INTRODUCTION TO COMPLEX ANALYSIS

JASON MURPHY

ABSTRACT. These notes were prepared to accompany Math 5351 (Introduc-
tion to Complex Variables) at Missouri S&T. They are based on an earlier
version that accompanied Math 185 (Introduction to Complex Analysis) at

UC Berkeley in Spring 2015.
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INTRODUCTION TO COMPLEX ANALYSIS 3

1. INTRODUCTION

The primary references used while preparing these notes were the textbook of
Stein and Shakarchi (specifically Chapters 1-3, 5, and 8 therein), as well as the
textbook of Gamelin (specifically the proof of the prime number theorem in Chapter
XIV therein).

1.1. Primer on Analysis and Metric Space Topology. We begin by review-
ing some fundamental concepts from analysis and topology that will be needed
throughout the course.

For set complements, we will write

X\Y={zxeX:z¢Y}
We recall the fundamental notions of norms and metrics.

Definition 1.1 (Norm). Let X be a vector space over R. A norm on X is a
function p : X — [0, 00) such that

e forallze X, ceR, p(cx)=|c|p(x)
e forallze X, p(z)=0 = =0
o forallz,y € X, p(x+y) <p(z)+p(y) (triangle inequality)

Definition 1.2 (Metric). Let X be a non-empty set. A metric on X is a function
d: X x X — [0,00) such that
o forallz,ye X d(z,y) =d(y,x)
o forallz,ye X d(z,y)=0 = z=y
o forall z,y,z € X d(z,2) <d(z,y) +d(y,z) (triangle inequality).

If X is a vector space over R with a norm p, then we may define a metric d on

X by
d(z,y) = p(z —y).

However, not every metric arises in this way. For example, if we take the discrete
metric on R (i.e. d(z,y) = 1 for any x # y), this cannot arise from any norm on
R, since the homogeneity condition would require d(1z, 3y) = 1d(z,y), which fails
for any = # y.

Suppose X is a non-empty set with metric d. For x € X and r > 0 we define
the ball of radius r around z by

B.(z):={y e X : d(z,y) < r}. (1.1)
We call a set S C X open if
forall x €S thereexists r >0 suchthat B,(x)CS.
Given S C X and T C S, we call T open in S if T'= SN R for some open R C X.
One can readily check that the following properties hold:

e () is open, X is open,
e any union of open sets is open,
e finite intersections of open sets are open.

These conditions show that this definition of open sets produces what is called
a ‘topology’. We therefore call the definition of open sets appearing in (1.1]) the
metric space topology.
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Suppose S C X and z € S. We call x an interior point if there exists r > 0
such that B,.(x) C S. The set of interior points of S is denoted S°. A set S is open
if and only if S = S° (exercise).

We call a set S C X closed if X\S is open. Note that ‘closed’ does not mean
‘not open’. For example, the sets ) and X are always both open and closed.

Given a set S C X we define the closure of S by

S = m{T CX:S8CTandT is closed}.

A set S is closed if and only if S = S (exercise).
A point x € X is called a limit point of S C X if

forall r>0 [B.(z)\{z}]NS#0.

A set is closed if and only if it contains all of its limit points (exercise).

The boundary of S is defined by S\S°. It is denoted 05.

Let S C X. An open cover of S is a collection of open sets {U,} (indexed by
some set A) such that

Sc | Vs
a€cA
We call S compact if every open cover has a finite subcover. That is, for any open
cover {Uq }aca of S, there exists a finite set B C A such that

Sc | Va.

aE€B

We record here a few useful facts concerning compact sets in metric spaces.
Lemma 1.3. In a metric space, every compact set is closed.

Proof. Suppose that S C X is compact and that y € X\S. For every z € S,
we have d(z,y) > 0, and so with r, := {5d(z,y) we have B, (z) N By, (y) = 0.
Now, the collection {B,, (z) : * € S} gives an open cover of S, and hence by
compactness there exists a finite subcover. That is, there exists x1,...,xn so that
S C Ué\[:lBrj (z;), where r; = r;,;. Now let r = min{r; : j = 1,... N} > 0. Then we
claim B, (y) C X\S. To see this, suppose instead that there exists z € B.(y) N S.
Then x € B, (z;) for some z;. But then

d(xj,y) < d(,CCJ’SL’) +d($7y) < T +r< 2Tj = éd<xjay)7

yielding a contradiction. In conclusion, we have shown that for any y € X\ S, there
exists ro > 0 so that B,,(y) C X\S. This shows that X\S is open, so that S is
closed. 0

Lemma 1.4. A closed subset of a compact metric space is compact.

Proof. Suppose (X,d) is compact and S C X is closed. If {U,} is an open cover
of S, then {U,} together with [X\S] is an open cover of X. There exists a finite
subcover of X, which we may assume consists of Uy,..., Uy, X\S. In this case,
Ui, ...,Uyn necessarily covers S. (I

Finally, we have the following important theorem about nested compact sets in
metric spaces:
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Theorem 1.5 (Cantor’s intersection theorem). Let (X, d) be a metric space. Sup-
pose {Si}72 , is a collection of non-empty compact subsets of X such that Sk41 C Sk
for each k. Then

ﬂ Sk # 0.
k=1

Proof. Exercise! O

A set S C X is connected if it cannot be written in the form
S =AUB,

where A, B are disjoint, non-empty, and open in S. This is a bit of a strange
definition, in the sense that connectedness is defined in terms of what it is not.
Nonetheless, connected means essentially what you think it means (especially if we
stick to reasonably intuitive topologies like the metric space topology). Later, we
will introduce the notion of path-connectedness, which is even more intuitive and
is equivalent to connectedness in many scenarios.

1.2. Sequences and Convergence. A sequence in a metric space (X,d) is a
function z : N — X. We typically write x,, = x(n) and denote the sequence by
{zn}nen, {n}52, or even by {x,}.

Suppose z : N — X is a sequence and N is an infinite (ordered) subset of N. The
restriction  : N — X, denoted {x, }nen is called a subsequence of {z, }nen.

We often denote subsequences by {z,, }%2; (with the understanding that N =
{nk ke N})
Definition 1.6 (Cauchy sequence). A sequence {z,}°2 in a metric space (X, d)
is Cauchy if

for all >0 there exists N € N such that
n,m>N = d(zn,Tm) < €.

Definition 1.7 (Convergent sequence). A sequence {z,}52, in a metric space
(X,d) converges to ¢ € X if

for all >0 thereexists N € N such that
n>N = d(z,,f) <e.
We write lim,, o x, =¥, or z,, — £ as n — oco. We call £ the limit of the sequence.

We say the space (X, d) is complete if every Cauchy sequence converges. This
is a property of the metric, as opposed to the property of the topology generated
by the metric (see Exercise [L.3)).

We have the following important characterization of compact sets in metric
spaces.

Theorem 1.8. Let (X,d) be a metric space. A set S C X is compact if and only
if every sequence in S has a subsequence that converges to a point in S.

Proof. = : Suppose S is compact and {y;} is a sequence in S. Consider the
open cover of S by the balls {B;(z) : « € S}. By compactness, there exists a finite
subcover {Bl(scj)}j-v:l. At least one of these balls, say Bi(x!) contains infinitely
many terms of the sequence yy, giving us a subsequence we may denote by y,ﬁ Now

Bi(x') is a closed subset of S and hence is compact. Therefore, arguing as above,
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we may find finitely many balls of radius £ that cover B (z1!), and at least one of
these balls (say B, (?)) must contain infinitely many terms of the sequence vy},
giving us a second subsequence y,% We now repeat this process, finding balls of the
form B, /j(xj ) that contain subsequences yi, with yi“ a subsequence of yi

Now, observe that the sets By,;(27) are (by construction) a nested sequence of
non-empty compact sets, and hence (by Theorem there exists a point z in their
intersection. Note also that z € S; for this one can argue as follows: z is a limit
point of S by construction (unless perhaps z = 27 for some j, in which case z € S
anyway).

We now consider the diagonal sequence z; := y¥ and show that z; — 2. To this
end, let ¢ > 0 and choose K > % Then for k > K we have z, € BI/K(J}K). As

z € By g (a), we deduce
d(zk, 2) < d(zk,2™) +d(a",2) < 2 <e forall k> K.

This shows 2z — z, as desired.

<=: Now suppose that every sequence in S has a convergent subsequence, and
let {Ux}aca be an open cover of S.

We claim that there exists r > 0 so that

for all x €S, thereexists a€ A suchthat B,(z) C U,. (1.2)

Suppose not. Then we may find balls B,, of radius 1/n that are not contained
in any U,. We choose x, € B, for each n, and pass to a subsequence so that
Zn, — z € S. Now, choose § so that z € Ug. As Ug is open, we may find
e > 0 so that Bs.(z) C Ug. Then for k large enough, we have z,, € B.(z).
Choosing k possibly even larger (so that 1/ny <€), we deduce B,,, C Bs.(z) C Ug,
contradicting the fact that the balls B,, do not belong to any U, by construction.

Now choose r > 0 as in ([.2). We claim that there exist finitely balls {Bj}1_,
of radius r that cover S. If not, we may construct a sequence of points ¥, so that

Yn & UpZ1 Br(yn).

However, this sequence cannot have a convergent subsequence, since any ball of
radius r/2 can contain at most one yi. Now these balls Bj have radius r and
hence each is contained in some set U,, by . In particular, we deduce that
S c UN_,U,,, yielding the desired finite subcover. O

1.3. Limits and Continuity. Suppose (X,d) and (Y,d) are metric spaces and
f: X—>Y.

Definition 1.9 (Limit). Suppose zp € X and ¢ € Y. We write

lim f(z)=4¢ or f(z)—={f as z— 2o

T—XTo
if
for all {z,};2; C X, lim z,=2¢ = lim f(z,)="_
n—oo

n—oo
Equivalently, limy,_,,, f(z) = £ if
for all € > 0 there exists 6 > 0 such that
forall z € X d(z,x0) <6 = d(f(z),0) <e.
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Definition 1.10 (Continuity). The function f is continuous at zy € X if
T—x0
If f continuous at each x € X we say f is continuous on X.

Definition 1.11 (Uniform continuity). The function is uniformly continuous
on X if

for all ¢ > 0 there exists 6 > 0 such that
forall 2,72 € X d(x,%) <6 = d(f(z), f(Z)) <e.
We will also make use of the following ‘little-oh’ notation.

Definition 1.12 (Little-oh notation). Suppose (X, d) is a metric space and Y is a
vector space over R with norm p. Let f,g: X — Y and zg € X. We write
f(x) =olg(x)) as x—mo
if
for all e > 0 there exists § > 0 such that
d(z,m9) <0 = p(f(z)) <ep(g(x)).
1.4. Real Analysis. Finally we recall a few definitions from real analysis.
Let S CR.
e M € R is an upper bound for S if

forall ze€S5, <M.
e m € R is a lower bound for S if
forall z€S8, z>m.

e M* € R is the supremum of S if

— M* is an upper bound for S, and

— for all M € R, if M is an upper bound for S then M* < M
m, € R is the infimum of S if

— m, is a lower bound for S, and

— for all m € R, if m is a lower bound for S then m, > m

e If S has no upper bound, we define sup .S = +oo.
e If S has no lower bound, we define inf S = —oo.

Finally, if {x,} is a real sequence, then

limsup x, := lim <Sup xm>, liminf z,, := lim ( inf xm>.

n—00 n—00 \ ;>n n—00 n—oo \ m>n

1.5. Exercises.

Exercise 1.1. Recall the definition of S° and S from Section [L.1]
e Show that S is open if and only if S = S°
e Show that S is closed if and only if S = S.
e Show that S is closed if and only if S contains all of its limit points.

Exercise 1.2. Prove Theorem [1.5| (Hint: Argue by contradiction. If the inter-
section is empty, then the collection of the complements of the S yields an open
cover of X and hence of S;. Now use compactness...)
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Exercise 1.3. Let N denote the natural numbers {1,2,3,...}. Let di(n,m) =
|n — m| be the standard metric, and define dy = (n,m) = % First, show that
that ds is a metric. Next, show that for both d; and ds, the ‘metric space topology’
coincides with the ‘discrete topology’, that is, the topology in which single points
(and hence all sets) are open. Finally, show that (N, d;) is a complete metric space,

while (N, ds) is not.

Exercise 1.4. Prove that the two definitions of limit appearing in Definition [L.9
are equivalent.
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2. THE COMPLEX PLANE

2.1. Definitions. The complex plane, denoted C, is the set of expressions of the
form

z =+ 1y,
where z and y are real numbers and 7 is an (imaginary) number that satisfies
2
1°=—1

We call z the real part of z and write x = Rez. We call y the imaginary part
of z and write y = Im z. If x = 0 or y = 0, we omit it. That is, we write x +i0 = =
and 0 + iy = 1y.

