous sections), we may establish that for f € C(][0,1]),

1
fle) = [ Pe=n)f)dy— f@) as ro1.
as desired. O

The previous result assumed a decay condition on the Fourier coefficients,
namely, {f(n)} € ¢!. While we cannot expect such decay for arbitrary f € L%,
we can establish the following.

Theorem 2 (Riemann-Lebesgue lemma). If f € L'([0,1]), we have f(n) — 0 as
|n| = oo.

Proof of Theorem 2. We can prove this result by using the Riemann-Lebesgue
lemma for the Fourier transform. Indeed, if we set F' = fx[o,1] € L'(R), then

we have f(n) = F(2n), where F' is the Fourier transform of F. O

The Riemann-Lebesgue does not give any quantitative decay rate for the Fourier
coefficients. Such a result would be impossible, since for any sequence {a,} with
limy,, |00 @ = 0, one may find f € L' such that | (n)| > |an]| for all n.

On the other hand, we can relate smoothness properties of f to decay properties
for f(n) (and vice versa), just as in the case of the Fourier transform. We record
some results of this type in the following proposition.

Proposition 1 (Exchange of smoothness/decay). If f € C*([0,1]) and f(])( 0) =
fﬁj)(l) forj=0,...,k —1 (where + denote limits from the right/left), then

fin) = ———F® () for n#0,

(2min)k

so that | f(n)| = o(|n|7%) as |n| = oo.
Conversely, if f € L*([0,1]) and there exist C > 0 and € > 0 such that

()| < O[L + [nl]~*+9),
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then f € Ck=1([0,1]) with 7 (0) = f9(1) for j =1,... .k — 1.

We will not prove Proposition 1 in its entirety. Let us only demonstrate the
main idea of the proof.

Partial proof. We use the identity

67271‘1-711 _ __1 d _ —2minz
T 2mindx

to integrate by parts, yielding
1
foo = [ fa)e e da
0
= g [F(0) = F(D] + g f/(n).

In particular, if f is periodic then the first term vanishes. The extension to higher
order derivatives follows from further integration by parts. O

Analogous to the case of the Fourier transform, functions with jump discontinu-

ities exhibit a typical ﬁ decay rate in their Fourier coefficients.

Example 4. Let f(z) = (1 — z) for z € [0,1]. As we saw above, this function is
periodic but its derivative f'(z) =1 — 2z is not. We have

A 1 n=20 -~ 0 n=20
fn)=4° and  f'(n) =4
gz N F0 w70,
showing that f’(n) = (2min) f(n). Note also that while f(n) = O(|n|~2), we have
that f fails to be Ct as a periodic function, showing that the € > 0 appearing in the
preceding proposition is indeed necessary.

& &

As was the case of the Fourier transform, there is a very natural L? theory
for Fourier series. Note that since L?([0,1]) € L([0,1]), we can already define the
Fourier coefficients of an L?-function as a bounded sequence that decays as n — oco.
We also have the following Parseval formula:

Theorem 3 (Parseval formula). If f € L?([0,1]), then

1
/0 @R d =3 | fn)

neZ

To prove Theorem 3, we will need some preliminary lemmas.

The first result we need is Bessel’s inequality, which is equivalent to the statement
that the partial Fourier series represent the orthogonal projection onto the subspace
of trigonometric polynomials. To make this precise, let us define

VN = { Z ane’™ " g, € (C} for N € N.
[n|<N

Then each Vyy is a finite-dimensional closed subspace of the Hilbert space L?([0, 1]),
and we have the following result:
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Lemma 1 (Bessel’s inequality). For N € N, the partial sum operator Sy is the
orthogonal projection of L? onto V. In particular, for any {an}|n|§N C C, we

have ,
Hf _ Z ]E(n)e%rinz < Hf - Z an, e27rzna:
.2

In|<N In|<N

; (2)

L2

with equality if and only if a, = f(n) for all In| < N.
Consequently, {f(n)}nez € €2, with |f(n)|lez < || fllz2-

Proof. By definition of f(n) and orthonormality of {e2mizki N we have that

27”Ik7f Z f 27r1nz —0 for all ‘k| < N.
[n|<N
This implies that Sy f is the orthogonal projection onto Vy, which in turn implies
(2). In fact, by orthogonality, we have that to obtain equality in (2), we should add
2

> lan = f(m))ePm

In|<N

L2

to the left-hand side. Specializing to a,, = 0, we obtain
2
Yo P =Y fmemme
[n|<N

In|<N
uniformly in N, which implies the desired ¢2 bound on the Fourier coefficients. [

< II£1IZ>

L2

The other key ingredient in the proof of the Parseval formula is the fact that
trigonometric polynomials are dense in L2. To derive this fact, we will actually
use a quantity related to the partial Fourier sums, namely, the Fejér means of the
function.

We begin by taking a closer look at the partial Fourier series. Fix a periodic
function f : [0,1] — C. Proceeding as in the proof of the inversion formula, we may

write Suf(e) / [Z p2min(a— v}dy, (3)

In|<N
which we may express as the convolution
Snf(x) = f*Dy(x), where Dy(x):= Z e2mine, (4)
[n|<N

Remark 1. If f and g are periodic functions on [0, 1], we may define the convolu-

tion
1
- /0 F@)gz — ) dy

as a periodic function on [0,1]. The periodic convolution shares many properties
with the convolution on R. We also have the following product formula for the
coefficients:

Fxg(n) = f(n)a(n), (5)

which can be checked by direct computation.
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We call Dy the Dirichlet kernel. By using the formula for the sum of a geometric
series, we may also write

D () = sin[2ﬂ:(N + 3)x]
sin(mx)
Observe that by the representation in (4), we have that

- 1 |n|]<N
Dy(n) = =
~ () {0 In| > N.

The kernels Dy share some properties with approximate identities as N — oo
For example,

/DN(SC) dx = Dy(0)=1 forall N,

and the kernels become increasingly concentrated around x = 0 as N — oco. How-
ever, one can also prove that

/|DN(x)|deilogN—>oo as N — oo,
0

and so we cannot apply the usual approximate identity arguments with Dy . Instead
of studying the Dirichlet kernels directly, we take an average in N. As we will see
this leads to a well-behaved family of kernels

Definition 1. The Fejér kernels are defined by

N
Fy(z) = %1 ) Dj(x)
§=0
These are given explicitly by
sin[r(N + 1)z]7?

N+l sin(7x)
The Fejér means of a function f : [0,1] — C are defined by

N
r) =% > Si(f; f* Fn(x).

Jj=0

The following shows a comparison between the Dirichlet and Fejér kernels (with
N = 20):
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The Fejér kernels are amenable to approximate identity arguments, as one can
verify that the L'-norms of the Fy are uniformly bounded in N. In particular, we
can prove the following:

Theorem 4 (Fejér’s Theorem). Let f € L'([0,1]) N C([0,1]). Then
lim on(f;2) = f(z)
N—oc0
uniformly over x € [0,1].

Before proving this theorem, let us record an important corollary, which is the
second main ingredient in the proof of Parseval’s formula.

Corollary 1. Trigonometric polynomials are dense in L?. That is, for f €
L?([0,1]) and & > 0, there exists a trigonometric polynomial

g(x)z Z aneQﬂ-inz

In|<N
(for some N € N and {a,} C C) such that
If =gl <e

Proof. Using convolution with approximate identities, we may first find f €
C(]0,1]) such that

1F = Fllee < 3e.

By Fejér’s theorem, there exists IV such that g := f* Fy obeys
sup |f(z) — g(2)] < 3e,
z€(0,1

which implies ~

If = gllzz < 3e.
The result will now follow once we verify that g is a trigonometric polynomial. For
this, we use (3) to write

N
g@) = fx Fn(2) = gy Y f * Dy(x)
7=0

N 1
EY /0 f) 3 eminten) gy
j=0

In|<j

N 1 . ]
ﬁ Z Z |:/O f(y>e—27rzny:| 6271'1717;7

=0 |nl<j

which shows that g is indeed a linear combination of complex exponentials. ([l
We turn to the proof of Fejér’s theorem.

Proof of Fejér’s theorem. We use the usual approximate identity argument. We
write

on(fia) — f(z) = / Fx()f(x —y) — f(2)) dy.

The contribution near y = 0 is small using the continuity of f and the uniform
L'-bounds on the Fy. For y away from zero, we use boundedness of f and the fact
that for any § > 0, Fiy(y) — 0 uniformly on {4 < |y| < 1} as N — oc. O
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We are now in a position to prove the Parseval formula.

Proof of the Parseval formula. We first show that the Parseval formula holds for
an arbitrary trigonometric polynomial. Indeed, if

f(iL'): Z an627rinz
In|<N

Qﬂinw})

(so that f(n) = ay), then (using orthonormality of {e we have

1 1
/ |f ()| dz = Z&nam/ e2min=m) g — Z lan|?,
0 n,m

0 n|<N

giving the result in this case.
Next, we let f € L2. By Bessel’s inequality, we have

S <172
neEZ

Thus it suffices to show that for any ¢ > 0, we have

1

I£1z2 < | S 100+

ne
To this end, we let € > 0 and choose a trigonometric polynomial
g(:c) — Z ane2ﬂ'inw
[n]<N
obeying
lg = fllze <e

Now, using the triangle inequality and Bessel’s inequality, we have

[fllz> < 1F = Sn ()l + 115w ()l 2

1

<l =gl + | 3 10|

In|<N
%
<c+ [Z |f<n>|2] ,
neZ
as desired. 0

Let us now return to the question of convergence of Fourier series. For a typical
L? function, we only know that {f(n)} belongs to £2, and hence the Fourier series
cannot be expected to converge pointwise in general. Nonetheless, we do have an
L? inversion formula.

Proposition 2 (Fourier inversion in L?). For f € L2([0,1]), we have

N
lim Hf > ferme
j=—M

M,N— o0

2
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Proof. This proof may be skipped in lecture.
Using the orthogonal projection property for partial Fourier series, we first ob-

serve that
2 N

=l X e

j=—M

N A ..
Hf > fGerme
j=—M

By the Parseval formula, we may deduce that the right-hand side tends to zero as
N, M — oo. O

While L?-norm convergence seems less simple than pointwise convergence, it is
actually reasonable to use in problems where measurement is a serious concern.
In particular, any g € L? can be used to define a ‘measurement’ m,(f) = (f,g)
(and any continuous linear ‘measurement’ is of this form). Then L? convergence
guarantees that m,(Sy(f)) — mg(f) for any g € L2.

Example 5. If we let
0 Jz—yl>¢
9:(y) =9 -
2¢ |$ - y| S €,

then we have [ g. = 1, and we use g. to model a measurement near x with resolution
of size €. In place of the pointwise difference Sy (f;x) — f(x), we may consider the
average

1
/0 [F () = Sn(fs)l 9= () dy < |If = Sn(H)llezllgellrz = 7= lIf = Sn(f)lre-

Thus for a fixed resolution, the measured error tends to zero as N — oo.

« & &

The failure of pointwise convergence of Fourier series is related to an important
phenomenon known as the Gibbs phenomenon. In particular, near jump disconti-
nuities the Fourier series exhibit oscillatory behavior that consistently overshoots
the jump in a ‘universal’ way. An example is shown in the following figure from [1].

0.5 0.5
1 2 3 0 12
-0.5
-1
-1.5
(a) A periodic function with a jump (b) Fourier reconstruction with N =
discontinuity. 16.

A precise formulation is the following:

Theorem 5 (Gibbs phenomenon). Suppose f is a piecewise continuously differen-
tiable function with a jump discontinuity at x = xo of size h > 0, i.e.

lim+ f(z) = lim f(z) + h.

T, T
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Then
lim Sy (f;z0) = lim f(z)+ 1h,

N—o0 T—xy
while for any small € > 0, we have
. . _ _ - h
i [5(050) - 1] = (G - D

where G is the universal constant given by
1
G = %/ sinTt gt = 1.17898...
0

Remark 2. This shows that near a jump discontinuity, the Fourier series overshoot

the jump by around 9% of the height of the jump. In particular, the size of the

overshoot does not decrease as N — oo (although it does concentrate in an interval
1

of size ~ 57 around the discontinuity).

We will not prove this theorem. Instead, let us just consider one example that
demonstrates this phenomenon. In fact, this example already contains the main
idea of the proof of the more general result.

Example 6. Consider the 2m-periodic function
r-z 0<z<m
gla)y=92%, 2,

which has a jump of height h = m at x = 0. Here we use the theory of Fourier
series on (—m,m), which will be discussed below. The Fourier series for g reduces

to
o0

sin kx
g(z)=>_ :
k=1

We would like to find the mazimum of Sn(g;x) — g(x), which we do by setting
the derivative equal to zero. By explicit calculation, this reduces to the condition

sin[(N + 1)2] = 0,

for which the smallest solution is

We now note that

N
Sn(gian) =) E
k=1

is a Riemann sum for the integral
/1 sin(mz) dz = 1G.
0 X
Thus (noting that g(xn) — 5 ) we observe
Sn(gien) —g(zn) = 5[G — 1] = §[G — 1]
as N — o0.

One way to reduce the Gibbs effect is to use the Fejér kernels instead of the
Dirichlet kernels. However, this comes at the expense of reducing the overall reso-
lution.
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« & &

In this section, let us briefly discuss the extension of Fourier series to more
general intervals, as well as to higher dimensions.
For a P-periodic function, the Fourier coefficients are given by

P
f = [ fe i g
0
One then has the Fourier inversion formula
f@) =33 fmyermine/?
nez
and the Parseval formula

/0 F@Pde =LY ).

ne”Z
One can derive explicit formulas for the Dirichlet and Fejér kernels, as well.
To extend the theory to higher dimensions, we define

£ k) = 727rik~:rd
fuy= [ feian

where now f : [0,1]" — C and k € Z™. The Riemann—Lebesgue lemma also holds
in higher dimensions, and we have the same Fourier inversion formula provided
the Fourier coefficients decay sufficiently. We also have the Parseval formula and a
natural L?-based theory.
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SAMPLING THEORY

In this section, we discuss the topic of sampling functions of continuous variables.

A basic model for measurement is the evaluation of a continuous function f at
a discrete set of points. A set {x;} is discrete if it has no convergent subsequence,
and the values {f(x;)} are called samples of f. We frequently consider equally
spaced samples at points, so that

zj=x0+jl for je€Z andsome {>0.

In this case we call £~! the sampling rate.

A more realistic model for measurement of a function f is the evaluation of a
convolution f * ¢, where ¢ € L'. As we have discussed before, convolution is
a smoothing operator that suppresses the high frequency content of f. In fact,
in many applications we work with the assumption that f has no high-frequency
content at all.

Definition 1. A function f : R — R is bandlimited (or has finite bandwidth) if
f s supported in a finite interval.
Bandlimited functions are always smooth, as their Fourier transforms have ar-

bitrarily good decay. In particular, for an L-bandlimited function f € L? we have
the Fourier inversion formula

L
fla) = & [ e e (1)

The first main result in this section is Nyquist’s theorem, which states that
bandlimited functions are uniquely by a discrete set of uniformly spaced samples
of sufficiently large sampling rate.

Theorem 1 (Nyquist’s theorem). If f € L?(R) and

f&) =0 for [¢]>L,
then f is uniquely determined by the samples {f("%) :n €Z}.
If{f("F)}nez € o', then

f(z) = Z J(5F) sinc(Lx — n). (2)

nez

Proof. By (1), the numbers {27 f(—%%)} are the Fourier coefficients of f, and so
the Fourier inversion formula implies

O =7> fl=mm)emm/b = 2N f(nmyem L for ¢ < L,
nez neZ

with convergence in the L?-sense. In particular,

FO = 2|5 10 (@)
nez
Thus we see that the samples of f determine its Fourier transform, and hence f
itself.
If the samples form an ¢! sequence, then we can compute

L
fla) = & [ e ae
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=3 sz 7/ gi€la—nm/L] g
nez L
fo o) sine(La — n).
nez
(]

Remark 1. The ezponentials e have frequency % Nyquist’s theorem therefore

states that if % is the highest frequency appearing in a function, then we must
sample a function at the rate % (the Nyquist rate) to completely determine f.

Sampling at a lower/higher rate is called under/oversampling.

The reconstruction formula in (2) is sometimes called the Shannon-Whittaker
interpolation formula. To use this formula in practice, we would truncate the sum
after finitely many terms. However, because

|sinc(Lz — nm)| ~ L,

the partial sums may converge to f very slowly. This situation can be improved by
oversampling, as we now explain:

Oversampling. Suppose f is an (L — n)-bandlimited function for some n > 0.
Let us choose a window function ¢ such that

L)1 [El<L—n
0 & >L.

PA{epeatirAlg the computation in the proof of Theorem 1 and using the fact that
f(&) = f(§)p() for [¢] < L, we derive

fa)= & 3 () / p(€)ei€le—nn/ L g
nez (3)

:2sznf7r (x = ).

nez

This generalizes (2), which corresponds to choosing ¢ = x[_r,1]-

By choosing a smoother window function, we may obtain faster convergence
of the series above (as a smoother Fourier transform corresponds to better decay
of ¢). On the other hand, ¢ will not be as simple as the explicit sinc function.
Furthermore, we need to sample f above the Nyquist rate Indeed, fisan (L—mn)-
bandlimited function, but we use the sample spacing 7 < L—n

In applications, we will be sampling functions of bounded of support, which
cannot be bandlimited. Thus, we will always be undersampling. To understand
the effects of undersampling, we introduce a result known as the Poisson summation
formula.

Theorem 2 (Poisson summation formula). If f € L' is continuous and { f(2mn)} €
1(Z), then
> fatn) = Y femmeme, ()
nez nez

Proof. The function on the left-hand side of (4) is 1-periodic and integrable on
[0,1]. Thus it suffices to prove that the Fourier coefficients of this function are
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given by f(2rm) (i.e. samples of the Fourier transform of f). We compute

[ s meommeas = 3 [ oo

nez nez

= / f(x)e™2mme do = f(27m).
R

Remark 2. More generally, for a 2L-periodic function we obtain
Zf .’E+27LL _ QLZf nﬂ' znTrw/L
ne”Z nez
Using this, we observe that if f is supported in [—L, L], then
f(z) =5 Zf("%)em”/L for xe[-L,L],
neZ
gwing a dual version of the Nyquist theorem. This is relevant in MRI, where one

actually measures samples of the Fourier transform of the image function.

Arguing similarly to the above, we can obtain the following ‘dual Poisson sum-
mation formula’, which will play a key role in our understanding of undersampling.

Theorem 3 (Dual Poisson summation). Suppose f,f € L' and {f(25)} e %

Then
Zf§+2nL = sz nm)g=inmt/L.

nez ne”Z

Undersampling. Given a function f and L > 0, we may use the Shannon-
Whittaker formula to define an L-bandlimited approximation to f, namely

x) = Z f(5F) sinc(La — n), (5)
nez
which agress with f at the sample points . Then, by the same computations that
led to the Shannon-Whittaker formula and the dual Poisson summation formula,
we obtain
=€+ 2nL)x-L,y(©)-
neE”L
Thus
ChelJO e "
—2nzo f(E+2nL) [ < L.

In particular, we have that f = Fy, if and only if f is L-bandlimited. Otherwise,
we see two sources of error arising in the approximation F7:

e First, we have the truncation error, which refers to the fact that the high-
frequency information in f is not available in F7,.

e Next, we have the aliasing effect, which refers to the fact that the high-
frequency information in f reappears in the low frequencies of FT..

Example 1. Movie images are sampled at some fized rate. The tires of a driving
car may rotate at a higher frequency, leading to undersampling and aliasing effects.
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Example 2. The following images show two reconstructions of the function f :
[0,1] x [0,1] = R defined by

f(x):{1 |15)2 ) — [15]z[?) ]| < &

0 otherwise

using a 500 x 500 sample grid versus a 1000 x 1000 sample grid. Aliasing effects
are clearly present in the reconstruction using the larger sample spacing.

3 ~ —

Continuing from above, we may express the approximation F, using the inverse
Fourier transform:

L . } L R )
P =4 [ feetac+d [ 3 fer it
- =L 20

Thus F, is the sum of the partial Fourier inverse of f (which produces Gibbs
oscillations if f has jump discontinuities) and the aliasing error.

As mentioned above, nontrivial functions with bounded support cannot be ban-
dlimited. Nonetheless, if the function we sample is smooth enough, then its Fourier
transform decays rapidly and so we may view the function as ‘effectively bandlim-
ited’. In applications, it is not enough that the Fourier transform itself becomes
small; instead, we need to choose a high enough sampling rate that the entire
aliasing error

> f(e+2nL)
n#0
becomes small.

To diminish aliasing effects in general, we may first apply a low-pass filter to the
signal being sampled. An ideal low-pass filter replaces f with f;, obeying

c o JF© g <L
fL(o—{O > L

In this case, the Shannon—Whittaker reconstruction formula is just the partial
Fourier inverse, i.e.

L
fo(a) = = /_ feeta

Thus the aliasing effect is removed, while any Gibbs oscillation effects will remain.
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The measurement process itself can attenuate the high-frequency content of the
signal. We may model measurement of a signal f as a convolution ¢ * f, where
J ¢ = 1. If ¢ is supported in [—n, 7], then the measurement of f at 7 is given by

px f(22) / F(28 = 2)p(w) de.

As Flpx f] = @f — 0 when || — oo, we see that measurement attenuates the high
frequencies. On the other hand, as ¢(0) = 1, we expect that F[p * f] resembles f
at low frequencies. The aliasing error in the measured samples is

> @€+ 2nL)f (¢ + 2nL),
n#0
which can be made small if ¢ is smooth.

Remark 3. Signals are often sent along a carrier frequency (e.g. in FM radio
or MRI). For example, we have a bandlimited signal f with Fourier support in
[w — B,w + BJ, where for simplicity we assume w = NB for some N € N.

Suppose we sample f at {5 : n € Z} and build the bandlimited approrimation
Fp asin (5). By the dual Poisson summation formula,

Fp() = fw+9).
Thus f(z) = e"™*Fg(x). We call Fp the demodulated version of f.

& &

So far, we have discussed the problem of sampling continuous functions defined
on the line. We turn to the problem of sampling functions defined on intervals (or
their periodic extensions). This involves the theory of the finite Fourier transform.

Definition 2. Let {z;}"", ' C C. The finite Fourier transform of {x;} is the
sequence {Z; }jZO C C defined by

m—1
—27ijk/m

=1
poo Tje

7=0
We may also write {&;} = F({z;}).

By summing the geometric series, we can obtain

> exp{ 2 [k — €]) = mdys,

7=0
which implies that the set

{(1, exp{Zmit} exp{imih}  exp{ZTUm=DEY) k=0, .. ,m—1}
forms an orthogonal basis for C™. These vectors consist of samples of the functions
e*™** at the points L, where j =0,...,m — 1.

The identity above also implies that the inverse of the finite Fourier transform
is given by
m—1

— § i,ke%rzjk/m-



MATH 5001 - MATHEMATICS OF MEDICAL IMAGING 67

Just as we extended functions periodically, we extend finite sequences periodi-
cally via

Tjgm =2; and  Fpipm = Tp.
Remark 4. When m € 2V, the fast Fourier transform (FFT) provides a way to
compute the Fourier transform (or inverse Fourier transform) using O(mlogm)

computations, compared to the O(m?) computations usually needed to multiply an
m X m matriz and a vector in C™.

Now suppose f is an L-periodic function with Fourier coefficients {f(n)}. We
say f is N-bandlimited if f(n) for all |n| > N, in which case

=1 Y fmemet
In|<N

Lemma 1. If f is L-periodic and N-bandlimited, then the Fourier coefficients of
f correspond to the finite Fourier transform of the sequence of samples f(QJ{[L_l)
In particular, if

zj = f(5#£), j=0,...,2N -2,
then
Fon-1({;}) = £{F(0),..., f(N = 1), f(1 = N),.., f(=D)}.
Proof. This proof may be skipped in lecture.

Extend the finite Fourier transform Zj; periodically as above. By direct compu-
tation, for |k| < N —1,

oN—2
(2N = D)ip = > zjexp{— 3322}
j=0
2N—2
j mwijk
= Z f(2]<l€1)exp{_§Nil
j=0
2N—2
_ 1 ¢ 2ming L 2mijk
=1 > > foen{@Fty - 3w
Jj=0 |n|<N
2N—2 -
=1+ > fn) > exp{x L n — K} = =L (k).
In|<N j=0
This implies the result. O

Using the inversion of the finite Fourier transform, we can obtain a Nyquist
theorem for bandlimited periodic functions.

Theorem 4 (Nyquist for periodic functions). If f is L-periodic and N -bandlimited,
then f can be reconstructed from the samples

{f(zE5) 1§ =0,...,2N - 2}.

In particular,

j sin((2N—-1)y;(z o j
F@) = o5 Y FHE) ™G, where y;(2) = 7l§ - 5],
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Proof. This proof may be skipped in lecture.
Using the Fourier inversion formula and the preceding result:

fR)=1 X femelt

n|<N
2N -2
B 2ming 2mwinx
*2N1§:§:f 7)exp{—55=1 + =}
J=0 |n|<N
2N -2

N sm N—-1)y) _ x J
_2N 1 E:f 2N 7) blny , where y=mn[} — g5=]-

O

Similar to the continuous case, the function given in the Nyquist theorem always
produces an N-bandlimited function
IN-2

o sm ((2N-1)y;(x))
Fy - 2N 1 Z f 2N 1 sm(yj(my))

that agrees with f at the sample points {m}, where j = 0,...,2N — 2. The
Fourier coefficients of Fy are given by

En(k) = f(k)+ > f(k+n(2N - 1)),

n#0
and so we again see the aliasing effect if f is itself not N-bandlimited.
& & &

We turn to a discussion of sampling in higher dimensions. In this setting, the
notion of bandlimited data refers to having bounded Fourier support. For B € R,
we say f:R"™ — C is B-bandlimited if

flEr,. &) =0 if || >B; for j=1,...,n
For R > 0, we may also define f : R™ — C to be R-bandlimited if
fey=0 for [¢g>R

Theorem 5 (Nyquist in higher dimensions). Suppose B € R and f € L? is
B-bandlimited. Then f can be reconstructed from the samples

{f ]17'r ]nﬂ—) (]ha]”)ezn}

RerAnark 5. To apply this to an R-bandlimited function would lead to oversampling,
as f wvanishes in a large subset of [—R, R]™.

The Poisson summation formula also extends to higher dimensions via

ST flath) =Y f2mik)e’m ok,

jezn kezn

In general, many general results and computational methods related to sampling
theory in higher dimensions rely on the assumption of uniformly spaced sample
points, say {x;}. In practice, we may only be able to sample on some points {yx}
that do not belong to a uniform grid. To arrive at an approximation to samples
of a function f on a uniform grid, one may try to interpolate the values. For
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example, suppose that z; is a point on the uniform grid and {yx,,...,yx,} are the
non-uniform sample points closest to z;. If we can write

¢
zj = Z AiYk,
i=1

for some \; € (0,1), then we may approximate

l
Flag) =Y Nif (uk,)-
=1

If the function f is reasonably smooth, this may work reasonably well. In later
sections, we discuss other approaches to interpolation, as well as computational
schemes adapted to nonuniform samples.

To conclude, let us point out one other important topic related to sampling and
computation, namely, quantization error. This is related to the inherently finite
representation of numbers on the computer and can lead to truncation/rounding
errors. We will not discuss this topic in these notes.
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THEORY OF FILTERS

In this section we will discuss the theory of filters in general. We focus largely on
shift-invariant linear filters, which are widely used in applications. Much of what we
discuss will be restricted to one-dimension, although there are natural extensions
to higher dimensions.

The word filter is basically synonymous with function, mapping, operator, trans-
formation, and so on. Whenever some input is mapped to some output, we can say
we have applied a filter to the input. Our focus will be on linear filters. We keep
in mind two canonical classes of linear filters. At this stage, we will not concern
ourselves with specifying the domain of each filter.

e First, we have multiplication operators. Given a function ¢, we may define
the filter My on a function z(t) via

Myx(t) = (t)z(t).
Given two functions i, and 1o, the filters My, commute: My, My, =
My, My, .
e Next, we have integral transforms. Given a function a = a(t, s), we may
define the filter A by

Ax(t) = /a(t,s)x(s) ds,

which may only be well-defined under suitable assumptions on a and x. If
a(t, s) = ¥ (t—s) for some function v, then we call A a convolution operator
and write Az = ¢ x x.

An important class of filters that we have already encountered is the class of
shift-invariant integral transforms. Writing x,(t) = x(t — 7), these filters obey

Alz,) = (Az),.
We have the following fundamental result concerning such filters.

Proposition 1. An integral transform is shift-invariant if and only if is a con-
volution operator, which holds if and only if it is a multiplication operator in the
Fourier representation.

Proof. The equivalence between convolution operators and Fourier multiplier op-
erators follows from the identity

Flf=gl=1g
It is also straightforward to check that convolution operators are shift invariant.

On the other hand, if an integral transform is shift-invariant, then combining the
identities

(Ax),(t) = /a(t —T1,0)x(0)do
and
Az, = /a(t, o+ 1)z(o)do
for arbitrary inputs x shows that
a(t,c+71)=a(t—7,0) forall t,o, 7.

Evaluating at o = 0 shows a(t,7) = a(t — 7,0), and the result follows by defining
the convolution kernel ¢ via ¢(t) = a(t,0). O
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Remark 1. We can now observe two key properties of linear shift-invariant filters.
First, because of their representation as Fourier multiplier operators, they can be
implemented efficiently. Second, all linear shift-invariant filters commute, as can be
seen either from the convolution formulation or the Fourier multiplier formulation.

We next recall the Dirac ¢ distribution §f = f(0), which (under a suitable
interpretation of the convolution) satisfies f * § = f.

Definition 1. Given a linear, shift-invariant filter A, we call the underlying con-
volution kernel v the impulse response of A. This refers to the fact that

Y(t) =W *d(t) = Ad(t).
We may also call ¢ the point spread function or PSF of A.

If we are studying an unknown physical system that we believe to be linear and
shift-invariant, then we may derive the underlying convolution kernel by measuring
the response to an approximation to the § distribution (e.g. some localized energetic
input).

Any linear, shift-invariant filter is also a Fourier multiplier operator, as

FlAa] = Flp+ 2] = 9.
Definition 2. Let A be a linear, shift-invariant filter with impulse response given
by v. Then 1 is called the transfer function of A (or modulation transfer function
[MTF]).

Linear, shift-invariant filters are therefore completely determined by their im-
pulse response or transfer function.

We may formally understand the transfer function as describing the effect of the
filter on a pure oscillatory state, that is,

A = [ (s) ds = (e

For a general input z(t), we often express the Fourier transform Z(£) in polar
coordinates: ‘

2(€) = |#(&)[e™,
where |2(£)| is the amplitude at frequency % and ¢(§) € R is the phase. We call
these quantities the harmonic components of the input x.

Example 1. Suppose z(t) = cos(wt) for t € [t1,t2]. We would informally say that
x has frequency 5= on the interval. In fact, for the idealized signal x;(t) = cos(wt)
for allt € R, one has

Z(t) = w[o(€ —w) + (€ + w)].
(To make this precise, we need to use the extension of the Fourier transform to
distributions.) A more realistic model is

x,(t) = 1(t) cos(wt),
where 1 is a smooth cutoff to [t1,t2]. Then
Bp(t) = 3[(€ — w) + (€ +w)).

If ¢ =1 over and decays smoothly to zero, then |1/A1| will be sharply peaked at & = 0,
so that |%.| describes which frequencies are present are in the signal. If ¢ is shifted
by some to, then its Fourier transform is multiplied by e*0¢; accordingly, the phase
indicates where the signal is nonzero.
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If we write the transfer function @ZA) for a linear, shift-invariant filter in its harmonic
components, i.e.

$(€) = a(§)e®,
then we have
F(# x) = a(€)[2(£)]e O]

where Z is as above. This gives the frequency-space description of the filter, namely,
the amplification or attenuation of each coefficient and corresponding phase shift.

Before turning to some concrete examples, let us introduce a few important types
of filters.

e Given a collection {A;, ..., A} of filters, we may form the cascade of filters
by the composition

$+—)Ak0~~~OA1£L'.

In particular, more complicated filters may be built out of simpler ones.
In general, the order matters. In theory, this is not the case for linear,
shift-invariant filters; in practice, however, the order in which filters are
computed numerically can make a big difference.

e A one-dimensional integral filter with kernel a(t, s) is causal if a(t,s) = 0
for s > t. We may write

t
Ax(t) = / a(t, s)x(s) ds.
—0o0

For linear, shift-invariant filters, this corresponds to saying that the convo-
lution kernel 1) vanishes for ¢t < 0.

o A filter is a bandpass filter if it restricts the range of the Fourier transform
(to some passband).

o A filter is isotropic if it commutes with rotations. A linear, shift-invariant
filter is isotropic if and only if its impulse response or transfer function is
radial.

& &

Let us consider several examples to illustrate the ideas introduced above.

Example 2 (Identity). Let Af = f (the identity map). This is a linear, shift-
invariant filter. Its impulse response is the § distribution, and its transfer function
isd=1.

Example 3 (Differentiation). Let Af = f' (the derivative of f). This is a linear,
shift-invariant filter. Its impulse response should be &', whatever that means. In
fact, &' is a well-defined distribution, given by

' f = —f(0).

(This definition is obtained by performing a formal integration by parts in the in-
tegral [&'f.) The transfer function is once again a bit more mundane, given by

Flo'](§) = ic.