Notice that C is in one-to-one correspondence with R? under the map = + iy —
(z,y). Under this correspondence we call the z-axis the real axis and the y-axis
the imaginary axis.

Addition in C corresponds to addition in R?:

(z+iy)+ @+ =(x+2)+i(y+ 7).

We define multiplication in C as follows:

(z +iy)(@ +1ig) = (22 — yy) + i(zy + Ty).

Addition and multiplication satisfy the associative, distributive, and commuta-
tive properties, as one can readily check. Furthermore we have an additive identity,

namely 0, and a multiplicative identity, namely 1. We also have additive and mul-
tiplicative inverses. Thus, C has the algebraic structure of a field.

2.2. Topology. The complex plane C inherits a norm and hence a metric space
structure from R?: if 2 = x + iy then we define the norm (or length) of z by

2] = vVa? + 92,

and for z,w € C we define the distance between z and w by |z — w|.

We equip C with the metric space topology. Thus we have notions of open/closed
sets, compact sets, connected sets, convergent sequences, continuous functions, and
SO om.

Definition 2.1 (Bounded set, diameter). A set Q C C is bounded if
there exists R >0 such that Q C Bg(0).
If Q) is a bounded set, its diameter is defined by
diam(Q?) = sup |z —w|.
w,z€Q
The Heine-Borel theorem in R? gives the following characterization of com-
pact sets in C.

Theorem 2.2. A set Q C C is compact if and only if it is closed and bounded.

Proof. Let us present the general case for S C R”.

= : Suppose S is compact. We know from Lemma that S is closed. To
see that S is bounded, consider the open cover of S by balls of radius one around
each point, and then take a finite subcover. We then have that S is contained in a
finite union of bounded sets, and hence is bounded.

<—=: Now suppose S is closed and bounded, and we will show that every sequence
in S has a convergent sequence. This implies that S is compact by Theorem [1.§
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First consider the case n = 1, and let {z,} be a sequence in S. Note that {z,,}
is necessarily a bounded sequence. We will construct a monotonic subsequence. To
this end, let

N={n:z, >, forall m>n}.

If N is infinite, then we can take the subsequence {z,}nen, which is monotone
decreasing. If instead N is finite, then take n; = max N + 1. By definition, there
exists na > ng so that z,, > x,,, and then ng > ns so that z,, > z,,, and so
on. That is, we can constrict a monotone increasing subsequence. In particular,
we now have a monotone subsequence of {z,}. Noting that bounded monotone
subsequences converge (to the infimum or supremum), we have our convergent
subsequence. As S is closed, the limit necessarily belongs to S as well. This
handles the n = 1 case.

For the case of n > 1, we again take an arbitrary sequence {z,} in S, which
is necessarily bounded. It follows that each component if bounded. Thus we can
apply the argument above to find a subsequence along which the first component
converges. We can then take a subsequence of this subsequence along which the
second component converges, and continuing in this way we can find a subsequence
along which every component converges. It follows that the sequence x,, converges
along this subsequence, and again the limit must belong to S since S is closed. This
completes the proof. O

We note that the completeness of R? implies completeness of C (that is, Cauchy
sequences converge).

2.3. Geometry. Polar coordinates in R? lead to the notion of the polar form of
complex numbers. In particular, any nonzero (x,y) € R? may be written

(z,y) = (rcos@,rsinf)

where r = /22 4+ y2 > 0 and 6 € R is only uniquely defined up to a multiple of 2.
Thus we can write any nonzero z € C as

z =r[cosf + isinb]

for some 6 € R. We call 6 the argument of z and write § = arg(z).
By considering Taylor series and using i2 = —1, we can write

cosf +isinf = e

(exercise). Thus for any z € C\{0} we can write z in polar form:
z=re, r=lz|, 0 =arg(z).

The polar form clarifies the geometric meaning of multiplication in C. In partic-
ular if w = pe’® and z = re'?, then

wz =71p i@t

Thus multiplication by z consists of dilation by |z| and rotation by arg(z).
For z = ¢ + iy € C we define the complex conjugate of z by
zZ=x—1y.
That is, Z is the reflection of z across the real axis. Note that if z = e’ then

z=re i,
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We also note that
Rez=3(2+2) and Imz=—%(z—2).
Furthermore |z|? = 22 (exercise).

2.4. The Extended Complex Plane. Let S C R? be the sphere of radius %
centered at (0,0, ). The function

o :S\{(0,0,1)} = C
defined by

O((z,y,2)) = 1 T

is called the stereographic projection map. This function is a bijection, with
the inverse
®~1:C —S\{(0,0,1)}

given by

2, .2
_ . x Yy = +y
ot = :
(:C+Zy) <1+x2+y2’1+$2+y2’1+x2+y2)
We depict this map in the following figure:

Note that |z + iy| — oo if and only if ®~!(x + iy) — (0,0,1). Thus we can
identify (0,0,1) with “the point at infinity”, denoted oo.

We call S the Riemann sphere. We call C together with co the extended
complex plane, denoted C U {oo}. We identify C U {oo} with S via stereographic
projection.

2.5. Exercises.

Exercise 2.1. Show that |2|? = 22.

Exercise 2.2. Use Taylor series expansions to show that
e = cos @ + isinf.

Exercise 2.3. For all z € C\{0} there exists a unique w € C\{0} such that zw = 1,
which we denote by 1 or z7'. Given z = z + iy € C\{0}, compute the real and
imaginary parts of z271.
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Exercise 2.4. Describe the following sets in C geometrically and draw a picture
of each.

e {z€C:|z—a|]=]|z—b|}, where a,b € C,

e {z€C:Re(z) >0},

e {z € C:Re(az+b) > 0}, where a,b € C,

o {ze€C:|z| =Re(z) +1}.
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3. HOLOMORPHIC FUNCTIONS

3.1. Definitions. The definition of the complex derivative mirrors the definition
for the real-valued case.

Definition 3.1 (Holomorphic). Let @ C C be an open set and f : Q@ — C. The
function f is holomorphic at zy € Q) if there exists £ € C such that

lim f(z0+h) — f(20)
h—0 h
We write £ = f'(zo) and call f’(zo) the derivative of f at z.

=t (3.1)

A synonym for holomorphic is (complex) differentiable. If f is holomorphic
at each point of Q, we say f is holomorphic on €. If f is holomorphic on all of C,
we say that f is entire.

Remark. In we consider complex-valued h. This will have surprisingly
drastic consequences for the notion of complex differentiability.

Theorem 3.2. The usual algebraic rules for derivatives hold:

(f+9)(2)=f'(2) +d(2)
(af)(z) =af'(z) foraeC
(f9)'(2) = f(2)d'(2) + f'(2)g(2)

(£)'(2) = L2LELEIEL provided g(z) # 0

Moreover the usual “chain rule” holds: (f o g)'(z) = f'(9(2))d'(2).

Proof. As in the real-valued case, these all follow from the definition of the deriva-
tive and limit laws. ]

Thus complex derivatives share the algebraic properties of real-valued differen-
tiation. However, due to the structure of complex multiplication, complex differen-
tiation turns out to be very different.

3.2. The Cauchy—Riemann Equations. Suppose f : C — C. For (x,y) € R?,
define u,v : R2 = R by

u(z,y) :==Re[f(z+iy)] and v(z,y):=Im[f(z +iy)].
Note that as mappings we may identify f : C — C with F : R2 — R? defined by
F(z,y) = (u(z,y),v(z,y)).
The question of differentiability is more subtle.

Proposition 3.3 (Cauchy—Riemann equations). The function f is holomorphic at
20 = xo + Yo with derwative f'(2o) if and only if u,v are differentiable at (x¢,yo)
and satisfy

0 0
5 (70 00) = (0, 0) = Belf'(z0)],
Ov ou

%(ivo,yo) = —@($07yo) = Im[f'(20)].

Proof. We first note f is differentiable at zy with derivative f'(zp) if and only if
f(2) = f(z0) + f'(20)(z — 20) + o(]z — 20]) as 2z — zo.
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Recalling the definition of multiplication in C and breaking into real and imaginary
parts, this is equivalent to

(o) (v ) (el imlfe) ) (2o

+o(\/lx — x>+ [y —wol?) as (2,y) = (z0,50).
On the other hand, u and v are differentiable at (xg,yo) if and only if

(iom )= Culeom ) (Bl B ) (5om)

+o(/]x =z +Jy —yof?) as (x,y) = (20, %0)-

The result follows. (See the exercises for another derivation of the Cauchy—Riemann
equations, as well.) O

Example 3.1 (Polynomials). If f : C — C is a polynomial, i.e.
f(2) =ap+ a1z + az® + -+ + ap 2"

for some a; € C, then f is holomorphic (indeed, entire) with derivative
f/(Z) =aj +2a92+---+ nanz”_l_

Example 3.2. Let f : C\{0} — C be defined by f(z) = <. Then f is holomorphic,
with
f:C\{0} - C givenby f'(z)=—2%.
Example 3.3 (Conjugation). Consider the function f : C — C defined by f(z) = Z,
which corresponds to F' : R? — R? defined by
F(z,y) = (z,—y).
That is, u(z,y) = = and v(x,y) = —y. Note that F is infinitely differentiable as a

function on R2. Indeed,
(1 0
wr=(10).

However, f does not satisfy the Cauchy—Riemann equations, since

ou __ v _
Su—1, but §L=-1

Thus f is not holomorphic.
In the exercises you will show f(z) = Z is not holomorphic by another method.

3.3. Power Series. Given {a,}52, C C, we can define a new sequence {S,}°2
of partial sums by

N
SN = E Ay, .
n=0

If the sequence Sy converges, we denote the limit by ZZO:() a, and say the series
>, an converges. Otherwise we say the series ) a, diverges.
If the (real) series ), |ay| converges, we say ) a, converges absolutely.
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Lemma 3.4. The series ), a, converges if and only if

for all e > 0 there exists N € N such that

n

>

k=m-+1
Proof. See Exercise [3.5) (]

n>m>N — < e.

Corollary 3.5.
(1) If 3, an converges absolutely, then ) a, converges.
(it) If >, a, converges then lim, o a, = 0.

Proof. See Exercise [3.6] O

Given a sequence {a,}52, C C and zp € C, a power series is a function of the

form
o

F(z) = an(z—2)"
n=0

Theorem 3.6. Let f(z) = Y " jan(z — 20)" and define the radius of conver-
gence R € [0, 00| via
R = [limsup |a,|*/"]

)

with the convention that 071 = co and co~! = 0. Then

e f(2) converges absolutely for z € Br(2p),
o f(z) diverges for z € C\Bgr(z0).

Proof. Suppose R ¢ {0,00} (you should check these cases separately). Further
suppose that zg = 0. (You should check the case zg # 0.)
If |z] < R then we may choose € > 0 small enough (depending on z) that

(R + o)z < 1.
By definition of lim sup,
there exists N € N such that n >N — |an|1/” <R '4e
Thus for n > N we have
Jan] 21" < (BT +€)[2] ™

Using the “comparison test” with the (real) geometric series

Y IET e ]"

we deduce that > a,2™ converges absolutely.
If |z] > R then we may choose € > 0 small enough (depending on z) that

(R7' —¢)|z| > 1.
By definition of lim sup, there exists a subsequence {a,, } such that
|ap, Y™ > R —e.
Thus along this subsequence
|an, 2™ > [(R™! =€) 2] ™ > 1.

Thus lim,, o a, 2™ # 0, which implies that >_ a, 2™ diverges. O
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Remark 3.7. We call Bg(0) the disc of convergence. The behavior of f (i.e.
convergence vs. divergence) on 0Bg(0) is a more subtle question.

Definition 3.8. Let 2 C C be an open set and f : Q — C. We call f analytic if
there exists zp € C and {a,,}22, C C such that the power series

oo
Z an(z — 29)"
n=0

has a positive radius of convergence and there exists 6 > 0 such that
o0
fz)= z an(z — 2z9)" for all z € Bs(z).
n=0

Example 3.4 (Some familiar functions).

e We define the exponential function by

z
e’ = E .
n!

e We define the cosine function by

> 2n
z

cosz = Z(—l)" .

|

o (2n)!
e We define the sine function by

) o N Z2n+1

S z = Z(_l) m

n=0

Analytic functions are holomorphic:

Theorem 3.9. Suppose f(z) = o jan(z — 20)" has disc of convergence Bg(zo)
for some R > 0.

Then f is holomorphic on Bgr(zp), and its derivative f’ is given by the power
series

f(z) = Znan(z —2)" 7Y,
n=0

which has the same disc of convergence.
(By induction f is infinitely differentiable, and all derivatives are obtained by
termwise differentiation.)