Example 4 (Ideal bandpass filters). For a < 3, we define the bandpass filter B, g
via

Blag® = F X[a,0(E)E(E)].
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This is a linear, shift-invariant filter that is defined to have transfer function equal
to X(a,5)(I€]). The impulse response function is

bla.g(t) = 2Re[e™ 5 nltB—a)/2)]

mt

We call [o, 8] the passband. If o = 0, the filter is called an ideal lowpass filter,
while an ideal highpass filter has transfer function 1 — xo g (I¢])-

An ideal lowpass filter coincides with a partial inverse, with point spread function
given by

ha(t) = ﬂsin;(ﬂt)

Because such functions fail to be absolutely integrable, the filtered outputs will be
susceptible to Gibbs oscillations.

Instead of exact lowpass filters, one can use approximate lowpass filters (known
as apodizing filters), as in the following two examples.

Example 5 (Tent function). Given 8 > 0, define the transfer function

55(5) = %X[,g 8% X[fg,g](gh

s

which obeys t5(0) = 1 and t5(&) = 0 for || > B. The corresponding point spread
function is

tp(s) = 4 [2Le/2]?,

Example 6 (Hanning window). For 8 > 0, we may define the transfer function

oo Jeos?(35) l¢l< B
o) = {0 € > 8,

which is even smoother than the tent function. The point spread function is given
by

o7 sin(t3)
ha(t) = 35 e rmyr-

Example 7 (Hilbert transform). The Hilbert transform H is a linear, shift-
invariant filter with transfer function sign(€). The impulse response function is
the distribution PV[].

Example 8 (Ramp filter). The ramp filter |V| is defined via the transfer function
|€|. It can be written as %H@m, where H is the Hilbert transform. More general
fractional derivatives |V|® can be defined via the transfer function |£|°.

Example 9 (Commutativity). Suppose Aix = Oz and Asx = ¢ * x for some
differentiable ¢ of bounded support. In theory, Ay o A5 = As o Ay. In practice,
however, it is much simpler to compute Ay o As than As o Ay. Indeed,

Al o AQZ‘ = 8t[<p * Jf] = [6t§0] * T,

whereas computing As o Ay would require that we numerically approximate the de-
rivative of an arbitrary input before convolving with .

& &
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In many instances, it is natural to try to invert a given filter. As a simple
example, suppose our model for measurement of a signal x is given by a convolution
Ax = k x x. To recover x, we would then therefore need to invert this filter.

Of course, this is not always possible. Consider, for example, a bandpass filter,
which explicitly throws away part of the function.

Nonetheless, as a starting point for this problem, we observe the formal identity

e [.F[k:k x]} 7
k

where k * = represents the measured data. In some cases, k may vanish, and so

this formula may not be useful. In general, if k € L', then we know that f(k) — 0

as |£] — oo. Therefore the inversion process (i.e. the filter with transfer function

given by 1/k) will amplify high frequencies. In realistic settings, the measurement

may be modeled by k % x + n, where n represents some noise. We then have

Flk*x +n]
k

which shows that the high frequencies in the noise will be amplified by this approach
to inversion.

A modification to this approach involves truncating the support of the transfer
function and using the following approximate inverse:

s Fol [X[Aaa](f)y} for some a > 0,

k(€)
which would give perfect reconstruction for suitably bandlimited data. While real
signals will not typically be bandlimited, they may be ‘effectively bandlimited’ in
the sense that most of the content of the signal is contained in a bounded interval
of frequencies.

This modification still does not address the possibility that k could vanish at
some finite frequencies. In this setting, we can ‘repair’ the transfer function near its
zeros. That is, near a zero &, of I%, we could replace l%(f) with +¢ in a neighborhood
of size €.

In practice, designing inverse filters is really a problem in engineering. We will
conclude our discussion by considering just one example.

. n
:Z‘+T,
k

Example 10. Suppose x is L-bandlimited. By Nyquist’s theorem, we should sample

s

x at equally spaced points with a mesh size al most T
To model the measurement of x, fir € > 0 and define

he(t) = 3= x(- 1,1 (%)
Observe that h. * x 1s still L-bandlimited.
Samples of he x x at {"F } ez allow for recovery of Flhe x x| via

Flhe # al(§) = x-£.01(€) D _ he x a(fF)e~ e/,
ne”Z
Now, h.(€) = sinc(e€/2) has its first zero at 27 /e. If € is sufficiently small (so that

5 < T ), then we may safely divide F[h. * x| by he and hence exactly reconstruct &.
In fact, if € is small enough (e.g. € = T ) then the consecutive sampling intervals

do not overlap and we may obtain a uniform lower bound on fzs over [—L, L].
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This example shows that a bandlimited signal can be exactly and stably recon-
structed from fairly realistic measurements, provided the ‘resolution’ of the measur-
ing device is high enough (relative to the bandwidth of the signal).

« & &

The preceding example leads us naturally to the notion of resolution. In fact,
resolution is not exactly a well-defined mathematical concept and is mostly useful
for purposes of comparison of different filters.

For a filter A, the resolution R4 in the output of A is given as a length, which
may be interpreted as the size of the smallest discernible feature in the output; the
minimum separation between discernible features; or the extent to which a pointlike
object is spread out. The resolution increases as R4 decreases.

We will focus on giving just a few possible definitions for resolution in the output
of a linear, shift-invariant filter Ax = k * x.

e Assume k attains its maximum M at zero. For « € (0,1), let
A(A,R) = t4 () — t_ (1),
where t4 (k) denote the largest negative and smallest positive values where
k(t) = kM. This is called the full-width k-mazimum of A. If k has zeros,
then the special case of k = 0 just gives the largest negative and smallest
positive zeros. A special case is given by k = %, which corresponds to the
FWHM (full width half maximum).

e Suppose |k| attains it maximum at £ = 0. For € € (0,1), we let {1 denote
the largest negative value and smallest positive values of £ such that |k(€)| <
¢|k(0)|. Then the e-Nyquist width is defined by

A(A,Ny,e) =

™

min{|¢ |, [€-[}

This is connected to the fact that a broader transfer function (corresponding
to a smaller A) corresponds to keeping a larger range of frequencies, and
hence retaining a higher degree of resolution in the output of the filter.

The notions of resolution introduced above carry over naturally to higher-
dimensional filters, provided the filters are isotropic. Otherwise, the situation be-
comes more complicated.

The resolution generally decreases as we apply cascades of filters; however, the
precise statements depend on (i) the types of filters appearing in the cascades and
(ii) the precise notion of resolution being considered. We will not pursue this topic
in detail here.

& &

In the final topic of this section, we will consider the filtering of periodic inputs
(or periodic extensions of inputs defined on intervals).

Viewing inputs as defined on R, we say x(t) is L-periodic if x(t + L) = z(t) for
all t € R. A filter A is L-periodic if it maps L-periodic functions to L-periodic
functions.

The L-periodic unit impulse §;, is given formally by the sum

op(t)=>_8(t+4L).

jez
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In this setting, an L-periodic, linear, shift-invariant filter is given by convolution
with the impulse response k(t), defined by

k(t) = A(dr).
The transfer function in this case becomes the sequence {l%(n)}nez, obtained by
applying the filter to the complex exponentials e2™/L:
A(e2ﬂ'int/L> _ ]%(n)e%rint/L.

As the Fourier coefficients of k  x are given by k(n)Z(n), we have the following
Fourier representation:

Az(t) = + Z k(n)@(n)e it/ L,

neZ

Example 11. The bandpass filter with passband [a,b] has transfer function

bn) = {1 In| € [a, b]

0 otherwise.

Various notions of resolution carry over to this setting as well.
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IMPLEMENTATION OF FILTERS

In this section, we discuss (briefly) the actual ‘implementation’ of shift-invariant
filters. This refers to the transition from the continuous filters introduced in the
previous section to their approximate realizations on finitely sampled data. The
main tools needed are the finite Fourier transform and Riemann sums.

We suppose x is some input to a linear, shift-invariant filter H with impulse
response h and transfer function h. Fixing some tg € R, 7 > 0, and N € N, our
goal is to derive practical approximations to the values

hxx(to+kr), k=0,...,.N—1

using finitely many samples of 2 and h (or }AL) We will assume uniform sampling of
x and h. In situations where this is not feasible, one may interpolate the available
data to produce equally spaced samples. To simplify matters, we will fix tg = 0
and consider the case 7 = 37, which corresponds to the sample points {k/N} for a
signal supported on [0, 1].

We begin with the Riemann sum approximation

2
L

ha(k) = / Wk — ) dy~ 5 S h(E)a(d). (1)

2=
<.
Il
o

This approximation requires that we sample the impulse response h at the 2N — 1
points

N1 11 N1
N T NoY N
We therefore define the sample sequences hy € R*N =1 and x, € R?VN~1 as follows.

First, we set
he = {h(0),...,h(2F), h(— 251, ... h(— %)}
Next, we apply zero padding and define x, as follows:
zs = {z(0),...,2(¥F),0,...,0}

We extend both hs and x4 as (2N — 1)-periodic sequences.
Continuing from (1), we therefore have the initial approximation

N—-1

hx x(%) ~ % Z hs(k — j)zs(d) = %hs * 25(k),
j=0
where * denotes the discrete periodic convolution.

To compute this discrete convolution in practice, we may use the following con-
volution identity for the finite Fourier transform:

Lemma 1. Let xz,y be sequences of length M. Then

Fu(xxy) = M{ZoYo, - - Tv—19m—1},
where Far is the finite Fourier transform, {Zr} = Far(z), and {gr} = Fam(y).
Proof. The proof may be skipped in lecture. We have

M—-1rM-1
Fualawm =y | X e,
=0 " j=0

Setting m = j — ¢ and using periodicity then yields the result. [
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Thus, continuing from above, we arrive at the following approximation:

hxa(f)~ NLEAL ({35(0)hs(0), ..., #5(2N — Dhs(2N — D} (k),  (2)

where &5 = Fon_12s and hs = Fan_1hs are the finite Fourier transforms of the
sample sequences. This is a useful formulation in general due to the efficient nu-
merical implementation of the finite Fourier transform and its inverse.
In the remainder of this section, let us discuss the following questions:
(i) How is &, related to the Fourier transform or Fourier series of the original
signal x?
(ii) Can we approximate hs without first having to sample the impulse function?
Could we instead sample the transfer function directly?
For (i), we can observe that

2N—2
-'%s(k'> _ 2N171 ms(j)e—Qﬂzjk/(QN—l)

j=0
N-1

_ 2]\7171 $S(j)6_27”]k/(2N_1)
=0
N-1 ‘

— 2}\17\’_1 %xs(j)exp{f%ri%m’fﬁl
=0

N ! —2mit( RN N _s(2rNk
~ 2N71/0 w(t)e T aN=T) df = sv—T 4 (5n—1);

showing that &, is indeed related to samples of the Fourier transform of Z.

We remark that the finite Fourier transform of the unpadded sample sequence
can also be connected rather directly to the Fourier coefficients of = (thought of as
a function on [0, 1]).

For (ii), we note that there is another approach to approximating the convolution,
namely, via the Fourier inversion formula:

N
EY ~ A ick/N
meah)~ [ @SN ds
The truncation to frequencies |{| < N7 is consistent with the assumption that a
sample spacing of % is sufficient for approximate the given signal. Continuing, we
make a Riemann sum approximation and arrive at

N-1
kY 7 2nNj\ g 27 NG 2mijk N
hxa(y) ® 50 Z h(gh—1)%(a5=1) exp{3xLT b onos-
j=—(N-1)
If we make the approximations
Ba(k) ~ onop @ (3RE)  and D) ~ ontrh(3R5), (3)
then we arrive at the same approximation to h * x(%) as the one appearing in

(2). This derivation shows that it is possible to build an approximation using only
samples of the transfer function A, rather than the impulse response h.

We summarize our discussion as follows: The formula in (2) provides an approxi-
mation to the convolution h*x at the sample points % using finitely many samples.
In particular, we sample the signal at finitely many points, pad by zeros, and take



MATH 5001 - MATHEMATICS OF MEDICAL IMAGING 79

the finite Fourier transform to form the sequence Z,(k). For approximating h,(k),
there are two basic approaches:

e First, we may sample the impulse response function h and then obtain b
as the finite Fourier transform of the sample sequence h;.

e Second, we may use the approximation in (3) to obtain an approximation
to the values of h,(k).

In general, these two approaches will perform differently, and which choice is better
depends on the particular situation at hand.

We will leave it as an exercise to extend the ideas above to the more general
scenario of sampling at points {tg + 7k} for some ¢ty € R and uniform sampling
spacing 7 > 0.
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X-RAY CT RECONSTRUCTION

In this section, we return to the reconstruction problem in X-ray CT and discuss
several approaches.
In this section, we will continue to make various simplifying assumptions:

e First, we continue with assumption of one-dimensional monochromatic X-
ray beams, which (as we have previously discussed) is not realistic.

e Next, we assume that measurements are made with infinite precision and
can similarly be represented digitally with infinite precision. In truth, the
accuracy of measurements depends on the accuracy and sensitivity of the
X-ray detectors, the stability of the X-ray source, the correct calibration of
the scanning machine, and so on. Similarly, the contrast available in the
reconstructed image actually depends on the range of measurements made
and the number of bits used to store them.

We will revisit some of these assumptions later sections.
The quality of a reconstruction algorithm can be characterized by several key
properties:

e The first key property is of course the accuracy of the reconstructed image.
In the case of X-ray CT, one benefits greatly from the availability of exact
reconstruction formulas on which to base the reconstruction algorithm.

e The next property is stability (e.g. with respect to various types of noise
in the measured data). As we have discussed before, this is connected to
continuity properties present in the inversion formulas.

e Finally, a good algorithm should be efficient in terms of computational cost.
In the present setting, we will see that many computations are paralleliz-
able, thus allowing for their efficient implementation.

To test the accuracy and stability of reconstruction algorithms, one can utilize
so-called ‘phantoms’. This refers to both physical and mathematical phantoms.

e With a physical phantom, one tests the reconstruction algorithm on an
object for which one knows the internal structure. In this case, one mixes
the measurement error with algorithmic error.

e The idea of a mathematical phantom was introduced by Shepp. The idea
is to isolate algorithmic errors by tests the reconstruction algorithm on a
purely mathematical construction. To simulate measurements, one should
digitize the image and replace point values by some kind of weighted av-
erage. One can use mathematical phantoms to test robustness to mea-
surement error, understand sampling artifacts, and compare different algo-
rithms. An example of a mathematical phantom is pictured below:
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We consider the problem of reconstructing a single slice of a 3d object contained
in the disc of radius L. We denote the unknown attenuation coefficient by f =
f(z,y), which we will attempt to reconstruct on the reconstruction grid

Rq- - {(xj,yk) = (jT7 kT)},

where 7 > 0 is the sample spacing. Here j, k range between —K and K, where
K=|%]+1.

& &
Parallel Beam Scanner
& &

Let us first consider reconstruction using a parallel beam scanner. This type
of scanner represents the ‘first generation’ of X-ray CT scanners. In the parallel
beam setup, we place an array of X-ray sources on one side of the object, with a
corresponding array of detectors on the other side, as in the following figure from [1]:

X-ray source

(a) A parallel beam scanner.

The sources and detectors are then rotated together around the object and data is
collected.
We fix M > 1 and choose a finite collection of directions

{w(kAO)}i=o,...m, where A9:M:-1'

For a fixed direction, the X-ray source/detector pairs will yield the Radon transform
along the discrete set of affine parameters

{jd}é\,:fN7

where d > 0 is the affine sample spacing and N = Ld~*.
The data acquired in the parallel beam setup takes the form

{Rf(jd,w(kAO)):j=—N,...,N, k=0,... M},
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which represents a rectangular grid in (¢,6)-space. Note that by the evenness of
Rf, it is technically sufficient to obtain samples of corresponding to angles in [0, 7);
practically, it can be useful to obtain ‘redudant’ information and average the results.

We will discuss the connections between the choices of M, N, and K (the number
of points in the reconstruction grid) below.

Definition 1. We call an individual measurement a ray. We call the collection of
samples of Rf(t,w) for a fized w a view.

A plot of Rf(t,w) is called a sinogram. Such plots are not easy to interpret (for
humans, at least).

* % % Direct Fourier Inversion * * %

One approach to reconstruction using parallel beam data is to directly appeal to
the Fourier inversion formula. As we will see, this approach has some issues.
Using the convention that

fro®)) = f(Irlw(® + 7)) for r <0,

and supposing we had complete data for each fixed angle, the central slice formula
tells us that

Frw(kAg)) = /_ TR A w(kAG) e dt.

Then, by the Fourier inversion formula (stated in polar coordinates) and taking a
Riemann sum approximation, we obtain

) = o / / Flrw) @0 | dr du
0 — 00

M .0
N D D / Frw(kAg))e' (=) <80 | dr.
k=07 "

In practice, we have only the samples Rf(jd,w(kAf)), which would allow us to
approximate

f(rjw(kA8)), r;€{0,£n,...,£Nn}, n=42 =12

We could then take another Riemann sum approximation in the sum above.

Now consider the computational cost of the scheme outlined above. To approx-
imate f at a single point (z,y) requires O(MN) operations. As there are O(K?)
points in the reconstruction grid, this approach requires an enormous O(M N K?)
computations.

An alternate approach would be to use the fast Fourier transform (FFT). As the
Radon transform data is sampled uniformly in ¢ for each fixed angle, one could use
the FFT to obtain the values f(rjw(kAG)) in O(M N log N) operations.

However, we do not obtain uniform samples of the Fourier transform, and hence
we cannot directly apply the fast inverse Fourier transform (IFFT). Indeed, we
instead obtain samples along concentric circles. One possible remedy is to use
a nearest neighbor interpolation to obtain a uniform grid of O(K?) approximate
samples of the Fourier transform. Then, in O(K?[log K]?) operations, one can
evaluate the IFFT. In particular, we can perform the complete inversion in

O(MN log N + K?[log K]?)
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operations.

Unfortunately, this does not work well. The reason is that for a typical atten-
uation coefficient f, the Fourier transform f will exhibit rapid oscillation of both
phase and magnitude; this can be seen clearly at the level of mathematical phan-
toms. In particular, the nearest neighbor interpolation introduces too many errors
and the reconstruction is not accurate.

* % % Filtered Back-Projection x x %

The starting point for the parallel beam reconstruction algorithm is instead the
filtered back-projection formula, which we recall here:

)= & / " VIR () w) do

Accordingly, the reconstruction is based on two steps:

1. Implement the 1d filter |V| on the Radon transform data.

2. Implement the back-projection.
Note that because the filter acts only on the affine variable, we should be able
to carry out the filtering step one view at a time, so that the algorithm can be
parallelized.

The back-projection step will be implemented with a simple Riemann sum ap-
proximation. The more challenging component of this algorithm involves the im-
plementation of the nonlocal filter |V|.

As discussed previously, one approach to approximating |V| is to instead approx-
imate the transfer function, which is given by |r|. Let us denote the approximate
transfer function by qAS Frequently, one writes q’; in the form

o(r) = A(r)|r|
for some apodizing function A(r). Some standard options for A(r) include a simple
bandlimiting filter, the ‘Hamming’ filter, or the ‘Hanning’ filter. Once a choice has
been made, we may denote the filtered Radon data as

Qu(tw) = 3 [ Rirw)ir)e dr = [ Rfs.w)ot - ) ds.
Assuming we have complete data for R f, our approximation to f would then be
foe) = & [ Qufll(e.w) ) ) do
0

Using the discretized data and a Riemann sum approximation, our reconstructed
function is therefore

M N
.fdﬁ(xn%yé) = % Z Z Rf(]d>w(kA€))¢[<(xm7yf)vw(kAe» _jd] (1)
k=0j=—N

We now turn to a crucial observation for the parallel beam reconstruction prob-
lem. Because the filter is with respect to the affine variable only, we can carry
out the filtering step after each view is collected. This presents an opportunity for
parallelizing the algorithm and thereby speeding up reconstruction. However, when
we examine formula (1), it seems as though we need to use a different filter for each
point in the reconstruction grid. That is, we must repeat the filter step K? times
for each view!
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To remedy this, Ramachandran and Lakshminarayanan had the idea to simply
fix the values of the filtering function ¢ at { jd}é\’:_ n and then linearly interpolate to
obtain approximate values at intermediate points. For the filter itself, Ramachan-
dran and Lakshminarayanan used the simple bandlimiting

B
oid) =3 [ Irlemar
-B

for some B > 0. In the medical imaging context, we call this the Ram-Lak filter.
Because ¢ can be expected to be a slowly varying real-valued function, this
interpolation will introduce far less error than what we considered in the case of
direct Fourier inversion. In particular, we can expect some blurring to result, but
we do not expect to introduce any oscillatory effects, for example.
The interpolation works as follows: As N = Ld~!, we have that for each m, ¢,k
there exists an integer ngem, € [—N, N| such that

Nemd < ((scm,yg)7w(kA9)> < (nkgm + 1)d.
Consequently, there exists agey, € [0,1] such that
<(1’m, yg), w(kAH)) = aum(nk@n + 1)d + (1 — akgm)nkgmd. (2)

As the sampling angles and reconstruction grid are fixed at the beginning, the
values (ngem, kem) may be computed and stored in a table.
The reconstruction algorithm is then carried out as follows:

1. For each view (i.e. for each fixed k), we approximate the filtered Radon
transform at the via the discrete convolution

N
Qof (jd.w(kA0)) = d Y Rf(nd,w(kA0))¢((j —n)d)
n=—N
for j = —N,..., N. This step can be done after the data for a single view
is collected. ~
2. Back-project Qg f using linear interpolation to produce the approximations

M
f¢($m7 Ye) = ﬁﬂ Z [akemQ¢f((nkzm + 1)d,w(kAB))
k=0
+(1- Oékgm)Q(zsf(nkgmd, w(kAH))],

where ey and nge, are as in (2). By linearity, this is equivalent to
interpolating the values of ¢ itself.

The computation of Q4 as a discrete convolution requires O(MN 2) operations (al-
though this could be reduced by computing using the FFT), while the second step
requires O(M K?) operations. Later we will take K ~ N, so these two computa-
tional costs are of the same order.

Use of the Ram-Lak filter and linear interpolation works ‘surprisingly well’.
Shepp and Logan carried out an analysis to explain the success of this approach.
Essentially, the key to success is to make sure that the transfer function resembles
|r| near » = 0, while at the same time guaranteeing that the point spread function
resembles that of —id;H for large t (i.e. ¢(t) = —F—ig as t — 00).

So far, we have taken our parameters K, M, N for the reconstruction grid, pro-
jection angles, and affine parameter completely independently. In practice, these
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should be linked by considering principles such as Nyquist’s theorem. In the remain-
der of this section, we will show that a reasonable choice of parameters corresponds
to choosing K ~ M ~ N and 7 ~ d.

First, since we have d = LN ! (the affine sample spacing), the effective support
of f(rw) should be contained in a disc of radius ~ d~'. Now, f is sampled at N
points along each radial line, giving a sample spacing of ~ L™!; here we are just
using that NL=1 =d~1.

Now consider the widest sample spacing of f in the angular direction. This
occurs at at the largest radius, and hence is given by ~ Afd~!. It is reasonable
to ask that the radial spacing coincide with the worst angular spacing (i.e. L™! ~
Afd~1), leading to the condition

N=Ld "'~ (A0~ ~ M.

Now, since we obtain ~ N x N samples of the Fourier transform, then we should
use the same number of grid points in the reconstruction grid, which is essentially
an L x L square. That is to say, the sample spacing 7 should be given by LN~! = d.
But then

K~Lr'~Ld'=N,
and hence we should take K ~ N as well. Another way to arrive at K ~ N is to
ask that the total number of measurements (=% NM =~ N?) agree with the total
number of nontrivial reconstruction points (~ K?).

& &
Fan Beam Scanner
L) & &

We next consider the divergent beam or fan beam geometry. Beginning with
the second generation of X-ray CT scanners, scanning machines began to utilize a
single X-ray source emitting X-rays in a ‘fan beam’ shape.

e In a ‘second-generation’ scanner, the X-ray source is across from a flat
arrangement of detectors, and the entire configuration is translated and
rotated around the patient.

In later designs, the source and detectors were arranged on opposite arcs of a circle
and only rotation was used.

e In a ‘third-generation’ scanner, detectors are arranged in an arc centered
on a single X-ray source. The source and detectors are rotated together.

e In a ‘fourth-generation’ scanner, the detectors are on a fixed ring around
the object, and only the X-ray source is rotated around the object.

Our discussion will be limited essentially to third- and fourth-generation scanners.
All of the engineering developments related to the detector/source configuration,
number of detectors, and so on, have certainly improved the measurement process
significantly (e.g. by shortening the scan time). At the level of detail we are
currently considering, however, there is not much difference in terms of describing

the resulting X-ray data.
In the fan-beam setting, a view consists of samples of Rf for a family of lines

passing through a point.
e In the third-generation setting, this refers to the family of lines emanating

from a fixed X-ray source.
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e In the fourth-generation setting, this refers to the family of lines that pass
through a fixed detector as the source rotates.

In particular, the two viewpoints are ‘dual’ to one another and can be treated
basically at the same time. It is perhaps conceptually simpler to imagine the lines
comprising a single fan beam, which corresponds to third-generation scanners.

In contrast to the parallel-beam setting, data from a single view no longer pro-
vides all of the Radon transform data for a fixed w, and hence we cannot apply
results such as the central slice theorem directly. There are then two basic ap-
proaches to using the fan beam data:

(i) Re-sort the data and interpolate to obtain parallel-beam type information.
This is called rebinning. We will not discuss this issue here, but only point
out that this approach both introduces interpolation error and sacrifices
‘parallelizability’ of the algorithm.

(ii) Build a reconstruction algorithm that works directly with the fan-beam
data. Such an algorithm was first proposed by Herman, Lakshminarayanan,
and Naparstek.

We parametrize the fan beam data as follows (see the figure below from [1]).

e We consider an X-ray source (S below) with a central ray emanating from
S and passing through the origin.

o We write D for the distance from S to the origin along the central ray.

e We write g for the angle formed by this ray and the vertical axis.

o We parametrize other the other lines in the view by the angle v they form
with the central ray.

e Using trigonometry, the line parametrized by v may be described in the
standard (¢, 0) coordinates as f; ,,(9), where

0=~+p and t= Dsin~. (3)

/ Y .
B
D 0

1

The variables (3,~) will describe the family of lines for which we have Radon
transform data. The data obtained by the scanner will be uniformly sampled in
these coordinates.

Our goal is an analogue of the approximate reconstruction formula

iy L
folz,y) = %/0 /_LRf(t,H)ng(xcos@—l—ysinH—t)dtdw,

where convolution with ¢ is our approximation to the filter |V|.

Let us firstly deal with one technical annoyance and re-express this quantity
using an integral over [0,2n] rather than [0,7]. To do this, we observe that the
integrand may be written as a function G obeying G(—t, —w) = G(t,w). We have
established this fact previously for the Radon transform, so let us focus on showing
that this is true of the filter term. Here the key is to observe that the argument
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|z cos 6 + ysin @ — t| is precisely the distance from (z,y) to the line £, ). This
follows from the fact that the projection of (z,y) onto ¢, is

(z,9) = {(z,y) - w — thw.

Asl_; _, =¥, we find that this even symmetry holds for the filter term as well,
at least provided we impose the condition that ¢ is even. Using this even symmetry,
we may now re-write (4) as

2m L
folz,y) = %/0 /_L Rf(t,0)p(xcosd + ysinbh — t) dt dw, (4)

We will focus first on an analogue of this filtered back-projection formula and
consider the problem of implementation after arriving at a suitable formula. In
what follows, we change notation and denote the convolution kernel of the filter by
k rather than ¢. We also use £ for the Fourier variable. This frees up the variables
¢ and r, which we will use to express (z,y) in polar coordinates via

(z,y) = (rcosp,rsinp).

In particular, (4) becomes

27 L
£ =2 [ [ Rp0(rcos(o — o)~ tyde o,
0 -L
where we have used
cos 0 cos ¢ + sinfsin g = cos(f — ).

We now recall the relations in (3) to change variables in the integral above. We
define the fan angle 2y, so that the family of lines corresponding to the parameters

{(B,7): 8 €0,2m), vl <}

includes all lines intersecting the disc of radius L. We then obtain

fi(r, )

2m L
= %/ Rf(Dsinv, 8+ v)k[rcos(8 +v — ¢) — Dsiny| cosydry df.
0

—7L

Let us introduce the notation

Pf(B,v) =Rf(Dsinvy, B +7),

which represents the data we will collect in the fan beam setup. We now use some
trigonometry to simplify the expression appearing in the argument of k. For this,
it is useful to consider the following figure from [1]:

y /
&
7 9.8

~ (xy)
. B ¢
D p-0
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Lemma 1. Let
=1L(r,p,B)

denote the positive distance from the source S to the point (z,y), and let
Y =9'(r,¢,8)

denote the angle formed between the central ray and the ray joining S to (z,y).
Then the argument of k simplifies as follows:

rcos(B+v —¢) — Dsiny = £sin[y’ —~].
Proof. We may first rewrite
recos(B8+7v — ) — Dsinvy
=rcos(B — p)cosy — [D + rsin(f — ¢)]sin~.
Now, consulting the figure above and using some trigonometry, we observe
Lcosy =D +rsin(B — @),
{siny’ = rcos(B — ).
Thus, continuing from the computation above, we have
rcos(f — ) cosy — [D + rsin(f — ¢)] siny
= {sin~y' cosy — £ cosy sinvy
= {sin(y —7),
as desired. O
Remark 1. The proof above also shows that
Ur,p,8) = VD +rsin(B — ¢)]2 + [rcos(8 — ¢)]2,
7 (r, 0, 8) = tan ™ [ 5150 ).

With our new notation and the lemma in place, we obtain

2r L
fulr o) = % /0 /_ Pf(B,7)k[lsin(y" —~)] cos~y drydB.

We turn our attention to describing the filter k. We state the following informal
derivation as a lemma.

Lemma 2. Suppose &(§) = |£| over the effective bandwidth of v~ Pf(8,v). The
following approximation holds:

2m pryL
h@@=%£ PF(8,7) [z ] (v = ) cosy dy dB.
—L

Proof. Write #(€) = |€|x(€), where xe — 1 uniformly in £ as ¢ — 0. We consider
a general integral of the form

[ remtesingy =y = 5 [ [ neetsnegiey ) de

We now change variables via

n = [L2=]e
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which yields the integral

// Fsln('y 'y)] Z(’Y ) U‘W|Xs[ﬂm] d77 d’)/
Using
[77451:/1('}/7'\/)] ~ X€(n)7
we arrive at the approximation

- 2
/M’Y)[%] "f(“/ —7)dv,
which implies the result. ([

In light of the previous lemma, we introduce the new filter defined by the con-

volution kernel

9(y) = L= Pr(y), where R(€) ~ [¢];

and we finally define our approximation

2 YL
fg(nw):/o m /_% Pf(B,7)gly (r,08) —~]D cosydydf.

We view this as a weighted filtered back projection formula, writing
YL

ng(ﬁ,v’):/ P'f(B,7)g(y —~)dy, P'f(B,7)=Pf(B,7)- Dcos~,

—7L

27 1 ,
fre) = | sy Qul (A (0.0 d6.

This is the analogue of the approximate filtered back-projection formula adapted
to the fan beam setting. In the next section, we discuss the implementation of this
formula for reconstruction.

* * % Implementation x * *

Fan beam data takes the form {P f(5;,na)}, where 3; = 1517;]1 and n ranges over
some set of integers. Here we recall that

Pf(B,7) = Rf(Dsinvy, B+ 7).

We can obtain the data P’ f(3;, na) appearing in our reconstruction formula via
P'f(B;,na) = Pf(Bj,na) - D cos(na).

This can be done ‘one view at a time’ (i.e. for a fixed j;).
The reconstruction algorithm using fan beam data then consists of the following
steps.

1. Evaluate the discrete convolution with the kernel g:

Qg f(Bj,na) = a[P' f(B;,-) * g)(nav),
where
g9(ne) = 2 e
Here r(-) is the convolution kernel approximating the filter |V|, chosen
similar to the parallel beam case.

]2H(na).
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2. Compute the weighted back projection of each filtered projection:

M
_ 27 1 Flp. A .
fg(xmayf) - M+1 ;::0 62(xm7ylyﬁj)ng(ﬂ],’y (xmvylaﬁj))~

Here the values of @, f are obtained by interpolating the values of
Qqf(Bj,na).

The values ¢(z,, ye, B;) and v/ (2, ye, B;) may be computed and stored at the
beginning. Then the computational cost of this algorithm is similar to that of the
parallel beam.

The first step can be carried out as soon as the data from a single view is collected.
In third-generation scanners, a view is determined by the source position, so one
can begin the filtering step as soon as the data from one position is collected. In a
fourth-generation scanner, a view is determined by the detector position, so filtering
must wait until all the data for the first view is collected.

It is worth mentioning that in practice, there are some subtleties related to data
collection in the fan beam setting. For example, if we take 8 € [0, 27), then we will
actually collect every projection twice! Let us only mention this issue in passing
and not discuss it here.

& & &
Other Approaches
& &

In the second, third, and fourth generations of scanners, data is collected one slice
at a time. In the 1990s, the spiral scan or helical scan approach was introduced, in
which the patient is translated continuously as the source is continuously rotated.
Relative to the patient, the X-ray source traces out the shape of a helix. In this
way, one obtains X-ray data for the entire volume all at once. Assuming that we
are working with ‘third-generation’ type data, the collected data (in the continuous
model) has the form

D= {P(ﬁ,’%z(ﬁ)) : B S [5min;6max]77 S [_IVLa’yL}}a

where 8 now refers to the total accumulated rotation angle of the source and z(f)
is determined by the translation speed. Typically, one keeps the speed constant, so
that z(8) = ¢8+2’. The data obtained is inherently two-dimensional. One approach
to obtaining three-dimensional data is to perform some interpolation to simulate
conventional scanner data. Here one finds a tradeoff between inconsistencies in the
interpolated data (leading to issues like streaks in the images) and increasing the
speed of translation (which would in turn decrease measurement time). Essentially,
increasing the translation speed increases the effective ‘slice thickness’.