Proof. Let us suppose
zZ0 = 0.
(You should check the case zg # 0.)
We define

oo
g(z) = Z nanz" "t
n=0

First notice that since lim,,_, o, n/" = 1, we have

lim sup |na,|Y/™ = limsup |a,|*/™,
n—o00 n—o0

and hence g also has radius of convergence equal to R.
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We now let w € Bg(0) and wish to show that g(w) = f'(w), that is,

_flw+h) - f(w) _
i h = 9(w).

To this end, we first note that for any N € N we may write

N oo
flz) = Z anz" + Z anz" .
n=0

n=N+1

=SN(2) =En(z)

17

We now choose r > 0 such that |w| < r < R and choose h € C\{0} such that

|w+ h| <.
We write
JWA N Z I gy = AN ZINW) gy )
+ Siy(w) - g(w) ®
o Extw )= Byw) 5
Now let € > 0.

For (3) we use the fact that
a — p" = (a _ b)(a”fl +a"72b+ RS ab”fz +bn71)

and |w + h|, |w| < r to estimate

(oo}

Extut) =yl

n=N-+1 n=N-+1

As g converges absolutely on Bg(0) we may choose Ny € N such that

o0
N>N, — Z lan|nr"™t <
n=N+1

£
3

For (2) we use that limy_,o S (w) = g(w) to find Ny € N such that
NNy — |Sh(w) - gw)| < 5.
Now we fix N > max{Ny, Na}. For (1) we now take § > 0 so that

SN(U} + h) — SN(’U))
h

|h|<(5=>‘ —va(w)‘<§ and |w+h| <.

Collecting our estimates we find

f(w+h}1_f(w) _g<w)’<57

|h| <6 =

as needed.

w+ h)" —w" e
—( 2 ‘S Z |lan|nr™ ™t

O

Remark 3.10. We just showed that analytic functions are holomorphic. Later
we will prove that that the converse is true as welll (In particular, holomorphic

functions are automatically infinitely differentiable!)
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3.4. Curves in the Plane.

Definition 3.11 (Curves).

e A parametrized curve is a continuous function z : [a,b] — C, where
a,beR.
e Two parametrizations

z:[a,b) = C and Z:[c,d] - C
are equivalent if there exists a continuously differentiable bijection ¢ :
[e,d] — [a,b] such that ¢/(s) > 0 and Z(s) = z(¢(s)).
e A parametrized curve z : [a,b] — C is smooth if
. t+h)—2(t)
"t) =1 —Z(
Z(t) B0 h
exists and is continuous for ¢t € [a,b]. (For t € {a,b} we take one-sided
limits.)
e The family of parametrizations equivalent to a smooth parametrized curve
z : [a,b] — C determines a (smooth) curve v C C, namely

v={z(t) : t € [a, 0]},

with an orientation determined by z(-).

e Given a curve v we define v~ to be the same curve with the opposite
orientation. If z : [a,b] — C is a parametrization of v, we may parametrize
7~ by

27 (t)=z(b+a—-1t), tE€]la,bl.

e A parametrized curve z : [a,b] — C is piecewise-smooth if there exist

points

a=aqy<a1 <--<ap=>
such that z(-) is smooth on each [ak, ar+1]. (We call the restrictions of z to
[ak, ag+1] the smooth components of the curve.)

e The family of parametrizations equivalent to a piecewise-smooth parametrized
curve determines a (piecewise-smooth) curve, just like above.

e Suppose v C C is a curve and z : [a,b] — C is a parametrization of v. We
call {z(a),z(b)} the endpoints of v. We call v closed if z(a) = z(b). We
call v simple if z : (a,b) — C is injective.

Example 3.5. Let zg € C and r > 0. Consider the curve
v=0B,(2) ={2€C:|z—z| =71}
The positive orientation is given by
2(t) = 2o +re't, te[0,27],
while the negative orientation is given by
2(t) = zo +re ", [0, 27].
By default we will consider positively oriented circles.

Definition 3.12 (Path-connected). A set @ C C is path-connected if for all
z,w € ) there exists a piecewise-smooth curve in €2 with endpoints {z, w}.
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Definition 3.13 (Component). Let Q@ C C be open and z € Q2. The connected
component of z is the set of w € Q) such that there exists a curve in {2 joining z
to w.

Proposition 3.14. Let Q2 C C be open. Then 2 is connected if and only if Q is
path connected.

Proof. See Exercise [3.10 (]

Definition 3.15 (Homotopy). Let 2 C C be an open set. Suppose 7 and ~; are
curves in ) with common endpoints a and 5.
We call 79 and v; homotopic in 2 if there exists a continuous function ~ :

[0,1] X [a,b] — Q such that

e v(0,t) is a parametrization of 7o such that v(0,a) = o and v(0,b) =

e ~(1,t) is a parametrization of 47 such that v(1,a) = o and v(1,b) =

o 7(s,t) is a parametrization of a curve y5 C Q for each s € (0,1) Such that

v(s,a) = o and v(s,b) = 3.

Definition 3.16 (Simply connected). An open connected set @ C C is called
simply connected if any two curves in €2 with common endpoints are homotopic.

Definition 3.17 (Integral along a curve). Let v C C be a smooth curve parametrized
by z : [a,b] = C and let f: C — C be a continuous function.
We define the integral of f along 7 by

Af@ﬁhﬁzlaﬂdﬂﬂ%ﬂﬁ

Riemann integral

(To be precise we can define this in terms of real and imaginary parts.)

Remark 3.18. For this to qualify as a definition, we need to check that the defi-
nition is independent of parametrization:

Suppose Z : [¢,d] — C is another parametrization of v, i.e. Z(s) = z(¢(s)) for
t:[e,d] = [a,b].

Changing variables yields

d d b
/fwmﬂ$%=/f&WWVWWﬂﬁ%=/fMM%tﬁ

If v is piecewise smooth we define the integral by summing over the smooth

components of v:
n—1

/f dz—Z/aHlfzt (t) dt.

Example 3.6. Let v be the unit circle, parametrized by z(t) = €% for ¢ € [0, 27].

Then )
d g X
/ @ _ / et dt — i
vy o ¢

We define the length of a smooth curve v by

length(y / |2/ (t)| dt.
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This definition is also independent of parametrization (check!).
The length of a piecewise-smooth curve is the sum of the lengths of its smooth
components.

Theorem 3.19 (Properties of integration).

L[af(z)+59(z)] dz—a/wf(z)dz—i-ﬂ/g(z)dz.

~

FOUES A £(2) da.

f(z)dz

Y

<sup|f(2)] - length(7).
zey

Proof. The first equality follows from the definition and the linearity of the usual
Riemann integral.

For the second equality, we use the change of variables formula and the fact that
if z(t) parametrizes v then 27 (t) := z(b + a — t) parametrizes y~.

For the inequality we have that

\ [ 1Gras] < s 150 / /(0] dt < supl(2) lengeh()
Y

te(a,b]
for a smooth curve +. ([l

We turn to the notion of the winding number of a curve around a point.

Definition 3.20 (Winding number). Let v C C be a closed, piecewise smooth
curve. For zg € C\y we define the winding number of v around z; by

Wi (z0) = = / dz

omi ), 2z — 2z

Theorem 3.21 (Properties of winding number).

(1) Wy(20) € Z (for zp € C\7y)
(ii) if zo and z1 are in the same connected component of C\~y, then W, (z) =
W, (21)
(iii) If zo is in the unbounded connected component of C\ry then W, (z) = 0.

Proof. Suppose z : [0,1] — C is a parametrization of +, and define G : [0,1] — C

by
Gt) = /0 Z(Z(S) ds.

s) — 20
Then G is continuous and (except at possibly finitely many points) differentiable,
with ,
t
cry= 20
2(t) — 2o
We now define H : [0,1] — C by
H(t) = [2(t) — z0]e ®),
Note that H is continuous and (except at possibly finitely many points) differen-
tiable, with

H'(t) = Z'(t)e—G(t) —[2(t) — ZO]Z(:)/(_t)ZOe—G(t) -0
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Thus H is constant. In particular since zg ¢ v and + is closed,
[2(1) — z0]e W = [2(0) — 2]e ) — G = =GO =1

This implies 2miW, (29) = G(1) = 2mik for some k € Z, which gives (i).
Now (ii) follows since W, is continuous and Z-valued.
Finally (iii) follows since lim|. | W, (20) = 0. O

Example 3.7. Example [3.6| shows that if -y is the unit circle then W, (0) = 1.

Theorem 3.22 (Jordan curve theorem). Let v C C be a simple, closed, piecewise-
smooth curve. Then C\~y is open, with boundary equal to ~y.

Moreover C\ry consists of two disjoint connected sets, say A and B.

Precisely one of these sets (say A) is bounded and simply connected. This is the
interior of .

The other set (B) is unbounded. This is the exterior of 7.

Finally, there exists a “positive orientation” for v such that

1 z€A
Wv(z):{ 0 z€B.

To prove this theorem would take us too far afield, but for the proof one can
look in Appendix B in Stein—Shakarchi.

Definition 3.23. We will call a curve v satisfying the hypotheses of Theorem [3.22]
a Jordan curve.

3.5. Goursat’s Theorem and Cauchy’s Theorem. Our next topic concerns
the existence of ‘primitives’ (or antiderivatives) of holomorphic functions.

Definition 3.24 (Primitive). Let © C C be open and f : @ — C. A primitive
for f on Q is a function F :  — C such that

e [ is holomorphic on §2,
o forall z € Q, F'(2) = f(2).

Our first result gives a necessary condition for the existence of primitives.

Theorem 3.25. Let 2 C C be open and f: Q2 — C be continuous.
Suppose F' is a primitive for f. If v is a curve in § joining o to 3, then

/ f(z)dz = F(B) — F(a).

In particular, if v is closed and f has a primitive then

/ f(2) dz =

Proof. Let z : [a,b] — C be a parametrization of . If v is smooth, then

/f dz—/ f(z /:F’(z(t))z’(t)dt
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If v is piecewise-smooth, then

[yf(z) dz

n—1

=0

F(z(akt1)) — F(z(ar))
k
= F(z(an)) — F(z(a0)) = F(8) — F(a).

(]

Example 3.8. The function f(z) = 1 does not have a primitive in C\{0}, since
/%:27% for y={z:|z|=1}.
8!

Corollary 3.26. Let Q C C be open and connected. If f : Q — C is holomorphic
and f' =0, then f is constant.

Proof. See Exercise [3.11 O

Theorem 3.27 (Goursat’s theorem). Let Q C C be open and T C Q be a (closed)
triangle contained in Q. If f: Q — C is holomorphic, then

/an(z)dz:O.

Lemma 3.28 (Warmup). Let Q, T, f as above. If in addition [’ is continuous,
then

f(z)dz=0.
orT

Proof. This uses Green’s theorem and the Cauchy—Riemann equations. See Exer-
cise [3.19] 0

Proof of Goursat’s theorem. First write T = T°.
We subdivide T into four similar subtriangles T,..., 74} and note

4
o f(z)dz= ;/@T; f(z)dz.

This implies that

f(z)dz f(z)dz

oT°

for at least one j.

1
27

‘ 1
oT;

Choose such a le and rename it 7.
Repeating this process yields a nested sequence of triangles

o7 >-.. DT D ...

[

diam(7™) = (3)"diam(7°), length(97™) = (3)"length(9T°).
Using Cantor’s intersection theorem we may find zp € NS T™. (In fact zg is
unique.)

such that
< 4"

< f(z)dz

Y

aTn
and
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As f is holomorphic at zy, we may write

f(2) = f(z0) + f'(20) (2 — 20) +h(2)(z — 20),

=9(2)

where lim,_,,, h(z) = 0.
Since g is continuously complex differentiable, the lemma implies

o (2)dz = /aTn g(z)dz+ /aTn h(z)(z — 20) dz.
| —

=0

Thus we can estimate

(2)dz
o1

< sup |h(2)|-diam(T™) - length(0T™)
z€dT™
=47 sup |h(z)| - diam(T°) - length(0T°).
z€dT™

Thus

(z)dz
aTo

< sup |h(z)| - diam(T°) - length(9T°).
z€T"

We now send n — oo and use lim,_, ., h(z) = 0 to conclude that

/W F(2)dz = 0.

Corollary 3.29. Goursat’s theorem holds for polygons.
Proof. Check! (]

Theorem 3.30. If zo € C, R > 0, and f : Br(20) — C is holomorphic, then f has
a primitive in Br(zo).

Proof. Without loss of generality, we may take zy = 0.

For z € Bg(0), let 7, be the piecewise-smooth curve that joins 0 to z comprised
of the horizontal line segment joining 0 to Re(z) and the vertical line segment
joining Re (2) to z.

We define

Fe) = [ fwdw.

We will show

(i) F is holomorphic on Bg(0) and

(ii) F'(z) = f(z) for z € Bg(0).

To this end, we consider z € Bg(0) and h € C such that z + h € Bg(0).
Using Goursat’s theorem we deduce

F(z+h) — F(z) = /ef(w) dw,

where / is the line segment joining z to z + h.
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‘We now write

J1waw= 1) [ avs 1) = s

=ﬂdh+AUw0—ﬂde
Thus

I
==
%
=i
T
~
—
|
=
N

O

Theorem 3.31. Let 2 C C be an open set and f : 2 — C be holomorphic. Suppose
Yo and vy, are homotopic in . Then

(2)dz= | f(2)dz.

Yo 71
Proof. By definition of homotopy we get a (uniformly) continuous function = :
[0,1] x [a,b] — Q, where each (s, ) parametrizes the curve s.

As 7y is continuous, the image of [0, 1] x [a, b] under v (denoted by K) is compact.
Step 1. There exists € > 0 such that for all z € K, Bs.(z) C Q.

If not, then for all n we may find z, € K and w, € By/,(2) N[C\Q]. As K is
compact, there exists a convergent subsequence z,, — z € K C . However, by

construction wy,, — z. As C\Q is closed, we find z € C\, a contradiction.
Choose an € > 0 as in Step 1. By uniform continuity,

there exists d > 0 such that

|s1 —s2| <6 = sup |y(s1,t) —y(s2,t)| <e.
t€la,b]

Step 2. We will show that for any s1, so with |s; — s3] < § we have

(2)dz = f(z)d=.

Vs1 Vso

For this step we construct points {z;}}_q C 7s,, {w;j}7—g C 7s,, and balls
{Dj}j—o in Q of radius 2¢ such that:

(3.2)

e wy = 2o and w, = z, are the common endponts of v5, and ~s,
o for j =0,...,n—1 we have zj, zj11,w;, wj+1 € D;
b ’YS1 U’ysz - U;l:OD]

On each ball D; Theorem implies that f has a primitive. say Fj.

On D; N Dj; the functions F; and Fj;, are both primitives for f, and hence
they differ by a constant (see Exercise [3.12]).
In particular

Fiy1(zj41) = Fj(zj41) = Fjpa(wjpr) — Fjij(wj41),
or, rearranging:

Fiy1(zj11) — Fja(wipr) = Fi(zj41) — Fj(wjra)-
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Hence
F@ e [ )= IR i) — By — S Fy ) — By
Vs1 Vso j=0 j=0

=0

= z_:[FjH(ZjH) = Fipi(wjy1) — (Fj(z5) — Fj(w;))]
=0

=F, Zn) - Fn(wn) - (FO(Z()) - Fo(wo))

=0.

Step 3. We now divide [0, 1] into finitely many intervals [s;, s;+1] of length less
than ¢ and apply Step 2 on each interval to deduce that

(2)dz= | f(2)dz.

Yo 71

We can now give a sufficient condition for the existence of a primitive.

Theorem 3.32 (Cauchy’s theorem). Let Q C C be simply connected and f : Q@ — C
be holomorphic. Then f has a primitive in €.

In particular,
/ f(z)dz=0
~

for any closed curve v C Q.

Proof. Fix zy € .
For any z € Q let 7y, be a curve in {2 joining zy to z and define

F(z) = f(w) dw.

Y=

(Note that this is well-defined by Theorem [3.31])
For h € C sufficiently small, we can write

F(z+h) - F(z) = /@ f(w) duw,

where /¢ is the line segment joining z and z + h.
Thus arguing as in the proof of Theorem we find that F'(z) = f(2). O

3.6. The Cauchy Integral Formula and Applications. We next prove an im-
portant ‘representation formula’ for holomorphic functions and explore some its
consequences.

Lemma 3.33. Suppose w € C, R > 0, and g : Bg(w)\{w} — C is holomorphic.

Then
/ g(z)dz:/ g(z)dz for 0<r<s<R.
OB, (w) OB (w)
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Proof. Let 6 > 0 be a small parameter. Join 0B, (w) to 0B,(w) with two vertical
line segments a distance ¢ apart, and denote the curves 71, ..., ¥g as in the following
figure:

Y

3

By Cauchy’s theorem (applied twice), we have

ng(z)dz+fy3g(z)dz: —(LQQ(z)dz+L4g(z)dz> :[mg(z)dzjt[mg(z)dz.

Rearranging gives

/ng(z)dz—/%g(z)dz:/%g(z)dz_/vgg(z)d%

which gives the result.
O

Theorem 3.34 (Cauchy integral formula). Let Q2 be an open set and f:Q — C
holomorphic. Suppose w € 2 and B is a ball containing w such that B C ). Then
1
flw)=— JE) dz.
21t Jop 2 —w
Proof. Arguing as in the proof of Lemma 3.33] one can show that it suffices to take

B = B,(w) for some r > 0. (Check!)
Step 1. We show

1 flz) o

511—%27”/835(“;) Zide—f(w). (3.3)
To see this we write

f(z) _ f(z) = fw) 1

z—w zZ—w +f(w)z—w
Since

Z—w zZ — W
we find that

2) = f(w)

there exist ey >0, C >0 suchthat |z —w|<gy = ‘f( ‘<C,
z—Ww
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Thus for € < g9 we have

1 / f(z) = f(w) dz‘ < 2Cme _ Ce.
9B.(w) a

27ri zZ—w 2

In particular

On the other hand for any € > 0
1 dz

21 9B. (w) zZ—w

= WaBE(w)(w) =1. (**)

Putting together () and (*x) we complete Step 1.
Step 2. Using the lemma and the fact that

f(z)
z—w
is holomorphic in Q\{w}, we find that
/ Mdz:/ Mdz forall 0<e<r.
OB, (w) & — W OB.(w) # — W
Thus by Step 1,

i/ Md,z = lim L/ /(z) dz = f(w).
2mi Jo, (w) Z — W e=0 27 Jop_ (w) 2 — W

O

3.7. Corollaries of the Cauchy Integral Formula. We now record some im-
portant consequences of the Cauchy integral formula.

Corollary 3.35. Holomorphic functions are analytic (and hence infinitely differ-
entiable).

More precisely: let Q C C be open and f : Q — C holomorphic. Then for all

zo € Q we can expand f in a power series centered at zg with radius of convergence
at least inf . co\q |2 — 20].

Proof. Let zp € © and choose
0<r< inf |z— 2z
zeC\Q

By the Cauchy integral formula we have

flw) = ! /(9 Mdz for all w € By(z0).

- Tm B,(z0) Z—Ww
Now for z € 0B,(z9) and w € B,(zp) we have |w — z| < |z — 2|, so that

I 1 1 11 i w—2\"
z—w_(z—zo)—(w—zo)_z—zol—u_z—zon: 2=z )

zZ—20 0

Here we have used the geometric series expansion, and we note that the series
converges uniformly for z € 0B,.(zp).



28 JASON MURPHY

In particular, for w € B,.(zp) we have

1 f(2) & [(w—z\"
f(w)_QWi/(gB,r(zO)Z—ZQZ<Z—Zo> dZ

n=0
- = 1 e ) .
- nZ:O <2m' /613;(%) (z — zo)n+! dz ) (w — z)

This shows that f has a power series expansion at w.
Moreover since
f(z)

(z — zo)"t!
is holomorphic in Q\{zp} we can use Lemma above to see that the integrals

1
21 Jop, () (2 — 20)™
are independent of 7.

Thus f has a power series expansion for all w € B,.(2p), with the same coefficients
for each w. O

Remark 3.36. From the proof of Corollary and termwise differentiation we
deduce the Cauchy integral formulas:

|
(n) _ L d for 0 inf _
I =503 gy G et 0T Bl
From these identities we can read off the Cauchy inequalities:
|
M) () < X sup z for 0<r< inf |z— 2l
DG < 5 s 1) nf J =20

Next we have Liouville’s theorem.

Corollary 3.37 (Liouville’s theorem). Suppose f : C — C is entire and bounded.
Then f is constant.

Proof. The Cauchy inequalities imply
1
|f'(2)] < = sup | f(w)]
T weC
for any » > 0. As f is bounded, this implies f’(z) = 0, which implies that f is
constant. O

Corollary 3.38 (Fundamental theorem of algebra). Let f(2) = a,z"+- - -+a1z+ag
with a, # 0. Then there exist {w;}"_; such that

f(z)=an(z —w1)(z —wa) - (2 —wy).

Proof. Without loss of generality assume a,, = 1.
Suppose first that
f(z)#0 forall zeC.

Then the function % is entire. Moreover, we claim it is bounded.
To see this write

f(z)=z2"4+2"("2 +- -+ 22) for z#0.

2 mn
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As lim|,| o0 zik =0foral k>1
there exists R >0 suchthat [z| >R = |22 4 ... 4 2| <

Thus
2 > R = |f(2)| 2 3l2[" 2 3R" = |5] <2R™"

On the other hand, since f is continuous and non-zero on the compact set Br(0),
there exists € > 0 such that

/<R = |f(x)l2e = |qzl <

Thus
forall zeC ’ﬁ| <2R"4 e

that is, % is bounded.

Thus Liouville’s theorem implies that % (and hence f) is constant, which is a
contradiction.
We conclude that

there exists w; € C such that f(w;) =0.
We now write z = (z — wy) + wy and use the binomial formula to write
f(2)=(—w)" +bpa(z —w)" " -+ bi(z —wi) + bo
for some b € C.
Noting that by = f(wy) = 0, we find
F(2) = (z —wi)[(z —w1)" 7" + - ba(z —wi) + ba] = (2 — wi)g(2)

We now apply the arguments above to the degree n — 1 polynomial g(z) to find
wy € C such that g(ws) = 0.
Proceeding inductively we find that P(2) has n roots {w;}7_; and factors as

f(z) = (z —wi)(z —w2) - - (z = wa),

as was needed to show. O

We next have a converse of Goursat’s theorem.

Corollary 3.39 (Morera’s theorem). Let Q& C C be open and f : Q — C be
continuous. If

f(z)dz=0
ar
for all closed triangles T C §2, then f is holomorphic in 2.

Proof. Recall that to prove Theorem m (the existence of primitives for holomor-
phic functions in a disk) we needed (i) continuity and (ii) the conclusion of Goursat’s
theorem.

For this theorem we are given both (i) and (ii) and hence we may conclude that
f has a primitive in any disk contained in €.

Thus for any w € Q there exists r > 0 and a holomorphic function F : B,.(w) — C
such that F'(z) = f(z) for all z € B,.(w) C Q.

Using Corollarywe conclude that F’ = f is holomorphic at w, as needed. O

We also have the following useful corollary.
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Corollary 3.40. Let Q C C be open. Let {fn}521 be a sequence of holomorphic
functions f, : @ — C. Suppose f, converges to f : Q@ — C “locally uniformly”,
that is, for any compact K C Q we have f, — f uniformly on K. Then f is
holomorphic on 2.

Proof. Let T' C 2 be a closed triangle.
Note that as f, — f uniformly we have f is continuous on 7.
By Goursat’s theorem we have

fa(2)dz=0 forall n.
oT
Thus since f,, — f uniformly on T" we have

(2)dz = lim fn(2)dz = 0.
aT n—=eo Jar

As T was arbitrary, Morera’s theorem implies that f is holomorphic on . [

Remark 3.41. Contrast this to the real-valued case: every continuous function on
[0, 1] can be uniformly approximated by polynomials (this is Weierstrass’s theorem),
but not every continuous function is differentiable.

Remark 3.42. Under the hypotheses of Corollary we also get that f], converge
to f’ locally uniformly. In fact, this is true for higher derivatives as well. (See

Exercise )

Remark 3.43. In practice one uses Corollary to construct holomorphic func-
tions (perhaps with a prescribed property) as a series of the form

F(z) =3 fule).

A related idea is to construct holomorphic functions of the form

b
f(2) :/ F(s,z)ds.
See Exercise 3211

We next turn to a remarkable “uniqueness theorem” for holomorphic functions.

Theorem 3.44 (Uniqueness theorem). Let 2 C C be open and connected and let
2o € Q. Suppose {zp}72, C Q\{z0} satisfies limy_, o 21 = 20.

Suppose f,g: Q — C are holomorphic and f(zx) = g(zx) for each k. Then f =g
in Q.

Proof. First we note that it suffices to consider the case g = 0. (Check!)
As f is holomorphic at zg, we may find r > 0 such that

fz) = Zan(z —20)" for 2z € B.(20).
n=0

Step 1. We show f(z) =0 for z € B,(20).

By continuity we have f(zp) = 0.