Alternate approaches directly use three-dimensional data for reconstruction. For
example, one can use several rows of detector arrays and collect a two-dimensional
family of line integrals from the source, leading to so-called cone beam data. To
model this, one can define the cone beam transform D mapping functions on R? to
functions on R? x S? via

Df(y,e)z/ fly+to)dt, yeR? S
0
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The basis for reconstruction using this three-dimensional data is Grangeat’s for-
mula, which relates the cone beam transform to the three-dimensional Radon trans-
form of f: R?® — R, which is defined by

Rf(s,w) = / f(z)dA(z), s€R, weS?

r-w=s

and admits the inversion formula,
f@) = gk [ BRI 0,0 dA).
SZ
The result is the following:

Theorem 1 (Grangeat’s formula). Suppose f : R® — R has bounded support. Let
y €R3 and 0 € S%. Then

O.Rf(y0.0)= [ VaDf(yw)do
6L Ns2
where 0+ is the orthogonal complement of the span of 6 and
VoD f(y,w) := 0;[Df(y,t0 + V1 — t? w] ’t:O'

Proof. This proof may be skipped in lecture. We start from the right-hand side of
the formula. Explicit computation shows

VoD f(y,w) = /0OQ t0 - Vi(y+tw)dt,

and so the right-hand side equals

/ / t0 -V f(y+ tw) dw dt.
0+ns2 Jo

We next consider the left-hand side of the formula. Making a change of variables

(y =2 — h-w), we may write
Rif(s+h6) = Rf(5,6) = [ [f(w+h-0) = fa))dA
z-0=s
which then implies
OsRf(s,0) :/ 0-Vf(x)dA(x).
z-0=s
In what follows, we fix s = y - 8. Now consider the change of variables
r=alt,w)=y+tw, wehd-nNS? te(0,00).
This is a bijection between {z -6 = s} and [0,00) x {6+ N S?}, with the inverse
given by
w(z) = ‘i:yl and t=|z—yl.

The Jacobian factor is given by dA(z) = tdt dA(w), and so we obtain

OsR(y - 0,0) = / / t0 -V f(y + tw) dt dA(w),
0+ns2z Jo

which agrees with what we obtained for the left-hand side of the formula. O
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IMAGING ARTIFACTS IN X-RAY CT

In this section we have two main goals. The first is to describe in some more detail
the modeling of the X-ray source/detector pair and the measurement process. The
second goal is to describe some common imaging artifacts that arise in X-ray CT.
Imaging artifacts arise from several sources, including inaccuracies in the physical
model, the sampling process, and measurement errors. Our discussion will be an
abbreviated version of the one appearing in [1].

We will describe a model for the mapping from the true attenuation coefficient
to the reconstructed image by means of a ‘point spread function’ (PSF) ¥. Here
‘point spread function’ is put in quotation marks due to the fact that this filter will
not actually be shift-invariant (due to the sampling process), and so calling ¥ a
PSF is a bit of a misnomer. We write

Foleas) = [ Wi b)fa,b) dad,

where f is the true attenuation coefficient and fg is the reconstructed image. The
PSF W should be built out of several pieces, including;:

e a model for the source-detector pair,
e sampling of the measurements, and
e implementing the filtered back-projection step.

* % % Partial Volume Effect x x %

So far, we have modeled X-rays as lines in R?. This is not accurate. A more
accurate model (though still not the ‘truth’) is to model an X-ray beam as a strip
in R?, with a corresponding beam profile w. We can view this profile as being built
out of a source function wg and a detector response function wgy. Typical examples
used in modeling are

wa(u) = F5x(-se (W) and  w,(u) = e/,
and we say that the X-ray source has a Gaussian focal spot. In scanners in which
the detectors are fixed and the sources move, the beam profile is given by the
convolution w = wg * wy. We may refer to the FWHM of w as the beam width.

As we discussed earlier in these notes, we have been modeling the measurement
of a one-dimensional X-ray beam by

7 =exp{-Rf(t,w)}.

For a strip with beam profile w, a better model is

Lo _ /w(u) exp{—Rf(t — u,w)} du, (1)

i

which is now a nonlinear function of the attenuation coefficient. An argument using
Taylor series expansion leads to the following;:

Lemma 1. The following approximation holds:

log 42 ~ /w(u)Rf(tfu,w) dquO(/w(u)[Rf(tu,w) Rf(t,w)]2du>.
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If the variation of Rf(t,w) is small over the width of the strip, then we recover
an approximate linear model for measurement, namely the convolution

Ruf(t,w) = /w(u)Rf(t — u,w) du. (2)

This is essentially a low-pass filter applied to Rf in the affine parameter. Incorpo-
rating this into the reconstruction algorithm, we expect to reconstruct a smoothed
version of f. This is good in the sense that it will reduce aliasing artifacts from
sampling; however, it will also lead to a loss of resolution.

A nontrivial imaging artifact known as the partial volume effect arises in the
case that Rf(t,w) has large variation over the width of the strip. This arises, for
example, if the X-ray beam passes through both bone and soft tissue. In this case,
the error term in Lemma 1 dominates, and there can be a nontrivial difference
between (1) and (2). This can occur even if there is only a small inclusion of more
absorbent material like bone. In this setting, we are essentially using the ‘wrong’
data to reconstruct the attenuation coefficient, and the resulting image may have
abnormally bright spots or streaks emanating from a hard object. An example
(from [1]) is given in the following figure:

* % * Modeling the PSF % % %

In what follows, we will work with the linear model of measurement given by
(2), as this is what our reconstruction algorithms actually assume. In this case, if
the complete data were available, our reconstructed function would take the form

fd),w = R*quwa

Here R* is the back-projection operator. We use Q4 to denote the shift-invariant
filter in the affine variable with impulse response ¢. Here we choose ¢ so that

$(r) = Irld(r) = |7,

which corresponds to Q4 =~ |V/|. In fact, because R,, is also defined by convolution
with w in the affine variable, we may write

fqﬁ,w = R*Q¢*wa~

Writing Q¢+ in the Fourier representation and applying the central slice theo-
rem, we may obtain

QueuRI(t,w) = L / ema(ry(r) f (rw)r| dr,
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and so (back-projecting and using the fact that 7 dr dw is the area element on R?)

Folo,y) = 1 / FED(Eib (€ =€ de

In particular, we derive:
Proposition 1. The modulation transfer function (MTF) for f +— fg . is given
by
&= (1EDn(E]).
The point spread function (PSF) is given by

(2.9) = 1 / DN (e de.

We next incorporate sampling into the model. We work exclusively with the par-
allel beam geometry in this section, and we first consider the effect of ray sampling.
We will briefly discuss view sampling later in this section.

Let d be the sample spacing in the affine parameter, and suppose our reconstruc-
tion involves a linearly interpolated filter ¢. We suppose that we have complete
data in the angular variable, and that our data consists of the samples

{Rwf(jd,w):j=—-N,...,N}.
We will derive the following.

Proposition 2. The PSF for the measurement and reconstruction process with
sampling in the affine parameter is given by

U (z,y;a,b)
27 L
-~ / / sine?(22)y (r)ei{E—av=b)re) [Z b + 25 )= @D ) | g,
JEZ
where d is the sample spacing, w is the beam profile, ¢ is the filtering function, and
= > ol
JEZ

Proof. Our reconstructed image takes the form

2
f¢,w($7y) = % o Q¢,wf(((x,y)7w>)dw7

where ~
Qo f(t,w) =dY ¢t — jd)Rof(jd,w).
JEZ
In this formula, we suppose we have extended our data by zero beyond ¢t = —dN

and t = dN. In practice, we will compute the Fourier transform of this quantity,
which is given by

Qo f (ry0) = dd(r )D eI R f(jd, w). (3)

JEZ

To derive the PSF ¢ (z,y;a,b), we need to derive the reconstruction of a point
source at (a,b), which we model by f = 6, 5. In this case, first observe that

R(apy(t,w) = 0(t —w - (a,b)),
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and so
Rwa(a,b) (]da (.d) = w(.]d —w- (a7 b))

We next wish to express é(r) solely in terms of the sampled values ¢(jd). In
fact, we claim that

o(r) = sinc?(F)dp(r),  dp(r) =Y d(jd)e . (4)
JEZL
This follows from the fact that we are using a linearly interpolated filter. The proof,

which may be skipped in lecture, is as follows:

Proof of (4). We may write the linearly interpolated filter as
$(r) = > _[0;(r)s(id) + (1 = 0;(r))é((7 + V)] xpja,(j+1)a) (1),
JEL
where
(GJ+Dd—r
0;(r)=+——"——.
(1) d

We now rewrite this to see the contribution of each sample ¢(jd). In particular, we
split the sum into two pieces, change variables in the second sum, and recombine.
This yields

r—(j—1)d
d

—Xlja,(+1)a) (1) +

de{

X[(jl)d,jd)(T):| :
JEZ

Thus ¢(jd) appears whenever |r — jd| € [0,d], and in this case both of the factors
appearing in front of the characteristic functions may be rewritten as %.

That is,
=" o(id) [y, (I — gd)] = Y s(id)G(r — jd),

JEL JEZ
where
G(r) == [1= Fxpa(r) = (2,4 * x_2,2)(7).
Now the result follows from taking the Fourier transform! O

Returning to (3), we have arrived at

—~—

Qo f(r,w) = dsine® (), (r) Y e w(jd —w - (a,b)).

JEZ

We evaluate the sum by the dual Poisson summation formula (with ‘d = %), which
yields

dZw(jd —w-(a,b))e ¥ = e~ irw (ab) Z w(r + %)eflf;j(“’b)“
JEZ JEL
This computation requires that w and w decay sufficiently fast. We conclude

Qo0 f (r,w) = sinc? (1) gy (r)e = (0 N (4 20 )= it (@b

J
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To derive the formula for ¥ (z,y;a,b), we now apply the inverse Fourier trans-
form, i.e.

Qouwf(t,w) = L / et (a.b)r sincZ(%d)(ﬁp(r) Zw(r + %ﬁ;%(a?b)w dr
J
Integration with respect to w with ¢t = w- (x, y) now yields the desired formula. O

Remark 1. Translation invariance has been broken, in the sense that ¥ (x,y;a,b)
no longer depends only on (x —a,y—">b). This is due to sampling, which manifests in
the infinite sum. Similarly, the symmetry between ¢ and w found in the continuum
model has also been lost.

Remark 2. The infinite sum appearing in the PSF will lead to aliasing errors,
with sharper beam profiles producing larger errors.

* x % Resolution; Oscillatory Artifacts * * %

Let us now consider in more detail some of the parameters present in the recon-
struction algorithm and our model thereof. These include:

e The beam profile w with corresponding beam-width §. This is largely a
physical problem (i.e. producing narrow beams of X-rays), but of course
our model plays a role in analyzing the subsequent imaging artifacts.

e The sample spacing d.

e The filter ¢, or equivalently the apodizing function .

The amount of resolution in our reconstruction algorithm should be related to
how sharply peaked the PSF is, at least in the shift-invariant setting that does
not include sampling. When sampling is included, one typically looks instead at
(z,y) — ¥(z,y;0,0). In what follows, let us explain the following principle:

e The spatial resolution in our image largely depends on the sample spacing
d, although it is ultimately limited by the beam width §. Taking fewer than
one sample per beam width may lead to aliasing effects, wheres taking more
than two does not lead to much improvement in resolution.

For the first point, let us consider the formula appearing in Proposition 2 and view
things ‘on the Fourier side’. Instead of considering how peaked the PSF is, let us
consider the spread the MTF is. In the terms arising from the filter, namely

7 sin®(5) Y g(jd)e 9,
JEZ
we see from the dependence on rd that in general, the function will spread as we
decrease the sample spacing d, leading to increased resolution. However, we do not
see this dependence in the term arising from the beam profile, i.e.

T Z w(r + 2.
JEL
Thus we expect that the resolution depends on the beam width (with a larger
beam corresponding to lower resolution), with some sort of fundamental limit in
resolution arising from the beam profile. In particular continuing to decrease d
will not improve resolution after a certain point. In order to avoid aliasing effects,
however, we should take d sufficiently small depending on §. To see this, we note
that if the w is mostly supported in a ball of radius §, then we may expect w is
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mostly supported in a ball of radius . Thus the ratio g (related to the number of
samples per beam width) should be sufficiently large to avoid aliasing. The optimal
choice seems to be about two samples per beam width, which has been found both
by studying some examples and by experimentation.

The resolution of a scanner or reconstruction algorithm can be measured by
studying so-called ‘resolution phantoms’, as in the following figure from [1]:

(a) A resolution phantom. (b) Its reconstruction using a fan beam algorithm.

If the transfer function involves a sharp cutoff in frequency, then the PSF may
have long oscillatory tails. These lead to oscillatory effects. If the transfer function
is smooth and decaying, then this can be avoided, and we should see some blurring
but without oscillatory artifacts. As we saw in (4), linear interpolation for the
filter leads to a smooth, decaying Fourier tranform. We also note that Gibbs-like
artifacts may arise if the sample spacing is larger than the beam.

The objects themselves can lead to oscillatory artifacts and aliasing in the im-
ages, due to the fact that discontinuities lead to slow decay in the Fourier trans-
form. Accordingly, reconstruction algorithms are frequently tested on mathematical
phantoms involving characteristic functions of disks and polygons (which in partic-
ular have sharp edges). These oscillatory effects are present in the following figure
from [1], which shows the reconstruction of a phantom using parallel beam data:

Even the numerical methods used to carry out the reconstruction algorithms can
lead to artifacts in the image. For example, artifacts with a rectangular symmetry
may arise due to the fact that we use rectangular partial sums in our approximation
to the inverse Fourier transform.

* x % View Sampling  * *
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It remains to consider the effect of sampling in 8. For this, let us just take a look
at one example presented in [1] and give a purely qualitative description. Consider
the following reconstruction of an elliptical phantom using filtered back-projection:

In this figure, one can see many oscillatory artifacts outside of the body of the
ellipse.

e For points that lie outside the ellipse, the back-projection will involve lines
outside the ellipse but very close to it. This leads to oscillation along lines
tangent to the boundary via Gibbs effects and aliasing.

e In general, for exterior points the filtered back-projection formula only van-
ishes due to cancellation. When points are far from the boundary, there
are not enough samples to obtain this cancellation and we see a pattern of
oscillation.

e Oscillation near to the boundary and parallel to the boundary may occur
due to ray sampling (through Gibbs/aliasing effects).

Further discussion in [1] shows that the oscillatory artifacts appear at a distance
~ Af~! from the body. Furthermore, [1] re-derives the estimate Af < dL~! in
terms of choosing a suitable sample spacing for 6 to avoid sampling artifacts as
much as possible. Whereas our previous derivation of relied on an assumption of
bandlimiting, in the present case we know that bandlimiting holds due to the finite
beam width.

* % % Measurement Errors x * %

In [1], one finds a very interesting discussion of the types of artifacts that can
arise from measurement errors, e.g. from faulty detectors. There is a discussion
of the effect of a single bad ray, a bad ray in each view, and one entire bad view.
The discussion concludes by pointing out that since these artifacts have been so
well analyzed and understood, they are largely absent from CT images! We will
therefore skip this discussion, but refer those interested to [1, Section 12.4].

* x * DBeam Hardening * x %

Finally, let us give a brief discussion of beam hardening, which we recall is related
to the faulty assumption that our X-ray beams are monochromatic. In particular,
the energy of the incident X-ray beam is described via

I = / S(A)dA,
0
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where S(-) is the spectral function. The attenuation coefficient depends on A, and
the measured output of an X-ray beam directed along ¢; ., could be modeled by

Io(t,w):/OOOS()\)eXp{—/Rf(scI)+tw,)\)ds}d)\.

In particular, we do not actually measure the Radon transform itself. Essentially,
our reconstruction algorithms are based on the wrong data! We say that are our
measurements are inconsistent. The effect of this is beam hardening, which mani-
fests as dark streak artifacts that look similar to those caused by the partial volume
effect.

In some special cases, we can reduce the inconsistency of our measurements as
follows. Let f,(\) denote the attenuation coefficient of water, and suppose that we
are imaging soft tissue. Then the ratio

T,
p=p(x,\) = ’}((A))

will be nearly independent of \. We make the simplifying assumption that this
ratio is independent of A, so that p = p(z).
Using p, we may express our measurement via

I(tw) = /OOO SO exp{—fw(/\) /O; P50+ tw) ds} dx

Now, consider the function

o S S(N)e THw) gy
H(T):= log[ TS

This is a function that can be (in principle) computed explicitly. Moreover, because
S and f,, are nonnegative, we have that H is strictly decreasing and hence invertible.
Again, the values of its inverse could be computed. This function is connected to
our measurement as follows:

log[I (tw)] H(Rp(t,w)) = Rp(t,w)=H"~ (log[l ot w)])

Thus, our measurements should suffice to determine the Radon transform of p. If
we reconstruct p, then we have an approximation to the attenuation coefficient of
our body.