Let z € Br(20)\{z0}. If f(2) # 0, then we choose m to be the smallest integer
such that a,, # 0.
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We can then write
f(2) = am(z — 20)" (1 + g(2))

where
oo

g(z) == Z Qo (7 — 20)" ™™ =0 as z— 2.

am

n=m-+1
Thus there exists § > 0 such that

|z — 20| <8 = |g(z)| <& = 1+g(z) #0.
Choosing k large enough that |z — 20| < § and recalling 2 # 2o we find
0= f(zk) = am(zk — 20)" (1 4 g(zx)) # 0,

a contradiction.

Step 2. We use a “clopen” argument.

Define the set

S = interior({z € Q : f(z) =0}).

This set is open by definition. Moreover by Step 1, zo € S. Thus S # (.

Finally we claim that S is closed in .

To see this we suppose {w,}>2; C S converges to some wy € 2. We need to
show wg € S.

To see this we first note that by continuity f(wg) = 0.

Next, arguing as in Step 1, we find ¢ > 0 such that f(z) = 0 for all z € Bs(wy).
This shows wg € S.

As Q is connected and S is nonempty, open in 2, and closed in 2, we conclude
that S = (), as was needed to show. ([

Definition 3.45. Suppose Q2 and Q' are open connected subsets of C with Q C Q.
If f:Q— Cand F:Q — C are holomorphic and f(z) = F(z) for z € Q, we call
F the analytic continuation of f into '.

Remark 3.46. By the uniqueness theorem, a holomorphic function can have at
most one analytic continuation.

3.8. Exercises.

Exercise 3.1. Define f : C — C by f(z) = Z. Use the definition of the deriva-
tive to show that f is not holomorphic at any point.

Exercise 3.2. Fix w € D and define the Blaschke factor

F(z)= lw—_wzz for zeD.

Show the following:

e ':D— D, and F : 9D — 9D,
e F'is a bijection on D,
e F is holomorphic on D.

Exercise 3.3. Let f : C — C and define u,v : R? = R by
u(@,y) =Re[f(z +iy)], v(z,y)=Im|f(z+iy)].
Suppose f is holomorphic at some zg = xg + iyy € C.
e Use the definition of the derivative to show that

f'(20) = G4 (w0, 90) + i5%(x0,90) and  f'(z0) = —i%‘(%myo) + (%(560,90)- (*)
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e Use (x) to derive the Cauchy—Riemann equations.

Exercise 3.4. Suppose f : C — C is holomorphic. Show the following;:

e if Re(f) is constant, then f is constant,
e if Im (f) is constant, then f is constant,
e if | f| is constant, then f is constant.

Exercise 3.5. Prove Lemma [3.4
Exercise 3.6. Prove Corollary

Exercise 3.7. Let {a, })_, and {b,})_, be finite sequences in C, and define By, =
Zk b, with the convention By = 0. Prove the summation by parts formula:

n=1
N N-1
E anb, = anByx —ayBy—1 — E (@n41 — an)By.
n=M n=M

Exercise 3.8. Show the following:
e the power series ), nz" does not converge for any z € 9D,

e the power series ) #z" converges for all z € D,

e the power series ) %z" converges for all z € dD except for z = 1.
Exercise 3.9. Show that if f is holomorphic at z € C then f is continuous at z.

Exercise 3.10. Let Q2 C C be open. Show that € is connected if and only if it is
path connected.

Exercise 3.11. Let 2 C C be open and connected and f : 2 — C be holomorphic.
Show that if f/(z) = 0 for all z € Q then f is constant.

Exercise 3.12. Suppose {2 C Cis open and connected and f : 2 — C s continuous.
Show that if F' and F' are both primitives for f in € then the function F' — F' is
constant.

Exercise 3.13.

e Show that D = {z € C: |z| < 1} is simply connected.
e Find an open connected subset of C that is not simply connected. (Explain
why your example meets all of the stated requirements.)

Exercise 3.14. Let v be a circle with positive orientation.

e Suppose 7 is centered at the origin. Evaluate the integrals

/z"dz for neZ. (%)
.

e Suppose 7 does not contain the origin. Evaluate the integrals (x).

Exercise 3.15. Let Q C C be open and f : 2 — C be holomorphic. Further
assume that f’ is continuous. Use Green’s theorem to show that

f(z)dz=0
T

for any triangle T' C €.
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Exercise 3.16. Show that the relation “is homotopic to” is an equivalence relation.
That is,

(i) any curve is homotopic to itself,

(ii) if o is homotopic to 7, then ~; is homotopic to 7o,

(ii) if o is homotopic to v; and ~; is homotopic to 72, then 7y is homotopic to
V2.

Exercise 3.17. Let r, R > 0 and zp, 2; € C. Construct a continuous F : [0, 1] x
[0,1] — C such that

e the function ¢ — F(0,¢) is a parametrization of 0B, (z),
e the function t — F(1,t) is a parametrization of dBg(21),
e for each s € (0,1) the function ¢ — F(s,t) parametrizes a closed curve in

C.

Exercise 3.18. Prove this stronger version of the Cauchy integral formula: let
2 C C be open and f : € — C be holomorphic. If zop € 2 and B is any ball
containing zg such that B C €2, then

t
t

f(z0) = L (2) dz.

% OB % — 20
Hint. Use the version of the Cauchy integral formula we proved in class, and argue
as in the proof of “Lemma 4.33” from class.

Exercise 3.19. Let K C C be compact and f : K — C be continuous. Suppose
that f(z) # 0 for all z € K. Show that

there exists ¢ >0 such that forall ze K |f(z)] > .

Exercise 3.20. Let Q C C be open and suppose {f,}>2 is a sequence of holo-
morphic functions on €2 that converge uniformly to f : Q — C. Show that for 6 > 0
we have that f/ — f’ uniformly on the set

K5 :={z€Q: Bs(z) C Q}.
Hint. Use the Cauchy inequalities. You may take for granted that f is holomorphic
(since we proved this in class).

Exercise 3.21. Let Q C C be open. Suppose F : [0, 1] x Q — C is continuous and
satisfies

for all se€0,1] the function z— F(s,z) is holomorphic on €.

Show that the function f : Q — C defined by f(z) = fol F(s,z)ds is holomorphic
on ). Hint. Use the definition of the Riemann integral to show that f is the (locally
uniform) limit of holomorphic functions.

Exercise 3.22. Can every continuous function on the set {z € C : |z| < 1} be
approximated uniformly by polynomials? If so, prove it. If not, give a counterex-
ample.

Exercise 3.23. Suppose f : C — C is entire and satisfies |f(z)| < C(1 + |z|)" for
some C' > 0 and some integer n (for all z € C). Show that f is a polynomial of
degree at most n.

Hint. We proved the case n = 0 in class (Liouville’s theorem). For the general case
use the Cauchy inequalities to show that f("+%)(0) = 0 for all integers k > 0. Why
does this solve the problem?
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Exercise 3.24. Suppose f : C — C is entire.

(i) Show that if f(z) = 0 for uncountably many z € C then f = 0.

(ii) Suppose that for each zp € C at least one coefficient in the power series
expansion at zq is zero. Prove that f is a polynomial.
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4. MEROMORPHIC FUNCTIONS
4.1. Isolated Singularities.

Definition 4.1 (Isolated singularity). If zo € C and f : Q\{zp} — C for some open
set Q, we call zg an isolated singularity (or point singularity) of f.

Example 4.1. The following functions have isolated singularities at z = 0.
(i) f:C\{0} — C defined by f(z) =z

(ii) g:C\{0} — C defined by g(z) = 1
(iii) h: C\{0} — C defined by h(z) =e

Theorem 4.2 (Riemann’s removable singularity theorem). Let Q@ C C be open,
and let zg € Q. Suppose f: Q\{z0} — C satisfies

(i) f is holomorphic on Q\{zo}
(ii) f is bounded on Q\{zo}.

Then f may be extended uniquely to a holomorphic function F : Q) — C.

Remark 4.3. We call the point zy in Theorem [£.2] a removable singularity of
f-

Proof of Theorem[{.2 As  is open we may find 7 > 0 such that B,(z) C €.
For z € B,(z0) let us define

1 f(w)

2T JoB, (z) W — %

F(z) dw.

We first note that F' : B,.(z9) — C is holomorphic (cf. the exercises).
We will show that

f(z)=F(z) for zé€ B.(20)\{20},

which implies (by the “uniqueness theorem”) that F extends to a holomorphic
function on the connected component A of Q containing zp, and f(z) = F(z) for
z € A\{z0}.

Let z € B, (20)\{z0} and let € > 0 be small enough that

BE(Zo) @] BE(Z) C BT(Z()).

(Without loss of generality assume Re (z) > Re (z). This only helps the picture.)

Let § > 0 be a small parameter. Join 0B.(z) and 0B.(zg) up to dB,(z¢) with
two pairs of lines, each a distance § apart. We define the curves ~1,...,7v12 as in
the following figure:
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Let us define

1
./ S g for =1, 12,
~

= ami ) w s
Using Cauchy’s theorem we deduce

o Ai+ Ay +As+As+ Ar+ Ag+ Ag + Ao =0,
o Ay +Ag+ Aip+ Ao =0,
L] A5+A2+A6+A4:0.

Combining these equalities yields

Al — As + A7 — Ajp = Ag — A3 + A1p — Ay,

1 1) gy L[ M, L S,
270 JoB, (zg) W — 2 270 Jop.(z) W — 2 270 JoB. (z0) W — %

F(z) I T

or:

Note that I = f(z) for all small € > 0 by the Cauchy integral formula.
For II we note that for any 0 < ¢ < %|z — zol,

1
L S dw'
20 JoB (o) W — 2

2T SUP e {20} | (W)
T 27 inwaBBg(zo) |’LU - Z‘

. SUPweQ\{z0} | f(w)]
%|z — 2|

11]

Since f is bounded on Q\{zo}, we find
lim | 11| = 0.
e—0

Thus sending e — 0 in (x) implies F'(z) = f(z), as was needed to show.
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Example 4.2. The function f(z) = z on C\{0} has a removable singularity at
z=0.

Definition 4.4 (Pole). Let Q C C be an open set, zg € , and f: Q\{z0} — C.
If there exists r > 0 such that the function g : B, (z9) — C defined by

1
g(Z) = { F z EBT(ZO)\{ZO}
zZ =20
is holomorphic on B,.(2p), we say f has a pole at zy.
Example 4.3. The function f(z) = 1 defined on C\{0} has a pole at z = 0.

Proposition 4.5. Suppose [ : Q\{20} — C is holomorphic with an isolated singu-
larity at zg. Then zg is a pole of f if and only if | f(2)| = oo as z = zp.

Proof. If 2y is a pole then by definition ﬁ — 0as z — 2. In particular | f(2)] — oo
as z — 2.

On the other hand, suppose |f(z)] = oo as z — z9. Then ﬁ — 0 as z — 2.
In particular % is bounded as z — zj.
Thus % has a holomorphic extension in some ball around zp, which (by conti-

nuity) must be given by the function “g” defined in Definition In particular f
has a pole at zg. ([

Definition 4.6 (Essential singularity). Let @ C C be an open set, zp € €, and
f: Q\{20} — C be holomorphic. If z; is neither a removable singularity nor a pole,
we call zg an essential singularity.

Example 4.4. The function f(z) = e* defined on C\{0} has an essential singu-
larity at z = 0.
The behavior of a function near an essential singularity is wild:

Theorem 4.7 (Casorati-Weierstrass theorem). Let zg € C and r > 0. Suppose
£ Br(20)\{20} is holomorphic with an essential singularity at zo. Then the image
of Br(20)\{20} under f is dense in C, that is,

forall weC forall €¢>0

there exists z € By(z0)\{20} such that |f(z) —w| <e.
Proof. Suppose not. Then there exists w € C and £ > 0 such that

|f(z) —w| >¢e forall ze€ B.(z0)\{20}
We define .
9:Br(20)\{z0} by  g(2)= o —w

Note that g is holomorphic on By (z)\{z0} and bounded by 1.
Thus g has a removable singularity at zp and hence may be extended to be
holomorphic on B, (z).
If g(z0) # 0 then the function
z— f(z) —w
is holomorphic on B,.(zp). Thus f is holomorphic at zg, a contradiction.
If g(z9) = 0 then the function

z f(z) —w
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has a pole at zg. Thus f has a pole at zg, a contradiction. ([

Definition 4.8 (Meromorphic). Let Q@ C C be open and {z, } be a (finite or infinite)
sequence of points in © with no limit points in Q. A function f: Q\{z1,29,...} is
called meromorphic on ¢ if

(i) f is holomorphic on Q\{z1, 22, ...}

(ii) f has a pole at each z,.