Of course, the preceding approach will not work if the body we are imaging
consists of very different types of tissues. This is a much more challenging problem
beyond the scope of these notes.
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NoOISY MEASUREMENTS IN X-RAY CT

This section will give a brief discussion of the modeling of noise/randomness in
X-ray CT. There are three main sources of noise, which are all connected to the
randomness inherent in our quantum description of the photons comprising X-ray
beams. These are the generation of X-rays, the absorption or scattering of X-rays,
and the detection of X-rays.

In the first part of this section, we will introduce a few topics from probability
theory, which provide the language needed to describe randomness. In the second
part of the section, we will describe how randomness may be incorporated into our
description of the X-ray reconstruction algorithm. Our discussion will be short and
omit many details (which may instead be found in [1]). To guide our efforts, we
will work primarily towards the goal of deriving the ‘fourth power law’ in X-ray
CT, which states the following:

e To increase the resolution by a factor of 2 while keeping the signal-to-noise
ratio constant, we must increase the X-ray dosage by a factor of 16.

Here the ‘signal-to-noise ratio’ refers to the expected value of the measurement
divided by the standard deviation of the measurement; in this setting, it is related to
the ‘contrast’ available in the image. This is an important physical fact that speaks
to some inherent limitations in X-ray CT imaging in light of the consideration of
patient safety.

& & &
Some Topics from Probability Theory
& &

Recall that we introduced the notion of ‘Lebesgue measure’ of subsets of R™,
which was meant to to make our notion of ‘volume’ precise. More generally, a
measure is a function p that takes in sets and assigns a nonnegative value. Various
technical conditions must be satisfied to earn the name ‘measure’. An important
such condition is the following: if A and B are disjoint ‘measurable’ sets, then

1(AUB) = pu(A) + u(B).

There are many examples of measures beyond Lebesgue measure. For example, we
have the ‘counting measure’, defined on subsets of Z as the number of elements
in the set. Any measure gives rise to a theory of integration with respect to that
measure. The construction is the same as it was for Lebesgue measure: the integral
of xg is u(E), which is then extended to simple functions and then to more general
measurable functions.

Example 1. An important example that is very different in character from
Lebesgue measure is that of a ‘Dirac mass’ at a point. For example, we may define

the Dirac mass at © =0 by
1 0eFE
E) =
po(E) {0 0¢E.

_Jf(0) 0ekE
/Efd“(’_{o 0¢E.

In this case,
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We can then form measures by taking sums of Dirac masses at different points.
For example, counting measure # consists of Dirac masses at each integer. Then
if f:7Z — R is given by f(n) =n? and S = {1,2,3}, we obtain

/fd#:1+4+9:14.
S

We call measures consisting of Dirac masses ‘singular’ with respect to Lebesgue
measure, since they are supported entirely on sets of Lebesgue measure zero. On the
other hand, many measures are ‘absolutely continuous’ with respect to Lebesgue
measure (meaning they assign zero measure to any set of Lebesgue measure zero).

Example 2. Let w be a nonnegative, integrable function on R. Define the measure
w(E) = [pw(x)dz, where dx denotes Lebesque measure. Then

Aﬂmzéﬂmmmm.

Such a measure is absolutely continuous with respect to Lebesque measure.

A probability measure on a set ) is a measure such that the measure of 2 equals
one. We use the notation P to denote a probability measure. A measurable subset
of Q) is called an event, and the measure of such a set is called the probability of
that event.

A random wvariable X is a measurable function defined on 2, i.e. X : Q — R. It
is convention to minimize reference to the explicit elements w € € (or even to say
too much about 2 in general). For example, instead of writing

Pl{we Q: X(w) > 2}],

one will write
P{X > 2}]
and read this as ‘the probability that X is greater than 2’.

Example 3. A simple example of a random variable is given by the characteristic
function of a set S C Q, i.e. X = xg. In the language of probability, however,
we would say X is the indicator function of the event S and write X = 1g. [In
fact, the ‘characteristic function’ means something else in probability—it refers to
the Fourier transform!]

We may wish to model the outcome of an experiment (the result of which returns
some number) as a random variable X. What should the probability space be?
This is less clear. In many cases, it does not really matter. In fact, we are typically
not concerned with outcome of a single experiment (i.e. the value of X (w) for
some w € ), but rather the statistical properties obtained by repeating the same
experiment many times. For example, we may be interested in the ezxpected value
(or mean, or average value) of X, denoted by

E[X] = /X dP.

More generally, we may wish to know the expected value of other functions of X,
which we may write as

EWXN=/ﬂXMP
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It turns out (for reasons we will not discuss in these notes) that one can instead
express these quantities as integrals over R with respect to a suitable measure pux,
ie.

E[f(X)] = / F(t)dpx.

We call px the distribution or law of the random variable. In many cases, this
measure is of the type presented in Example 2, so that

E[f(X)] = /R FOpx (t)dt

for some nonnegative ux € L'. This function is called the distribution function of
X. Knowledge of this function allows us to compute all of the relevant statistical
quantities associated to the random variable X.

Example 4. Suppose X is a random variable with distribution function px . Then

b
Plla<X <)) = [ dP=Elluy(0))= [ ax(o)d

X€la,b] a
With the following discussion in mind, let us introduce some of the fundamental
statistical quantities of random variables that will be of interest to us.

Definition 1. Let X be a random wvariable with distribution function px.

e The expected value of X is given by

X = E[X] :/tux(t)dt.
R
e The variance of X is given by
Var [X] = E[X? — E(X)?].

e The standard deviation of X is given by o = /Var [X]. In particular, the

variance may be written as o2.

e The signal-to-noise ratio is given by
SNR = {
o

Other quantities of interest include moments of X, i.e. E[|X|P]. These are ba-
sically just the LP-norms with respect to the probability measure! One can also
compute the characteristic function of X, which is the function ¢ ~ E(e?X¢). This
is basically the Fourier transform of the distribution function of X! In particu-
lar, knowledge of the characteristic function completely characterizes the random
variable.

To incorporate randomness into a model, we may describe measured quantities as
random variables. Often, we make assumptions (hopefully with some justification)
about how the random variables are distributed. In what follows, we consider
several important examples.

Example 5. A Gaussian random variable is determined by two parameters, the
mean T and the standard deviation o. The distribution function is given by

—(z—z)% /202 )

px(t) = e

V2mo
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This is also called a normal distribution, and may be denoted X ~ N(Z,0) (with ~
read as ‘is distributed as’). It is ubiquitous and used often in modeling, which may
often be justified by appealing to the ‘Central Limit Theorem’.

Example 6. A Bernoulli or binomial random wvariable is also given by two pa-
rameters, a probability p € [0,1] and an integer N € N. The distribution is given

by
N

N _
dpx =Y (k>pk(1 — )" 6,
k=0
where 6k is a Dirac mass at k. This means that X only takes on the wvalues
{0,1,...,N} and that

plix =1 = () ) - -

This models a scenario in which one repeats an experiment N times (independently)
with a probability p of ‘success’ each time. We have

E[X] =pN, Var[X]=p(1l-p)N.

The standard example of a Bernoulli random variable is a coin flip. In our setting,
this could be a reasonable model for the detection of X-rays, where N photons reach
the detector and each has a probability p of being detected.

Example 7. A Poisson random wvariable is determined by a single parameter X
(called the intensity). The distribution is given by
®© Nk
dpx = %67’\5%
k=0
where O is a Dirac mass at k as before. In particular, X only takes the values
{0,1,2,...}, and one can show that

E[X] =X and Var[X]= A\
This is used to model many different situations, such as radioactive decay and

arrival times. In our setting, the most relevant example is the generation of X-
rays. The SNR for a Poisson random variable of intensity X is given by v/\.

There are many important and subtle concepts in probability theory that we
will not really discuss here, including the notions of independence, covariance, and
conditional probability. Let us conclude with only a brief mention of independence.
The notion of independence of two events is relatively straightforward, namely, that

P[Event 1 AND Event 2] = P[Event 1] - P[Event 2].

We may also speak of independence of two random variables X and Y. This refers
to the statement that

E[f(X)g(Y)] = E[f(X)]E[g(Y)]

for functions f and g of X and Y. This is the form in which we will quote inde-
pendence below.

& & &
Noisy Measurements in X-Ray CT
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« & &

In the following, we will allow ourselves to be fairly brief in presentation and
to omit many details. The reader will find more discussion and more details in [1,
Chapter 16].

We start by describing our model for our reconstructed attenuation coefficient
using the discretized filtered back-projection formula. The formula, which will
require some explanation, takes the following form:

M N
fola.y) = 7 Y2 D Po,(kd)o[((a,y), w(6))) — kd].
j=0 k=—N
e Here d is the sample spacing and kd denote the sample points for the affine
variable. We write 6; = jA#.
e The function ¢ is our filtering function, chosen so that (Z)(f) ~ €.
. ]Bej (kd) denotes the measured value corresponding to the line Crd,w(o,)- Pre-
viously, this was simply modeled by R f(kd,w(f;)). This is assumed to be
a random variable, and hence so is the reconstruction f¢.

Notational remark. The above notation demonstrates the following conven-
tion: we indicate random variables by adorning quantities with . This is not stan-
dard notation, but is just meant to remind us of the presence of randomness in this
section.

Recall that our model for what is actually measured in X-ray CT is given by

Py(kd) = log {N‘;V(Zd)] : (1)

where N;,, and Na(kd) are described as follows:

. ]\ng(kd) is the number of photons measured by the detector corresponding
to the line £1q (). This may be modeled by a Bernoulli random variable.

e N, is the number of incident photons. This may be modeled by a Poisson
random variable.

When taken together, the source-detector pair may be modeled as a single Pois-
son random variable (see [1, Section 16.1.1]). Therefore, in what follows, we will
simply assume that Nm = N;, is deterministic, and that Ng(k‘d) is modeled as a
Poisson random variable.

As described early in these notes, Beer’s law is probabilistic in nature, describing
the probability that a given photon is absorbed or scattered by material with a given
attenuation coefficient. In the present setting, Beer’s law is the statement that

E[Ng(kd)] = Niy exp{—R f (kd,w(6))}. (2)

This is derived in [1, Section 16.1.2]. We will not present the details here. The
basic idea is to split the line into small segments of length As and suppose that
the probability of absorption along such a segment is given by f(s)As. One can
then compute the probability that a given particle emerges from the body. Sending
As — 0 recovers Beer’s law.

From (1), we deduce that

E[Ps(kd)] = log[N;»] — E[log Np(kd))].
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Because the logarithm is not linear, we cannot simply ‘pass the expectation through
the logarithm’. Instead, we use the following lemma:

Lemma 1. Denote - )
No(kd) = E[Ng(kd)).
Then we have the following approximation:
g - 1
Ellog Ng(kd)] =~ log Ng(kd) — ———.
g No (k) ~log No(kd) — o

Idea of the proof; may be skipped in lecture. Because Ny(kd) is assumed to be Pois-
son, we have an explicit formula for the distribution function, and hence we can

compute )
. > Ln(¢)[Ng(kd)] e~ No(kd)
E[log Ny (kd)] = i ,

=0
where Ln(0) := 0. We then use Taylor’s formula to estimate the difference between
E[log Ng(kd)] and log Ny(kd). In particular, for a random variable y with a large
mean § and small variance o2, one can derive

Ellogy] ~ log§ — ﬁaz.

Approximating the Poisson distribution with a suitable Gaussian distribution, one
can then derive the final approximation. ([l

Corollary 1. The measurement Py (kd) has the following statistics:
. o 1
E[Py(kd)] =~ Rf(kd,w(0)), Var|[Py(kd)] ~ ——.
(Bolhe] = Rf(hd (0), - Var [Po(kd)) =
Sketch of proof. Using the result above and Beer’s law in the form (2),

E[Py(kd)] ~ log[Ni,] — E[log Ny (kd)]

~ log[N;,] — log Ny (kd) + ————

0g[Nin] — log Ng(kd) + SN, (kd)
~Rf(kd,w(9)).

Here we have discarded the 1/ Ny term under the assumption that Ny is a large

number.
For the variance, we first observe that

: : 5 No(kd)\*
Var Py(kd) = E[(Py(kd) — Py(kd))?*] =~ E| ( log =
o Aok = E[(Pulhd) — o)) ~ | (1o 5203 ) .
where we have written Py for the expected value of Py. This final quantity may
be expressed as an integral using the probability distribution function and then
estimated, leading to the approximation

o 1
Var Py (kd) ~ Ny (i)’

See [1, (16.22)-(16.24)]. O

At this point, we have an understanding of the statistics of a single measurement.
In particular, the expected value is that of the Radon transform (as it should be),
and we see that the variance is inversely related to the number of photons measured.
This latter point makes the analysis significantly more complicated. Indeed, the
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measurement error gets worse as the X-rays pass through (and are absorbed by)
more tissue!
We now return to our model for the reconstructed image, namely,

M N
folwy) = 23" ST By, (kd)o (), w(6;)) — k).

j=0k=—N

By the linearity of expectation and Corollary 1, we have

E[fs(z,y)] = folz,y).

That is, the expected value of our reconstruction agrees with our deterministic
reconstruction formula.

We next consider the variance of the reconstructed image. This requires expand-
ing out the square in

E[(fo(x,y) = fo(z,))*]

and computing. Under the assumption that the measurements at different points
are independent random variables, this reduces to

M N
Var fo(@,y) = [575]° > > BBy, (kd) — Py, (kd))2)6* [((2,y), w(6,)) — kd]

J=0 k=—N
~FEPY Y e e) — k).

We would now like to derive the fourth power law concerning the signal-to-noise
ratio of our measurements. First, let us discuss the significance of the SNR in this
context. Recall that in medical applications, the measured quantity takes values
(in Hounsfield units) between around -1000 (for air) and 1000 (for bone), while the
soft tissues occupy a range of about -50 to 60. This is only about 5% of the total
range. The SNR in the measurement determines the ‘numerical resolution’ in the
reconstructed attenuation coefficient, which is referred to as contrast in imaging.
This is distinct from the notion of spatial resolution, which is in turn determined
by parameters such as the beam width, sample spacing, and FWHM of the filters
used in the reconstruction algorithm.

In what follows, we will make several simplifying assumptions:

o We assume that the object is a disk of radius R centered at the origin.

e We assume that the object has a constant attenuation coefficient m.

e We focus on estimating the variance at the reconstruction point (z,y) =
(0,0).

The first two assumptions imply that
No(kd) = Nijpe 2mVIP=RD* g5 all 6. (3)

Indeed, this follows from (2) and the explicit computation of the Radon transform
of the characteristic function of a disk.

Let us also recall that ¢ is chosen so that (&) ~ |¢|. We assume that the spatial
resolution is given by §, which is consistent with ¢ being bandlimited with highest
frequency ~ §~ L.
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Specializing to (z,y) = (0,0) and using (3) and Plancherel’s formula, we therefore
obtain

N M 2m
Varf¢(0 0) ~ M+1 Z Z kd)
d7T2€2mR 9
N —— t)dt
. )

2 2mR 2
~ MNm / o)1 di ~ 63MNm

With d &~ § (i.e. sampling spacing comparable to spatial resolution) and

Ef,(0,0) ~ f(0,0) = m

we obtain the following signal-to-noise ratio:

sNR = 2200 i e
Var f4(0,0)

Observe that the SNR depends badly on the thickness and density of the object,
and it also decreases as we decrease the resolution.

Now let us consider the dosage D of radiation absorbed by the center pixel
(measured in rad/cm?®). The total photon density passing through the point (0, 0) is
~ M N;,e~ ™. If the pixel size is proportional to the resolution J, then the number
of photons absorbed is ~ 6 M N;,e~™%. If the slice thickness is also proportional
to the resolution #, then we obtain

D=6 2MN;,e” "k,
and so we may rewrite

SNR ~ mé2Dze 2R,
This demonstrates the ‘fourth power law’, which shows that to increase resolution
by a factor of 2 while keeping the SNR constant, we would need to increase the

dosage by a factor of 16. The derivation of this law was our primary goal, and so
we will be content to end our discussion here.
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INTRODUCTION TO MRI

In this section, we give an introduction to the technique of magnetic resonance
imaging (MRI). This imaging modality is based on the physical phenomenon of
‘nuclear magnetic resonance’. This is considerably more complicated than the sit-
uation in X-ray CT, which is based on the absorption or scattering of X-rays.