Definition 4.9 (Singularities at infinity). Suppose that f : C\Br(0) — C is
holomorphic for some R > 0. Define F' : By,z(0)\{0} — C by F(z) = f(1/z).

We say f has a pole at infinity if F' has a pole at z = 0. Similarly, f can have
a removable singularity at infinity, an essential singularity at infinity.

If f is meromorphic on C and either has a pole or removable singularity at
infinity, we say f is meromorphic on the extended plane.

Our next task is to understand the behavior of meromorphic functions near poles.

Theorem 4.10. Let Q2 C C be open and zg € Q. Suppose f has a pole at zg. Then
there exists a unique integer m > 0 and an open set U > zg such that
f(z)= Z an(z — 2z9)" for zeU.
Remark 4.11. We call m the multiplicity (or order) of the pole at zo. If m =1
we call the pole simple.
We call the function

the principal part of f at z.
The coeflicient a_; is called the residue of f at zp, denoted res,, f, for which
we can deduce the following formula:

tes.of = lim b (£)" Gz - 20)" F(2)

We also introduce the following convention: if f is holomorphic at zy, we define
res,, f = 0.

Lemma 4.12. Suppose 2 C C is open and connected and zg € Q. Let f : Q — C
be holomorphic and not identically zero.
If f(z0) = 0 then there exists an open set U > zy, a unique integer m > 0, and
a holomorphic function g : U — C such that
o f(2) = (2 — 20)"g(2) for = € U,
e g(z) #0 forzeU.

Remark 4.13. We call m the multiplicity (or order) of the zero at zy.
Proof. We can write f in a power series in some ball around zy:

fz)= Z an(z — 29)".

n=0
As f is not identically zero, there is some smallest integer m > 0 such that
am # 0.
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Thus
f(z) = (2 = 20)"[am + ams1(z = 20) + -] =2 (2 — 20)"g(2).
Note that g is analytic, and hence holomorphic. Moreover g(z9) = a.,, # 0, so

that g is non-zero in some open set around zp.
For the uniqueness of m, suppose we may write

f(2) = (z—20)"g(2) = (z — 20)"h(2)
with h(z9) # 0 and n # m. Without loss of generality, suppose n > m. Then we
find
g(z) =(z—20)"""h(z) >0 as z— z,
a contradiction. a

Lemma 4.14. Suppose f has a pole at zg € C. Then there exists an open set
U 3 29, a unique integer m > 0, and a holomorphic function h : U — C such that
o f(2)=(2—20)""h(z) for z€ U,
o h(z)#0 forze€U.
1

Proof. We apply the lemma above to the function 7 O

Proof of Theorem[[.10, We apply Lemma [.14] and write

f(z) = (2 = 20)""h(2)
for z in an open set U 3 zy. The series expansion for f now follows from the power
series expansion for the holomorphic function h. O

We can now classify the possible meromorphic functions on the extended complex
plane.

Theorem 4.15. If f is meromorphic on the extended complex plane, then f is a
rational function. (That is, f is the quotient of polynomials.)

Proof. We define F': C\{0} — C by F(z) = f(1/z2).

By assumption, F' has a pole or removable singularity at 0; thus it is holomorphic
in B,-(0)\{0} for some r > 0.

This implies that f has at most one pole in C\ B /,-(0) (namely, the possible pole
at infinity).

We next note f can have at most finitely many poles in By ,.(0), say {zx}7_;-

For each k € {1,...,n} we may write

f(2) = gr(2) + hi(2),
where g is the principal part of f at z; and hy is holomorphic in an open set
Uk > z,. Note that gy is a polynomial in 1/(z — z).
Furthermore (if there is a pole at infinity) we can write
F(2) = Goo(2) + hoo(2)
where §., is the principal part of F at 0 and heo is holomorphic in an open set
containing 0. Note that o is a polynomial in 1/z.
We define goo(2) = Joo(1/2) and heo(2) = hoo(1/2).
Now consider the function

H(z) = f(2) = goo(2) = > gi(2).
k=1
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Notice that H has removable singularities at each zj, so that we may extend H
to be holomorphic on all of C.

Moreover, z — H(1/z) is bounded near z = 0, which implies H is bounded near
infinity.

In particular, we have H is bounded on C so that (by Liouville’s theorem) H
must be constant, say H(z) = C.

Rearranging we have

J(2) = O+ goo(2) + 3 gu(2),
k=1

which implies that f is a rational function, as needed. O
4.2. The Residue Theorem and Evaluation of Some Integrals.

Theorem 4.16 (Residue theorem). Let Q C C be an open set and f : Q2 — C be
meromorphic on Q. Let v C Q be a simple closed curve such that f has no poles

on . Then
217m/7f(2) dz = Z T€Sw f-

weinterior vy

Remark 4.17. Note that if f is holomorphic on €2, this formula reproduces Cauchy’s
theorem.

Proof. We define S = interior (7).

To begin, we notice that there can only be finitely many poles in S, say {z; }?:0‘
(Why?)

We treat the case of one pole zy; it should be clear how to generalize the proof
to more poles.

As f is holomorphic in S\{20}, a familiar argument using Cauchy’s theorem
shows

/f(z) dz = / f(z)dz for all small € > 0.
¥ OBc(z0)

(cf. the proof of Lemma [3.33)).
From Theorem .10l we can write
-1

f)= Y an(z—20)"+h(2),

n=—m

=g(2)
where h is holomorphic.
As the Cauchy integral formulas imply

kE—1)! d =
( , ) / 721@ = (k—1)*" derivative of 1 at 29 = { Lok=1
2mi 9B (z0) (2 — 20) 0 k>1,

we deduce )

Qﬂ-Z aBs(ZO)
On the other hand, Cauchy’s theorem says

/ h(z)dz = 0.
835(20)

g(z)dz = a_1 =res,, f.
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We conclude )

—f/f@MZ=m&J,
:

211
as was needed to show. O

The main use of the residue theorem is the computation of integrals.

Example 4.5 (Shifting the contour). Consider the integral

F¢) = / e 2T g0 for £>0.

(This integral evaluates the Fourier transform of the function z — e~ at the

point &.)
We first note that F'(0) = 1. (Check!)
For ¢ > 0 we complete the square in the integrand to write

F(§) = e e / e+ gy

“Formally” we would like to make a substitution y = x + £, dy = dx, to see that
F(¢) = e e’ / e~ dy = 677T§2F(0) =e "€,

To make this argument precise we introduce the function f(z) = e~™*", which
we note is entire.

For R > 0 we let g be the boundary of the rectangle with vertices R, =R+ i€,
oriented counter clockwise.

By the residue theorem (in this case Cauchy’s theorem) we have

(2)dz=0 forall R>O0.

TR
We write vr as the union of four curves vi,...,74, which we parametrize as
follows
z(z) =z, x € [-R,R|
o 2(r) = R +iz, z €0,¢]
o z3(x) = i€ —x, z € [-R,R]
o zy(x)=—R+i—iz, z€][0,¢
Thus
—/ f(z)dz = f(Z)dZ+/ f(Z)dz+/ f(z)dz. (%)
3 Y1 ~a va
Now,
R R
_/ f(Z) dz = / e‘”(ii—ﬂf)z dr = eﬂfQ/ e—ﬂxze}n’z’xﬁ dx
Y3 —R R
2 R 2 .
_ eTrf / e~ 6—271'2;1?5 dx (“’U/ Sub”)
-R
— e”ézF(g) as R — oo.
Similarly

R
/f(z)dz:/ e ™ dz —>1 as R— oo
71
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‘We now claim that

i </7 f(z)dz+L4 f(z)dz) —0,

so that sending R — oo in (*) gives
TERE) =1, ie F)=e ™,

as we hoped to show.
We deal with 5 and leave 4 (which is similar) as an exercise. We compute

¢ £
(2)dz = z/ e~ (B+in)? go. _ jo—mR? / o2’ o—2miRe de,
0 0

‘/7 £()dz

Example 4.6 (Calculus of residues). We can use the residue theorem to evaluate
the integral
= / Cod
o 1+a*

1
z)= ——.
1) =
We note that f is meromorphic on C, with poles at the points z such that
4
z*=—1.
Question. For which z € C do we have z* = —1?
As z* + 1 is a polynomial of degree four, the fundamental theorem of algebra
tells us we must have four roots (counting multiplicity).
For any such root we must have |z|* = 1, so that |2| = 1 and we may write
z=e,
Writing 1 = €™, we have reduced the question to finding § € [0,27) such that
e*9 = '™ That is,

Y2
so that

2 2
Sfe”§ e™ 50 as R — .

We define the function

¢0=m) — 1 je. 40 — 7 =2kr for some integer k.

We find

p—T 3T om o Tm
447 47 4
Thus f has simple poles at
2 = e’iﬂ/4’ T 671'7'r/4
and we can write
4
1
& =1l —
L2 -z
j=1

Now consider the curve i that consists of the three following pieces:
o hrp ={z:z €0, R]}, oriented ‘to the right’
e cp = {Re" : 0 <0 < 7/2}, oriented counter-clockwise,
o v = {iz: z € [0, R]}, oriented ‘downward’.
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(¥}

\/p. Y

-

ha

By the residue theorem we have that

R—o0 R—o0

lim / f(z)dz = lim 2mi Z res, f = 2mi res,, f. (%)
TR

wEinterior(vr)

Now, we notice that for large R we have

‘/ f(2)de 2-%71']?

Rt
On the other hand, we note

>~ d
lim (z)dz:/ S
hr 0

R—o0

< -0 as R — oo.

We can also compute
R R
d d
[ s [ [ mo
on o 1+ (ix) 0 1+
Thus sending R — o0, (*) becomes
2
(1 —4)I =2mives,, f, ie I= T res,, f.

It remains to compute the residue:

res., f = lim [(z — 21)f(2)] = [] 1_=EH1;j

z—2z1 =2 zZ1 — Zj z =2 1
B 1

(1 — %) (1 —eim)(1 — et'F)
_ 1

V2(=14d)(1—4)(2)(1+1)
B 1
C2V2(-1+44)

Thus
271 1 271 T

=T 2aCi)  2he) 2
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In the exercises you will compute
/ © dzx
o l4+2am

4.3. The Argument Principle and Applications.

for all integers n > 2.

Theorem 4.18 (Argument principle for holomorphic functions). Let @ C C be
open and f : Q — C be holomorphic, with f Z 0. Let v C Q be a simple closed
curve such that f has no zeros on . Then
1 [ f(2)
2mi J., f(2)
Proof. Let S = interior (7).
Let {21}}_, denote the (finitely many) zeros of f in S.
As the function z — £ ((ZZ)) is holomorphic on S\{z;}}_,, a familiar argument
using Cauchy’s theorem shows that
1 n 1 1
— f(z)dz:Z—, f(z)dz,
2mi J., f(2) — 2mi Jop, f(2)
where By, C S is any sufficiently small ball containing zj.
Thus it suffices to show that if zj, is a zero of order my we have

1 f'(2)

2mi o, [(2)

To this end we use Lemma .12 to write
f(z) = (z—2zx)™ gr(z) for =z€ By,

where g, is holomorphic and gi(z) # 0 for z € By.

dz = #{zeros of fin interior(y), counting multiplicity}.

|

dz = my,.

Thus
F(2) = mi(z = 21)™ gr(z) + (2 — 2) " g1 (2) (z € By)
so that
f'(z)  my 9% (2) ;
& rma T ) (z € B).
—_————

holomorphic

Thus by Cauchy’s theorem:

1 1'(2) my / dz
dz = —
a

BkZ_Zk

= 0=my W, -
2mi Jop, f(2) * = o + my Wop, (21) = my,

as was needed to show. O

Remark 4.19. Let Q, f, and v be as above. Let v be parametrized by z(t) for
t € [a,b]. Consider the curve f o+, parametrized by f(z(¢)) for t € [a,b]. Then

1 odz 1 [P[fed() L[ f(=(1))F()
Wrer(0) = 2mi /fow 2 2mi ), f(z(t) dt = 2mi o, f(z()) dt
e,
2mi J, f(2)
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Thus
W oy (0) = #{zeros of f in interior(vy)}.
In particular if f has n zeros inside « then the argument of f(z) increases by

27n as z travels around 7.
(This explains the terminology “argument principle”.)

There is also an argument principle for meromorphic functions. It works simi-
larly, but poles count as zeros of negative order.

Theorem 4.20 (Argument principle for meromorphic functions). Let  C C be
open and f : Q — C be meromorphic. Let v C Q) be a simple closed curve such that
f has no zeros or poles on . Then
1 [ (=)
2mi J, f(2)

dz = #{zeros of fin interior(y), counting multiplicity}

— #{poles of f in interior(y), counting multiplicity}
Proof. Arguing as in the proof of Theorem [4.18] we find that it suffices to show the

following:
If zg is a pole of f of order m, then
1 !
— I dz =—m
2mi Jop f(2)

where B is any sufficiently small ball containing z.
To this end we use Lemma [£.14] to write

f(z) = (z=20)""h(z)  (2€B),
where h is holomorphic and h(z) # 0 for z € B.

Thus
f'(z) = =m(z = 2) "™ h(z) + (2 = 20)""h(2)
so that ) W)
f(z) 22—z * h(z) (z € B).
—_———

holomorphic

Thus by Cauchy’s theorem:

1 f'(2) 1 dz
dz=—mg - 0= —mWap(z0) = —
571 Jop F2) T Mami oy i T O T Wenlz) = —m,

as needed. O

Corollary 4.21 (Rouché’s theorem). Let 2 C C be open and v C ) be a simple
closed curve. Let f,g:Q — C be holomorphic. If

() > g(=)| forall ze€~,

then f and f + g have the same number of zeros in the interior of .

Remark 4.22. One can interpret Rouché’s theorem as follows (we learned this
interpretation from R. Killip): if you walk your dog around a flagpole such that the
leash length is always less than your distance to the flagpole, then your dog circles
the flagpole as many times as you do. (f ~» you, g ~ leash, f + g ~» dog, 0 ~
flagpole.)
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This theorem remains true if we replace (x) with the weaker hypothesis

lg() < |f()+1f(2) +9(2)| forall zey, ()

which means that the flagpole never obscures your view of the dog (see Exercisel4.3]).

Proof of Rouché’s theorem. For t € [0,1] consider the holomorphic function z +—

f(z) +1tg(2).
We first note that

|f(2)] > 1g(2)] = |f(t) +tg(2)]| >0 for z€~v, tel0,1]
It follows that the function
! !
. 9(z)
is continuous for ¢ € [0, 1].
We now notice that by the argument principle,

n(t) = #{zeros of f + tg inside v}.
In particular, n is integer-valued. As continuous integer-valued functions are con-

stant, we conclude n(0) = n(1), which gives the result. O

Remark 4.23. Rouché’s theorem allows for a very simple proof of the fundamental
theorem of algebra. See Exercise [£.4]

With Rouché’s theorem in place, we can prove an important topological property
of holomorphic functions.

Theorem 4.24 (Open mapping theorem). Let Q@ C C be open and connected, and
let f:Q — C be holomorphic and non-constant. Then
f)={f(2):2€Q}={weC|ITz€Q: f(z) =w}
1S open.
Proof. Let wg € f(€2). We need to show that
there exists € > 0 such that B:(wo) C f(2). (%)

To this end, we first choose zg €  such that f(z9) = wo.
As Q is open and f is non-constant, we may find § > 0 such that

e Bs(z) C Q,
o f(2) # wo for z € OBs(zp).

In particular, as OBs(zg) is compact and f is continuous, we find
there exists & >0 such that |f(z) —wo| >e for z € IBs(2p).

We will now show that B.(wg) C f(€2), so that (x) holds.
Fix w € B.(wp) and write

f(z) —w=f(z) —wo+wy —w.
—_—
:=F(z) :=G(z)
Note that for z € 0Bj(z9) we have
[F(2)] > e =|G(2)],

so that Rouché’s theorem implies that F' and F + G have the same number of zeros
in Bj(z0).
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As F(zp) = 0, we conclude that F' + G has at least one zero in Bs(zp). That is,
there exists z € Bs(zp9) such that f(z) = w.
That is, w € f(2). We conclude B.(wp) C f(£2), as was needed to show. O

We turn to one final property of holomorphic functions.

Theorem 4.25 (Maximum principle). Let Q C C be open, bounded, and connected
and f: Q — C holomorphic. If there exists zy € ) such that

|f(20)| = max[f(2)], (x)
z€Q

then f is constant.
In particular, if f is non-constant then |f| attains its mazimum on OS).

Proof #1. Suppose () holds for some 2y € .
Suppose toward a contradiction that f is not constant.
Then f(€2) is open, and hence there exists ¢ > 0 such that B.(f(z9)) C f(£2).
However, this implies that

2 € Q:|f(2)] > |f(20)],
contradicting (). =

Remark 4.26. The hypothesis that 2 is bounded is essential. Indeed, consider
f(z) = e " on

Q={z:Re(z) >0, Im(z) > 0}.
Then |f(2)| = 1 for z € 9Q but f(z) is unbounded in Q.

4.4. The Complex Logarithm. The function f(z) = 1 is holomorphic in C\{0}.
By analogy to the real-valued case, we may expect that f has a primitive in
C\{0}, namely “log(z).”
However, f does not have a primitive in C\{0}, since

/ L oriw, (0),
~ z

which is nonzero for any closed curve 7 enclosing 0.
We next show that we can indeed define a primitive for f, but only in certain
subsets of C.

Theorem 4.27 (Existence of logarithm). Let Q C C be simply connected with
1€ Q but0¢ Q. Then there exists F: Q — C such that

(i) F is holomorphic in §2,
(ii) eF®) =z for z € Q,
(ii) F(r) =logr when r € R is sufficiently close to 1.
We write F(z) = logg .
Remark 4.28. By (ii) and the chain rule, we can deduce F'(z) = <. This will also
be clear from the proof of Theorem [4.27]

Proof of Theorem[[.27 For z € Q we let v be a curve in  joining 1 to z and define

dw
ol

As 0 ¢ Q, the function w — % is holomorphic on €.
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As Q is simply connected, we note that F' is independent of ~.

Arguing as we did long ago (to prove existence of primitives; see Theoremsand,
we find that F is holomorphic with F’(z) = 1. This proves (i).

For (ii) we compute

4 (e~ F ) = ¢7FG) _ 2 F/(2)e () = 7 F() _ 5 Le=F(2) —

dz
As © is connected we deduce that ze=F(*) is constant.
As e F() = ¢ = 1, we conclude ze~¥(*) = 1, which gives (ii).
Finally we note that if » € R is sufficiently close to 1 then
T
d
F(r)= & logr,
1 X

as needed. O

Definition 4.29. If Q = C\(—o0, 0], we call logg, the principal branch of the
logarithm and write logg, z = log 2.

Remark 4.30.
(i) If z = re®® with r > 0 and |0 < 7, so that z € C\(—00, 0], then we have

log z = logr + 6.

Indeed, we can let v = v U 7o, where v; = [1,7] C R and 72 = {re' : t € [0,6]},
and compute

’r’d 0 - it
logz:/ —x+/ zre‘t dt =logr + 6.
1 o Te

(ii) Beware: in general, log 2129 # log 21 + log 22.

Indeed, if z1 = 29 = e*%" then logz; = logzy = %, while log z129 = —%.
(Check!)
(iii) One can compute the following series expansion:
log(1+2) = — i (_l)nz" for |z| <1. (Check!)
n=1 n . .

(iv) Let 2 C C be simply connected with 1 € © but 0 ¢ Q, and let @ € C. For
z € 2 we can now define
P - ealogg z
One can check that 1% =1, 2" agrees with the “usual” definition, and (z%)" =2z.
We close this section with the following generalization of Theorem {4.2

Theorem 4.31. Let Q C C be simply connected. Let f : Q — C be holomorphic
and satisfy f(z) # 0 for any z € Q. Then there exists a holomorphic g : Q@ — C
such that

() = 92
We write g(z) = logg, f(2).

Proof. Let zp € 2 and choose ¢y € C such that e® = f(z).
For z € ), we let v be any curve in (2 joining zy to z and define

= [ L,
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As f is holomorphic and non-zero, the function w ];((;“)) is holomorphic on €.
As ) is simply connected, we note that g is independent of ~.
We also find that g is holomorphic on €, with ¢’'(z) = ’;((ZZ)).
On the other hand, we can compute
d —g(z —g(z —g(z (2
@)D =9I (z) — f(2)g(2)] = O [f(2) — F) F] =0.
As Q is connected we deduce f(z)e 9(*) is constant.
As e9(20) = ¢% = f(z)), we conclude that f(z) = e9(*), as was needed to show.
O

4.5. Exercises.

Exercise 4.1. Let zgp € C and R > 0. Suppose that f : Br(z0)\{z0} is holomorphic
and that there exist C' > 0 and 0 < € < 1 such that

If(2)] < C|z — 2|~ "™ forall z € Bgr(z0)\{20}-

Show that the singularity of f at 2y is removable, that is, there exists a unique
holomorphic function F' : Br(z9) — C such that F(z) = f(z) for z € Br(z0)\{20}
Hint. Follow the proof of Riemann’s removable singularity theorem.

Exercise 4.2. Suppose f: C — C is entire, with f(z) = > 7 an2".

(i) Show that if a,, # 0 for infinitely many n then f has an essential singularity
at infinity.

(ii) Show that if f is injective then f(z) = ao + a1z with a; # 0.

Hint. For part (ii): if f is a polynomial, you are done (why?). Otherwise by
part (i) f has an essential singularity at infinity. In this case, one can use Casorati—
Weierstrass and the open mapping theorem to contradict the injectivity of f.
Exercise 4.3. Prove the following stronger version of Rouché’s theorem.

Let 2 C C be open and v C Q be a simple closed curve. Let f,g: Q — C be
holomorphic functions such that f has no zeros on v and

l9(2)| <[f(2) + 1 (2) +g(2)| forall zen.
Then f and f+ g have the same number of zeros in the interior of . Hint. Asin the
proof of Rouche’s theorem from class, the key step is to prove that | f(z)+tg(z)| > 0
for z € vy and t € [0, 1]. To do this, use the triangle inequality two deduce two lower
bounds for |f(z) + tg(z)| whose average is  (|f(z)| + | f(2) + g(2)| — 9(2)]).

Exercise 4.4. Use Rouche’s theorem to prove that any degree n polynomial has
N ZEeros.

Exercise 4.5. This exercise demonstrates how to use the Cauchy integral formula
and the ‘tensor power trick’ to prove the maximum principle. Suppose f, {2 are as
in Theorem and that |f| < M on the boundary of Q.

e Use the Cauchy integral formula to deduce that

1 [092]
f ) < 57 amzo M

for any z € Q.
e Use the same argument applied to f™ to deduce

n o0 n
F@)" < & w2

for any z € Q.
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e Take n'" roots and send n — oo to deduce |f(z)] < M for z € Q.

Exercise 4.6. Compute [ sin(2?) dz and [ cos(2?) da.

o0 dx

0 Tiem for all integers n > 2.

Exercise 4.7. Compute

do
2+cos2 0"
Exercise 4.9. Compute [~ W dx.

Exercise 4.8. Compute fOQN

Exercise 4.10. Compute foo =L dx for a > 0.

—oo x2+a?

Exercise 4.11. Compute [~ ii‘;g dx.

Exercise 4.12. Compute ffooo (1-5-95% for all integers n > 0.

Exercise 4.13. Compute fooo % dr.
Exercise 4.14. Compute ffo 0 ) for a,b > 0.

dz
oo (z2+a?)(z2+b2

Exercise 4.15. Compute [;° 1% dx.

Exercise 4.16. Compute ffooo 1?:—; dx for 0 < a < 1.

Exercise 4.17. Compute [~ ZH2Z gy for a > 0.

—o0 z2+a?

Exercise 4.18. Compute [~ e~ 2™t Coshl(ﬂf) dx for £ € R.

Exercise 4.19. Compute fo% % for a,b € R with |b| < a.
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5. ENTIRE FUNCTIONS

We turn to the study of entire functions, in particular the following question:
given a sequence {ay}7>; C C, is there an entire function whose zeros are precisely
ak?

By the uniqueness theorem, a necessary condition is that limy_, o |ag| — oo.
But is this condition also sufficient?

Convention. Throughout this section we always exclude the case f = 0.

5.1. Infinite Products. We first turn to the question of infinite products of com-
plex numbers and functions.

Definition 5.1. Let {a,}5>,; C C. We say the infinite product [[,~ (1 + a,)
converges if the limit limy_ Hfzvzl(l + ay) exists.

The following result gives a useful criterion for convergence.

Theorem 5.2. Let {a,};>, C C. If the series ), a, converges absolutely, then
the product [[,~ (1 +a,) converges. Moreover the product converges to zero if and
only if one of its factors is zero.

Proof. Recall that

oo _1 n
log(1+2) = — Z ( n) 2" for |z| <1,
n=1

with 1 + 2z = €!°8(+2)  In particular |log(1 + 2)| < C|z] for |2| < %
Note that loss of generality, we may assume |a,| < 3 for all n
Thus we can write

(Why?)