* x % The Physics of MRI x * x

A rotating charged particle has an associated magnetic moment p. This means
that it would experience a torque p x B if placed in the external magnetic field B.
This fact is due in part to the orbital angular momentum of the particle, and in
fact the magnetic moment due to the orbital motion is proportional to the orbital
angular momentum. The surprising fact revealed by the famous Stern—Gerlach
experiment (1921-1922) is that a particle may possess an ‘intrinsic’ magnetic mo-
ment that is independent of its orbital angular momentum. To account for this,
the quantum mechanical model introduces a notion of intrinsic angular momen-
tum, also known as spin angular momentum, which is also given as a multiple
of the intrinsic magnetic moment; this latter fact is perhaps best regarded as an
experimental fact (as opposed to a theorem, or even a definition). The total an-
gular momentum is then the vector sum of these two different types of angular
momentum.

The torque experienced by a particle determines the rate of change of the angular
momentum. If we denote the angular momentum by J and the magnetic moment
by p, then a particle placed in an external magnetic field B evolves according to

%J:uxB,

at least in the classical model. In fact, by a general result known as Ehrenfest’s
theorem, this equation describes the evolution of the expected value of the corre-
sponding quantum observables. In the idealized setting of a stationary particle, the
angular momentum and magnetic moment would both be of the ‘intrinsic’ type.
Recalling the proportionality u = vJ (for some constant « called the gyromagnetic
ratio), we can then obtain the following:

Fh="lp x B,

where u denotes the (expectation value of) the magnetic moment of the particle.

As we will see, solutions to this ordinary differential equation exhibit precession
about the direction B with the angular frequency wy := 7|B| (known as the Lar-
mor frequency). This precession, which manifests as detectable, rapidly varying
magnetic fields at the Larmor frequency, is the ‘magnetic resonance’ at the heart
of MRI.

For hydrogen protons in water, we have

v~ 42.5764 x 10°

(in units of (cycles/second)/Tesla). Here Tesla is a unit of magnetic induction.
The magnets used in MR imaging devices are in the 1-3 Tesla range (~5,000 times
stronger than the magnetic field of the earth), resulting in resonant Larmor fre-
quencies in the standard FM radio band 40-120 MHz. This is rather advantageous,
as electromagnetic radiation at these frequencies is harmless to the body (unlike
X-ray frequencies!) and it is technologically simple to work with such frequencies.

* x % The Bloch Phenomenological Equation * x %
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Let us now turn to the problem addressed in MRI. We would essentially like to
determine the distribution of protons in an object, which we may denote by a density
p = p(z,y, z). To begin, we apply a strong uniform magnetic field By = By(z, y, z).
In light of the discussion above, we essentially regard each proton as a magnet,
which we expect to become ‘polarized’ (i.e. aligned with the ambient field Bj). We
then consider the magnetization vector M, which is meant to model the sum of all
of the magnetic moments of the protons at each location in the sample. After some
time, we obtain the so-called equilibrium magnetization

Mo(z,y, z) = cp(z,y,2)Bo(z,y, ),

where ¢ is some constant depending on factors like the ambient temperature. In
practice (e.g. at room temperature in a 1 Tesla field), only ~ 1 in 10® moments will
become aligned with By. Thus My is actually a tiny fraction of By, and hence would
be very difficult to detect directly. The basic idea in MRI is to apply additional
fields in such a way that the interaction of the spins with these fields produces a
detectable signal (i.e. due to Larmor precession).

To describe the macroscopic evolution of the magnetization vector M =
M(t,x,y, z) in an external magnetic field of the form

B = B(t,x,y,z) = Bo(’JJ,y,Z) +B(t,$,y,2), with |B| < ‘B0|a

we may use the Bloch equation, introduced by Felix Bloch in 1946. The equation,
which will require some explanation, takes the following form:

EM =~[M x B] = M+ — LM — M), (1)
The meaning of each term is as follows:

e The M x B term is the ‘torque’ term describing interactions of the spins
with the magnetic field. The parameter v is the gyromagnetic ratio. If
B were time independent, this term would predict precession about B at
frequency v|B(z,y, )| (see below).

e The M~ term is a relaxzation term. Here M~ denotes the transverse com-
ponent of M relative to By, i.e. the component of M perpendicular to By.
This term reflects the fact that the transverse components decay due to
‘spin-spin’ type interactions. The parameter Ts encodes how quickly this
relaxation occurs. As this is dependent on the material, one should actually
regard T5 as a function of (z,y, z). Typical values of Ty are ~ 50ms.

e The Ml is another relazation term. Here Ml denotes the longitudinal com-
ponent of M relative to By, i.e. the component of M parallel to By. This
term reflects the fact that the longitudinal components return to equilib-
rium due to dissipation of energy from the spins. As in the T, term, the
parameter T7 encodes how quickly this relaxation occurs and is material
dependent. Typical values of T7 are ~ 1s.

Remark 1. In the Bloch equation, the spins at different points do not interact
directly. Instead, the relaxation terms are meant to account for the average effect
of such interactions.

In MRI imaging, the goal is basically to design the time-dependent field
é(t,x,y, z) in order to put the magnetization into certain states, which will then
result in a measurable signal from which we can infer information about the spatial
distribution p. In practice, the fields are ‘piecewise constant in time’, with the time
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between different fields small enough that the relaxation terms may be essentially
ignored.

In what follows, we will consider several special cases of the Bloch equation
corresponding to different choices of magnetic field B.

Example 1 (Uniform, time-independent background field, without relaxation).
Suppose
BEBOZ(O,O,bo), leTQZOO.

Then the Bloch equation at a fized point (x,y,z) is simply

4 M =~M x By,
M‘t:O = M07

where MO is the magnetization att = 0 (not necessarily in equilibrium). Computing
the cross product, we obtain

0 10
AN =vby| -1 0 0 | M (2)
0 0 0
This is a linear ODE and can be solved by matrix exponentiation. In particular,
writing wg = by, the solution is given by
coswot  sinwpt 0
M(t)=U@#)M°, where U(t)= | —sinwgt coswet 0
0 0 1

In particular, U(t) is a rotation matriz, and we obtain precession at the Larmor
frequency wg.

It is often convenient to introduce a rotating reference frame in which to study
the Bloch equation. This entails defining m = m(t, z,y, z) via the relation

M(t,z,y,z) = Ut)m(t, z,y, )
and deriving the equation for m. In particular, assuming M, points in the z direc-

tion, one obtains the following:

%m = V[m X Beff} - %sz - %[ml‘ - MO]a (3)

where m* and m/!l are the transverse and longitudinal components relative to By
and the effective magnetic field is given by

Beg = Uﬁl(t)B - (anabO)'

Proof of (3). This proof may be skipped in lecture. Writing M = U(t)m, we first
observe

LN =U(t)dm+ [LU(t)]m.
By definition of U(t) (as matrix exponential), the time derivative of U(t) equals
the matrix on the right-hand side of (2). Recalling how this matrix was obtained
(by computing the cross product), we observe

[%U(t)}m =7mX (03071)0)'

Now observe that since U(t) is a rotation,

Ut)"HU(t)m x Bl =m x U~Y(t)B.
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Similarly, U(t) leaves the L and || spaces invariant, so that U(t) "' [U(¢t)m]* = m*,
and similarly for the || component. Furthermore, U(t)"'My = M, since My is
assumed to point in the z-direction. Putting together all the pieces leads to the
desired equation. [

We turn to another special case of the Bloch equation. In this case, we consider
the effect of adding a time-dependent spatially homogeneous radio frequency (RF)
field that is perpendicular to the background field By. As we will see, this has the
effect of ‘tipping the magnetization vector out of equilibrium’. If we then turn off
the RF field, Example 1 shows that the magnetization vector will begin to precess
about By with frequency wp (until it eventually relaxes back to equilibrium).

We will consider RF fields of the form

By = Bi(t) = ([(t) +iB(t)]e 0" 0), where wy = vbo. (4)
where here we introduce the convention that a vector
(a+1ib,0) € Cx R corresponds to (a,b,0) € R,

Example 2 (Spatially homogeneous RF field over uniform background field, with-
out relaxation). Suppose

B = B(t) = By + Bi(t),

where By = (0,0,by) and Bi(t) is as in (4) with 5(t) = 0. Suppose further that
Tl = T2 = OQ.
In the rotating reference frame, the Bloch equation at a fized point (x,y, z) is

{ A =~[m x U(t)"'By(t)],
m|t:0 = m07

where again m® is not necessarily in equilibrium. Now observe that by construction,
cos(wot) —sin(wpt) 0 a(t) cos(wot) a(t)
Ut)"'Bi(t) = | sin(wot)  cos(wot) 0 —a(t) sin(wpt) | = 0 ,
0 0 1 0 0
which implies
0 0 0
Ymx U@ 'Bi(t))]=~v| 0 0 a |m.
0 —a O

This is once again a linear ODE that we solve with matriz exponentiation, leading
to
1 0 0
m(t) =V (t)m®, where V(t)=| 0 cosf(t) sinf(t)
0 —sinf(t) cosf(t)

with

Thus in the rotating reference frame, we obtain a rotation in the yz plane by angle

o(t).
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So far, we have only considered spatially homogeneous fields. We consider now
the effect of adding a constant (in time) gradient field of the form

G:G(*a*ag)a E:E(x,y,z) = (:Cayvz)'(gfagyagz)' (5)
Here the * is meant to denote small components that may safely be ignored. In

truth, some nonzero component must be included lest we violate the divergence
free condition arising in Maxwell’s equations.

Example 3 (Gradient field over uniform background field, without relaxation).
Suppose B = By + G, with G as in (5). Then, ignoring the * components and
arquing similarly to the previous examples, we find that (since B points only in the
z direction)

Beg = (0,0,4),
and hence the solution to the Bloch equation in the rotating reference frame is given
by

cos(vyft) sin(y€t) 0
m(t) = | —sin(ylt) cos(yft) 0 | mP.
0 0 1

At the level of the original magnetization vector M (t), we therefore observe pre-
cession about By at the angular frequency v[by + €(x,y, 2)]. In particular, we may
encode information about the spatial location in the frequency of the precession.

* % * A Basic Imaging Experiment * * *

In this section, we describe a basic imaging experiment that will demonstrate
how (in principle) we may use an applied magnetic field to produce a detectable
signal that provides information about the density p. We perform the following
steps:

(i) We put the sample in the field By and allow it to become polarized.

(ii) We turn on a uniform RF field as in (4), with 8 = 0. After a certain time
(normalized to t = 0) we obtain 6(0) = 90°, meaning that the magnetization
vector is tipped into the xy-plane (uniformly across the sample).

(iii) We turn off the RF field at ¢ = 0, and (according to Example 1) the
magnetization vector M (t) begins to precess about By ‘in phase’ (that is,
with angular velocity wg = vby).

At this point, relaxation effects begin to take over, and the magnetization vector
obeys

M(t, z,y, z) x wop(z,y, z)(e_t/Tze_i(w°t+¢), 1-— e_t/Tl)7
where ¢ € R is some phase.

By Faraday’s law, a changing magnetic field induces an electromotive force in a
loop of wire (with the force given by the time derivative of the flux of the field). As
the transverse components of M are a rapidly varying magnetic field, they generate
a measurable signal, which then takes the form

So(t) oc wie /T2 miwot /p(x,y,z) dx dyd-z.

Here we make the simplifying assumption that T3 is independent of (z,y, ), and we
encode the effect of the detector as simply another constant. This simple situation
therefore provides a way to measure the total density of the object. The signal,
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which is oc w3 oc b3, is still rather small in amplitude (e.g. for a 1.5 Tesla magnet
we can expect a signal in the microwatts, i.e. 1076 watts).
Now let us consider the same three steps above but now add a fourth step:

(iv) Turn on a gradient field G = (*,*,¢) as in (5).

In this case, incorporating the analysis of Example 3, we obtain the signal
Sy(t) o wge—t/Tze—iwot / p(z,y, Z)e—it'v(w,yz)(gz,gy,gz) dxdydz

ocwye ™20t h(k), where k= tY(9a, 9y, 9:)-

Repeating this for several different choices of ¢, we can therefore obtain a radial
sampling of p in a neighborhood of £k = 0. In principle, this may be used to
reconstruct p.

In practice, this approach is too crude. For example, the time decay of the signal
limits how many samples we can take, which ultimately limits the highest frequency
we can sample and hence the resolution of the reconstructed image. Other serious
issues arise due to measurement noise, which is basically proportional to the volume
of the part of the sample generating signal.

In what follows, we will describe how to design RF and gradient fields so that (i)
we can excite a single 2d slice of the sample at a time and (ii) we can obtain samples
of the (2d) Fourier transform on a uniform grid (rather than radial samples). With
these two ingredients, we will be able apply the fast inverse Fourier transform on
each 2d slice and ultimately obtain an efficient reconstruction of the entire 3d object.

* % % Selective Fxcitation x * *

In the process of selective excitation, the goal to excite (that is, disturb from
equilibrium) a 2d slice of the magnetization vector. Without loss of generality,
suppose we aim to excite a plane parallel to the xy-plane, determined by

(z,9,2)-(0,0,g9) = const, i.e. =z = const.

To begin, we apply the gradient field as in (5) with (¢, 9y,9-) = (0,0, g). In light
of Example 3, we may then define the offset frequency

f= %ﬁy((x,y,z), (0,0,9)) = §X=.

This represents the amount that the local resonance frequency differs from the un-
perturbed resonance frequency wy. With the background field By + G, we therefore
have a correspondence between z-location in the sample and offset frequency.

We now turn to the much more subtle problem of designing an RF ‘pulse’ that
will tip the magnetization vector out of equilibrium only at spatial locations lying
near our prescribed plane. Because of the correspondence given by G and the fact
the field we apply will be uniform in space, we view the magnetization vector m
(in the rotating reference frame) as a function of the offset frequency f. Assuming
that the magnetization vector is initially in equilibrium, we may define our desired
final magnetization profile m> = m®(f) as follows. We aim to obtain

(O’Oal) f¢[fo—57f1+5],

(sin®,0,cos6) f € [fo, fil, ©

m*(f) :{
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for some small interval [fo, f1] and some angle 6 (most often equal to F or ), where
the small parameter § > 0 allows for a smooth transition between the different
states.

We expect to achieve this state by a short RF ‘pulse’ of the form (4) on some time
interval [to, t1] of length much smaller than either T} or T3 (e.g. a few milliseconds).
Thus, in our model we will be content to ignore relaxation terms. Arguing as we
did in Examples 2 and 3, we are therefore led to study the Bloch equation (in the
rotating reference frame) with effective potential

Begr = (0,0, zg9) + (a(t), B(£),0) = (a(t), B(t), 2ny 7 £).
Computing the cross product, we then obtain the ODE
0 2rf  —B()
dm=| —2zf 0 o) |m -
vB(t)  —ya(t) 0

We thus arrive at the following problem:

Problem 1. Find a function a(t)+i8(t) supported in [to,t1] such that the solution
m =m(t, f) to (7) with initial condition

m(th f) = (O’ 07 1)
obeys the final condition

m(ty, f) = m>(f),

where m® is given in (6).

Note that this is an inherently nonlinear problem. It is a classical example of
a so-called inverse scattering problem. In what follows, we will consider the case
of |8] < 1, which is easier than the general case. In this setting, we have mgz ~ 1
throughout the pulse and we may approximate the nonlinear problem by a simpler
linear problem. The solution will then be obtained by using the Fourier transform.
Under the assumption that ms = 1, the equation (7) reduces to

& (my +img) = =2mif(my +img) + iv(a +iB).
This equation may be solved using the integrating factor 2. This leads to

L2 (g + imo)] = ive*™ [a + ).

Under the assumption that

[ml + im2 0,

]|t:to =

we derive
t

esz[ml +ima)(t) = Z_W// esz[a(s) +1i8(s)] ds.

to
Integrating to ¢ = ¢; and recalling that « + i is to be supported in [tg,t1], we
obtain the relation

€219 £) = iy /OO e2mi5f [o(5) + iB(s)] ds.

This may be rewritten in terms of the Fourier transform:

ezmtlfmoo(f) — Qm‘fyf’l[a +146](f),
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which becomes

[a +136](t) FIm=](t + t1). (8)

- 2miry
Example 4. Suppose fo = —f1 in (6) (so that we are exciting around z = 0) and
10| < 1. If ty is normalized to t1 = 0, then (8) reduces to

_ sin(6) sin(2nt f1)

alt) +if(t) = e

This is a sinc pulse.

By now, there are books full of MRI pulse sequences designed to produce pre-
scribed magnetization profiles. A typical pulse lasts about 1ms or less! The deriva-
tion above was carried out in a simplified setting and under the assumption that 6 is
small. In fact, the same type of pulse may work even for angles up to 3. To move to
larger angles, one can use an approach known as the Shinnar-Le Rouz algorithm for
designing pulse sequences. As it turns out, the problem may also be re-formulated
so that it becomes equivalent to a well-known inverse scattering problem, known as
the 2 x 2 Zakharov-Shabat or AKNS system.! This provides another avenue for the
designing pulse sequences to obtain prescribed magnetization profiles in a precise
manner. Furthermore, one can obtain pulses obeying certain optimality conditions
(such as the minimal energy pulse).

* * * Spin Warp Imaging * * *

Suppose we have applied a selective RF pulse so that the magnetization is flipped
out of equilibrium in the region |z — zp| < Az (and left in equilibrium outside of
this region). We now consider the problem of imaging the 2d slice at z = z5. The
technique we describe is known as spin warp imaging.

As in the basic imaging experiment above, signal is produced due to the rapid
change of the transverse components of the magnetization vector. In particular,
signal will only be received from the region of the sample where |z — z9| < Az. In
what follows, we write

p=plz,y)
to denote p(x,y, z0), or (more precisely) for the average of p over the slice |z — zg| <
AZO.
Our goal is to sample the 2d Fourier transform of p on a uniform grid. We will
achieve this by applying two gradient fields, known as the phase encoding gradient
and the frequency encoding gradient. In particular, we take the following steps:

1. We apply a gradient
Gph = (*7 *, =0z + gyy)

for some time Tpn. Arguing as in Example 3, we obtain the following for
the transverse components (in the rotating reference frame):

€L 7 T — T,
m*(z,y) oc V0TI Ton (),
1As an interesting coincidence, this is the same inverse scattering problem that arises in the

study of the one-dimensional cubic nonlinear Schrédinger equation (an important ‘completely
integrable’ model in mathematical physics).
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where we use the correspondence R? = C and observe that multiplication
by €%’ corresponds a rotation by angle 6. Defining
(kzaky) = i’yTph(gQOy)a

we may rewrite this as
m* (w,y) oc e TR TR o ),

This is called the phase encoding step. It takes about 1ms.
2. At time T, we change the gradient to the form

Gfr = (*a *,gxx)

Just as in the first step, after a time ¢ the effect is multiplication of the of
m™(x,y) by the rotation factor

Paalzty

In particular, if we begin reading the signal as we apply the field then we
obtain

S(t) x /6727”'[7kﬂ+kyy]efiwgzxp(a:,y) dx dy
B /ei%iwyyﬂfkﬁt%g”)x]P(x,y) dz dy.

This is the frequency encoding step. It also takes on the order of 1ms.

If we sample the signal uniformly in time, then we obtain samples of
ﬁ(_kx + t%gw ky)-

Thus, for each fixed k,, we can obtain uniformly spaced samples of p(-, k).
Returning to Step 1, we can repeat this process to obtain samples of p for a
discrete set of k, values. That is, we may obtain a set of data of the form

p(mAky, nAky), —Ny<m< N, —N, <n<N,.

In practice, for a given slice one will need to repeat these steps many times in order
to sample a large enough region of ‘k-space’.

With samples of the Fourier transform in hand, the reconstruction process is
simply a matter of implementing the Fourier inversion formula! From the descrip-
tion above, one can also begin a discussion of resolution in MRI, although we will
not go into this topic here.

Remark 2. We have described a process whereby we can sample the Fourier trans-
form of (a 2d slice of) p on a uniform grid. It is possible to sample on different sets
in ‘k-space’ by using different gradient fields. We will not pursue this topic here,
but will point out that in some settings it is advantageous to sample along a fairly
‘sparse’ set in k-space and make use of compressed sensing techniques to carry out
the reconstruction.

The following figure from [1] is a schematic that shows the an example of a pulse
sequence used in the spin warp imaging process.
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The ‘TE’ in this figure refers to the notion of an ‘echo time’. In this case the
diagram is referring to what is called a ‘gradient echo’. In the next section we will
discuss a related concept, namely, that of a spin echo.

* x % Spin Echoes and Contrast Mechanisms in MRI * x %

The preceding discussion describes how images may be produced in MRI. How-
ever, we have so far said very little about what types of contrast mechanisms are
available in MRI, other than just the difference in proton density between differ-
ent materials. Indeed, so far we have regarded 77 and T5 fixed constants, while
in truth these two parameters are material-dependent and actually provide an im-
portant contrast mechanism in MRI. In what follows, we will mostly consider the
contrast due to 1.

In the preceding discussion, we discussed the application of RF pulses and field
gradients of extremely short duration. Indeed, this was essential in many derivations
in which we ignored the relaxation terms. In particular, the imaging processes we
described would not ‘notice’ at all the variation in T (or 7 ) throughout the sample.

On the other hand, if we could arrange things so that the duration of our exci-
tation and phase encoding was comparable to a typical T5 value (e.g. 50ms), then
when we started signal acquisition, the signal would be ‘T5-weighted’. That is, we
could detect the variation in 75 over the sample.

The problem is that we cannot simply excite our sample, and then ‘wait around’
sufficiently long before performing phase/frequency encoding and signal acquisition.
The issue arises from the fact that while our model assumes a perfectly static
background field leading to precession at the Larmor frequency, in reality there will
always be field inhomogeneities that lead to slightly different frequencies of rotation
throughout the sample. Thus, if we ‘wait around’, decoherence will occur and we
will not ultimately obtain a useful signal. A typical timescale for such decoherence
(known as Ty decay) is ~ 5ms.

Fortunately, there is a very clever remedy. The idea is to produce a ‘spin echo’
as follows: Suppose we will perform our initial RF excitation pulse (to a flip angle

of 7, say) at time ¢ = 0, but we wish to have the resulting state occur not after
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~ lms, but rather after some ~ 27 (known as the echo time, denoted TE). We can
achieve this as follows:

1. First, perform an RF excitation corresponding to flip angle 5 (in 2z plane)
2. Wait for time 7.

3. Next, apply an RF pulse corresponding to flip angle 7 in the yz plane.

4. Wait for time 7.

The claim is that at the conclusion of Step 4, the magnetization vector is in the
same state as at the end of Step 1. In this case, we have achieved our stated goal!

To see why this works, note that at the conclusion of the first RF pulse, the
magnetization vector (at each spatial position we wish to excite) will be in the
state (1,0,0). As long as relaxation effects remain negligible, it will then evolve in
time approximately as (e*®,0) for some phase ®, which may vary in (x,y,2) due
to field inhomogeneities. Thus, at time 7, the vector is in the state

(e™®0) = (cos 7®,sin 7®, 0).

We now apply the RF pulse with flip angle 7 in the yz plane. This puts the vector
in the state
(cosT®, —sinT®, —1-0) = (e~7* 0).

Now it evolves as before, namely, as (e/*®e~%"® 0). In particular, after time 7, the

vector is back in the state (1,0,0), as desired!

Note that we could also apply the second RF pulse to effect a flip angle 7 in the
xz plane. Then we would obtain

(€7*.0) = (= cos(7®),sin(7®),0) = (—e~""®,0)

and after another evolution by time 7 the magnetization vectors would all be aligned
at the state (—1,0,0).

We now have two parameters that we can vary to produce different types of
images that exploit different contrast mechanisms available in MRI. These are the
echo time TE (corresponding to 27 in the discussion above) and the repetition time
TR. Here the repetition time refers to the amount of time between the initial RF
excitation pulses, including the repeated phase encodings, frequency encodings, and
signal acquisition.

The initial approach we described (without spin echoes), may be described as
obtaining proton density weighted image. Here the difference in proton density
provides the main contrast mechanism.

By using spin echoes, we can also produce so-called T5-weighted images. In
this set up, we choose 7 so that the echo time TE is comparable to a typical T3
value. Thus the strength of our signal will vary according to the variation of T5
throughout the sample. In this setting, we choose the repetition time TR longer
than a typical T; value. This means we essentially wait for a complete return to
equilibrium between each repetition. In particular, we will not detect any variation
in the T7 parameter.

Finally, there is also a notion of T} -weighted images. In this case one chooses the
echo time TE much smaller than a typical Ty value (so that variation in T5 over
the sample will not be detected). In this case, however, one chooses TR less than a
typical T; value. That is, we do not necessarily allow the entire sample to recover
back to equilibrium. In this way, one can obtain an image that detects the variation
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in 71 over the sample. To produce such images, one makes use of a different tool
known as a ‘gradient echo’, which we will not discuss here.

To end the discussion, we display the following figure from [1] demonstrating the
difference between a Tj-weighted MRI image (left) and a proton density weighted
MRI image (right).
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INTRODUCTION TO PET

In this section, we present a brief introduction to the imaging modality of
positron emission tomography (PET), adapted from [1].

* x % Physics of PET x % %

The physics of PET is based on electron-positron annihilation events. In partic-
ular, when an electron and positron meet, they annihilate each other and produce
a pair of v-ray photons. In medical applications, an organic element with a short-
lived isotope that decays via positron emission is injected into the patient. The
substance is metabolized in the body and taken up by structures in the body. The
distribution of this substance is described by a density p that is reconstructed by
counting ~-ray photons outside of the body. As in X-ray CT and MRI, we proceed
by constructing one slice at a time.

In the context of medical applications, the momentum of the incoming pair is
small. Under the simplifying assumption that the momentum is zero, it follows
that the outgoing ~-rays travel in opposite directions.

* x % Probabilistic model for PET x x %

Suppose p is supported in a bounded region D C R2. We divide D into a disjoint
collection of boxes {B; };V:I Then the number of decays in a fixed time in B; may
be modeled as a Poisson random variable n; with intensity

Aj = // p(z,y) dz dy.
B;

Then the random variables {n1,...,ny} are independent and obey E[n;] = A;. We
let
A=(A1,...,AN).
We place a finite collection of detectors on a ring surrounding D. Each pair of
detectors defines a tube bounded by the lines joining their outer edges. We denote
this set of tubes by {T} }2Z,. The setup is depicted in the following figure from [1].

Box Is’j

11T \

T
TTTTTT

Detector
tube 7,

I

Definition 1. We define the transition matrix (p;i) by taking p;i to be the prob-
ability that a decay event in box B; results in a coincidence event detected in tube
Ty.

At this point, we will not specify the transition matrix. We will, of course, need
to return to this point below.
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The value
M
pj = ijk
k=1

represents the probability that a decay in box j is detected (by any one of the
tubes). In general, we have 0 < p; < 1. In fact, it turns out that we may assume
p; = 1 for each j with no real change in what follows (see [1, p. 598| for the
argument), and so we will do so.

We now let n), be the number of coincidence events counted in 7T}, and define
the vector of measurements by

n® = (n,....nk0):

The reconstruction problem in PET consists of estimating A from a measurement

of n*. For a given \, we may define the probability of observing n* as a conditional
probability. We denote this by

L(\) = P(n*|)\)

and call A — L(\) the likelihood function.
Our goal will be to construct a mazimum likelihood estimate, that is, a vector A
so that

L) = max{L(\) : A1,..., Ay > 0}.
Such a vector provides the most consistent model given our measurements.
Example 1. Suppose n is a single Poisson random variable whose intensity we
would like to estimate. Then the likelihood function is
e—AAn
n!

L(\) = P(n|)) =

Thus the mazimum likelihood estimate for A is simply A =n. Indeed,
AL = Ze N {-1+ 2}
That is, if we measured n* counts, we should estimate using A =n*.

We consider the more general scenario in the next section.
* x %  Maximum Likelihood Algorithm * x *

In this section, we discuss an algorithm due to Shepp and Vardi for finding the
maximum likelihood vector introduced above.

We recall that n; denotes the number of decays in B; (modeled as a Poisson
random variable with intensity A;), and that n} denotes the number of counts in
T}. The elements in the transition matrix, denoted p;x, give the probability that a
decay in Bj; is counted in Tj,.

We begin by letting n;, denote the number of events counted in T}, resulting from
a decay in B;. These are independent Poisson random variables with intensity

>\jk = ]E{lek} = )\jpjk.

Then the n;;, are independent Poisson random variables that satisfy

N
nk — njk;.
Jj=1
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In particular, this implies that each n}, is a Poisson random variable with intensity
N
A =B} =D Aipjk-
j=1

Remark 1. One approach to estimating the mazximal likelihood vector X would be
to use the measured values {n;} for the {\;} and try to solve the linear system

ijk)\jznz, k=1,...,M.

However, it turns out that this is usually ill-conditioned and the measurements may
be noisy, so this is not done in practice.

We will proceed by writing down the likelihood of observing n* for a given A.

Proposition 1. Let A, denote the set of all N x M matrices (m;i) satisfying

N
ny, :ijk for k=1,..., M.
j=1
Then the likelihood function for n* is given by

_,\Jk)\mj;c

A L) = > HH (1)
(mjr)EA, J=1 k=1
Proof. Proceeding as in Example 1, we find that for a matrix (m;;) € Ap-«, the
likelihood function for the decay event mj;, given A is
e~ Nk NIk
A= b
mjk!
where A = (A1,...,Ax) and \j; = Axpji as above. By independence, the likelihood
function associated to the matrix (mjk) is then

,)\]k)\mjk

)\»—>HH

j=1k=1

Finally, to compute the likelihood of observing n*, we must sum over all the possible
matrices in A,,+. Thus the likelihood function for n* is

A L) = > HH

(mjk)EAL J= 1 k=1

_>\Jk )\mjk

as was needed to show. O

Our goal is now to compute the arg-max of £(A). Towards this end, we first
compute the partial derivatives of L£(\).

We fix some jo and differentiate with respect to Aj;. The computation is related
to the one appearing in Example 1. The power of \;, appearing in the product
over j, k is seen to be

M
E Miok-
k=1
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The power of e~ Yo is

M
ijok =Pjo = 1.
k=1

Accordingly, we deduce

efA]k)\ka
86)50 Z{H m]k }{ 1+)\ ijol}

mo >k

_AjkAmjk

e 52 [ 3ome T

meA, J.k

The second term can be viewed as some conditional expectation of Z v—1 Mol
over matrices (m;y) € Ay+, conditioned on A. In particular, this term Wlll take the
form

M oMk )\m]k M
)1 )1
Bl ) & Tt =B Lo}
=1 =1

meA,x j.k

To get an expression for this final expected value, we claim that

B} = nj - ot @)
Zn:l AnDne
This firstly reflects the fact that the sum of the entries in column /£ is expected to
equal the measured value nj. The fraction then gives the expected fraction of total
events arising from row j;. While we have been somewhat informal here, this can
all be made precise using properties of independent Poisson random variables and
conditional probability.
Inserting (2) back into the expression above, we deduce

M *
9L _ r()) {—1 + Y mPim }
2y N ‘
m=1 En:l Anp”m
This suggests that we study the function
L(N) :==1log L(N),
which evidently obeys

M *
o _ NmPjm
o, = Lt SV
=1 2an=1AnPnm
Taking another derivative leads to
M *
o A Z Ny PimPkm
N 0N,

~ .
m=1 [anl )\np”m]Q
We now consider the quadratic form corresponding to this Hessian:

N
oy %4 T — — n, xjp]m TrPkm
E Jax;oxn, kT E:E:

2
Gk=1 Jk e ) D 1)\npnm]

-3 [J e |
m=1 Zn 1)\npnm



124 JASON MURPHY, MISSOURI S&T

As each n}, is negative, we find that this is a negative semidefinite quadratic form.
This means that the function £ is concave, and in particular any maxima of ¢ (and
hence of £) is a global maximum.

Now the problem of finding the maximal likelihood estimate amounts to finding
the global maximum of the concave function ¢. There are many approaches one
may take. Here we describe the approach proposed by Shepp and Vardi.

Mazximal likelihood algorithm. Begin with an initial vector A0 with all components
positive. We then proceed iteratively. The approach is essentially ‘gradient ascent’
(cf. ‘gradient descent’ in the setting of convex optimization).

Now A denote the current iterate. Then our new iterate is defined component-
wise by
jold - My Pjm
c ] = Aold. _ _mbjm
)\Old] ! mz::l eryzl AP,
We observe that nonnegative inputs lead to nonnegative outputs, and that the true
number of counts is preserved in each iteration. That is,

N M
\new __ *

DN =D mi

j=1 k=1

One can then prove that this iteration only strictly increases £ (unless one has
arrived at the maximum at some finite step in the iteration). In particular, this
algorithm leads to a good approximation to the maximal likelihood vector. O

i new Jold o)
Apew = Reld[1 4 9L

* % % The transition matrix * * *

To finish the discussion of PET reconstruction, we need to say something about
how to choose the transition matrix p;, specifying the probability that a decay in
box B; leads to a coincidence event detected in tube T}. Intuitive definitions of
pjx may be hard to actually compute (e.g. if they include the unknown density).
On the other hand, some simple choices may empirically give reasonable results.
In general, one would like a balance, i.e. something reasonably simple to compute
but connected in some sense to the underlying physics. A typical example used by
Shepp and Vardi is the following:

pjk = ﬁ X Wldth(R, j7 k)a

where C is the number of detector elements, R is a radius (a parameter to be
chosen), and the width is the width of the intersection of the circle of radius R
centered at the center of B; and the tube 7.

* x % Related topics: SPECT x * %

A related technique is that of SPECT: single photon emission CT. In this case,
the radioactive compounds produce a single v-ray that is then detected. The recon-
struction for this problem is more difficult mathematically and involves inverting
the attenuated X-ray transform, which was only resolved mathematically in 2001.