N N
H(l + an) _ H elog(lJran) _ erzllog(Lkan).
n=1 n=1

‘We now estimate

N N
> log(l+an)| <CY an|
n=1 n=1

to see that the series ) log(1 + a,) converges absolutely.
In particular
N
there exists ¢ € C such that lim Z log(1+a,) ="¢.
N—00

n=1

By continuity, we have that eXn-1108(+an) 5 ¢f which shows that IL,(1+an)
converges (to ef).
To conclude the proof we note that if 1 + a,, = 0 for some n then the product

is zero, while if 1 4 a,, # 0 for any n then the product is non-zero since it is of the

form ef. O

For products of functions, we have the following.

Theorem 5.3. Let Q C C be open and suppose F,, : Q@ — C is a sequence of
holomorphic functions. If there exist ¢, > 0 such that

o |F(2)—1|<e¢, foralln and all z € Q,

o > cn <00,
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then:

(i) the products [~
tion F(z), and
(ii) if each F,, is nonzero on Q, then so is F.

21 Fn(2) converge uniformly on Q to a holomorphic func-

Proof. For z € ) we may write
F.(z) =1+an(z), with |a,(2)] <ecp,

and argue as in Theorem to see that [[, F,(z) converges. Moreover the con-
vergence is uniform in z, since the bounds on a,(z) are.

Denoting the limit function by F'(z), we note that since F' is the uniform limit
of holomorphic functions, it is holomorphic.

Note that (ii) follows from the second statement in Theorem (]

5.2. Weierstrass Infinite Products. We return to our original question.

Theorem 5.4 (Weierstrass’s theorem). Suppose {a,}52, C C satisfies limy,_ o0 |an| =
0o. Then there exists an entire function f : C — C such that {a,} are precisely the
zeros of f.

Furthermore any other entire function with precisely these zeros is of the form
fed for some entire function g.

As a first attempt, one could try

= H(l_

However, depending on the sequence {a,} this product may not converge.
The solution to this problem (due to Weierstrass in 1894) is to insert factors that
guarantee convergence of the product without affecting the zeros.

Definition 5.5. For an integer k > 0 we define the canonical factors Fy : C — C
by

Eo(2) = (1 - 2),
Ep(z) = (1 — z)e*t= /20" (> 1),
We call k the degree of Ej.

Note that Ej(1) = 0 for all k£ > 0. In fact we will prove a rate of convergence to
zero as z — 1.

Lemma 5.6 (Bounds for Ey). For all k we have:
(i) |2l <5 = [1-Ep(2)] < 2|2

Proof. For |z| < 1 we can write log(1 — 2) in a power series

log(1 — z2) i%
n=1

with 1 — 2z = el°8(1=2) Thus

Ek(Z) _ elog(lfz)+z+z2/2+m+zk/k — e~ Z;’ik_H zj/j.
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We now notice that since |z| < 1, we have

Z ‘ < |z|k+1 Z |Z|]—k—1 < |Z‘k+1 Z(%)j < 2|Z|k+1 <1.
j=k+1 J j=k+1 =0
Thus using the estimate
1 —e¥| <elw| for |w|<1, (Check!)
we find
] — 2 k+1
1= Ex(z)] = [1— e Ewn | <e| 3~ =) < 2efz,
i=hr1 )

which gives (i).

Proof of Theorem[5.4. We first let
m=#{n:a, =0} < o0

and then redefine the sequence so that 0 ¢ {a,}72.
We define the holomorphic functions fn : C — C by

N
fn(z) = 2" [ En(2).

n=1
We let R > 0. We will use Theorem to show that fy converges (uniformly)
in Br(0).
We define the sets
S1={n:|a,| <2R}, Sy={n:la,|>2R}.
As |an| — 00, we have #S5; < co. Thus we may write
In(z) = 2"gn(2)hn(2),
where gy, hy are the holomorphic functions given by
ov(i) = JI Enu(Z) and hn(z)= [] En(2)
neSy, n<N n€Sz, n<N
Note that #S57 < oo implies that

for all N > Ng:=#51, 9gn =gn,.
Now for n € Sy and z € Bgr(0) we have
lan] > 2R > 22| = |£[ < 3.
Thus by the lemma for n € Sy we have

z z |n+1 e
|En(Z) — 1] < 2e| 2" < 55

an

Applying Theorem with Fo(2) = En(Z) and ¢, = 57, we conclude that hy

on s
(and hence fx) converges uniformly on Bg(0).

Furthermore, for n € S, we have that E,(-*) is nonzero on Br(0), and hence

by Theorem [5.3] the same is true for the limit of the hy.
On the other hand for N > Ny, we have gy = 0 precisely when z = a, for
lan| < 2R.
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Conclusion. The infinite product

f@) =211 BEa(2)

converges to a holomorphic function on Br(0), with a zero of order m at zero, with
all other zeros precisely at {a, : |a,| < R}.

Thus this function has all of the desired properties on Br(0).

However, as R was arbitrary, this (together with the uniqueness theorem) implies
that f converges and has all of the desired properties on all of C.

Finally, if h is another entire function that vanishes precisely at the sequence
{a,}, then the function % is (more precisely, can be extended to) an entire function

with no zeros.
Thus by Theorem there exists an entire function g such that ? = ¢9, that
is, h = feY, as needed. O

To summarize: for any sequence {a,} such that |a,| — oo there exist entire
functions with zeros given by {a,}, and they are all of the form

fz)=et%2m ] En(E)
n:an,#0

for some entire function g.
Our next goal is a refinement of this fact (due to Hadamard) in the case that
we can control the growth of f as |z| — oo.

5.3. Functions of Finite Order.

Definition 5.7. Let f: C — C be entire. If there exist p, A, B > 0 such that
forall zeC [f(z)] < AePlE”,

then we say f has order of growth < p.
We define the order of growth of f by

pr =1inf{p > 0: f hasorder < p}.

Definition 5.8. Let R > 0 and let f : Bg(0) — C be holomorphic. For 0 < r < R
we let ny(r) denote the number of zeros of f inside B,.(0).

Remark 5.9. Note that ny is an increasing function, that is, 7o > 71 = ny(r2) >
ng(r).
We can relate the order of an entire function to its zeros.

Theorem 5.10. If f : C — C is entire and has order of growth < p, then

(i) there exists C > 0 such that |ng(r)| < Crf for all large r > 0,
(ii) if {z} € C\{0} denote the zeros of f, then for any s > p we have

1
E: s<:al
— |2kl

Remark 5.11. The condition s > p in (ii) is sharp. To see this, consider f(z) =
sin 7wz, which has simple zeros at each k € Z.

As f(z) = 5[e"™ — e, we find that |f(z)| < e™l?l so that f has order of
growth < 1.

We now note that Zn;éo ﬁ < oo if and only if s > 1. O
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We have some work to do before we can prove Theorem [5.10}
We begin with a lemma.

Lemma 5.12 (Mean value property). Let zg € C and R > 0, and let f : Br(zo) —
C be holomorphic. Then

1 27 .
Flz0) = 5 f(zo+1re®)dd forall 0<r<R.
0
Proof. We use the Cauchy integral formula to write

Flz0) = — / 1 .,

270 JoB, (20) # — 20

Parametrizing 0B,.(2q) by 2(0) = z + re? for § € [0, 27], we find

1 [* f(zo+7e?) . 1 [ ‘0
— —Zire" df = — ) de.
270 Jo rei0 ¢ 27 Jo f(zo +re)

f(z0) =

Next we derive “Jensen’s formula”.

Proposition 5.13 (Jensen’s formula). Let R > 0 and suppose Q C C is open, with
BR(O) c Q.
Suppose [ : Q — C is holomorphic, satisfies f(0) # 0, and is nonzero on Bg(0).
If {z1}}_, denote the zeros of f in Br(0), counting multiplicity, then

1 27 )
log |f(0)| = Zlog Tl / log | f(Re')| df.
0

Proof. By considering the rescaled function fr(z) := f(%), we see that it suffices
to treat the case R = 1.
Define the “Blaschke product” g : B;(0) — C by

We note that g : B1(0) — B;(0) is holomorphic, with g : 9B1(0) — 9B1(0). (See
Exercise [3:2])

Furthermore, g has the same zeros as f (counting multiplicity).

It follows that the function z +— % is (more precisely, can be extended to) a
holomorphic function on B;(0) with no zeros inside Bj(0).

Thus, as B1(0) is simply connected we may use Theorem to construct a
holomorphic function h : B1(0) — C such that 5 =eh.

Note that
f(Z) _ |eh(z)| _ |6Reh(z)+ilmh(z)| _ 6Reh(z) = log f(Z)‘ Re (h(z))
9(2) (2)

Thus applying the mean value formula to the h and taking the real part yields

f 1 27\' f 16
277
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As |g(e?)| = 1, we find

1 2m i
o8 (0] = log |g(0)| + 5= [ o |7(e")] db.

Noting that

n

50 =T[2 — toxlo0)] =tog ( [T1al) = X togla
k=1

k=1 k=1

we complete the proof. O

We next use Jensen’s formula to derive a formula concerning ns(r).

Proposition 5.14. Let R > 0 and suppose Q C C is open, with Br(0) C €.
Suppose [ : Q — C is holomorphic, satisfies f(0) # 0, and is nonzero on Bg(0).
Then

R 2m
1 .
/ ns(r) dr = —log |f(0)| + 7/ log | f(Re')| df.
0 T 271- 0
Proof. Let {z1}7_, denote the zeros of f in Bg(0), counting multiplicity.
For each k we define
1 7> |z

ak(r) = { 0 r<|z

and notice that ns(r) = >, _; ax(r).
We compute

/oRnf:T)dr: /OR;%(T){T = é/jak(r)‘f _ zn:

k=1

R d n
/ D A(E )
lzxl T k=1

Zk |

Applying Jensen’s formula, we complete the proof. ([l
Finally we are ready to prove Theorem [5.10)

Proof of Theorem[5.10. For (i) we claim it suffices to consider the case f(0) # 0.
Indeed, if f has a zero of order £ at z = 0, we define F(z) = 2~¢f(2). Then F is
an entire function with F'(0) # 0, ny and np differ only by a constant, and F' also
has order of growth < p.
Fix r > 1. As f(0) # 0 we may use Proposition and the growth condition

to write
2r 2r 27
1 ,
/ ny(2) dx < / ny(2) dx < —/ log |f(27'ele)| do

. T 0 z 2 Jy

1 27
< — / log |[AeP®7" | do < Cr*
271— 0

for some C > 0.
On the other hand, as ny is increasing we can estimate

2 2r
/ nf?ix) dx > ng(r) / d?x > ng(r)llog 2r —logr] > ng(r) log2.

Rearranging yields ny(r) < Cr?, as needed.
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For part (ii) we estimate as follows:

oo oo
Yolml <Y Y a2 @)
2kl>1 =029 <2 |<23+1 =0
oo oo
< CZ 9—isop(itl) < or(y Z(Qpﬂ)j < 00
§=0 §=0
since s > p. As only finitely many zj can have |z;| < 1, this estimate suffices to

show part (ii). O

5.4. Hadamard’s Factorization Theorem. We turn to Hadamard’s factoriza-
tion theorem, which is a refinement of Weierstrass’s theorem for functions of finite
order of growth.

Theorem 5.15 (Hadamard’s factorization theorem). Let f : C — C be entire
and have order of growth py. Suppose f has a zero of order m at z = 0 and let
{an}22, C C\{0} denote the remaining zeros of f. Letting k denote the unique
integer such that k < py < k+ 1, we have

f(z) =2 [ Bu()
n=1

for some polynomial P of degree < k.
Proof. Let gy : C — C be defined by

N
gn(z) = 2™ H Ex(Z).
n=1

Fix R > 0. We use Theorem to show that gy converges (uniformly) in Bg(0).
As limy, 00 |an| = o0,
R

Qn

Thus for n > Ny and z € Br(0) we can use Lemma [5.6| to estimate
1 B < 20l [ < 2R, 0
As k+1 > pg, we can use Theorem to see that
D an|m* Y < oo,

and hence Theoremimplies that gy converges uniformly on Bg(0) to the infinite
product

1

there exists Ny such that n > Ny — < 3.

9(z) =" [ (),

which is holomorphic on Bg(0), has a zero of order m at zero, and has all other
zeros in Bg(0) precisely at {a, : |a,| < R}.

As R > 0 was arbitrary, we can deduce that g : C — C is an entire function with
a zero of order m at zero and all other zeros precisely at {a., }.

Furthermore, since g and f have the same zeros, we find that 5 is an entire

function with no zeros, and hence we can use Theorem to write 5 = e" for
some entire function h.
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To complete the proof, it remains to show that & must be a polynomial of degree
at most k.
We first notice that
eReh(z) — |€h(z)| — ‘f(z) )
9(z)

We now need the following lemma.

Lemma 5.16. For any s € (py,k+ 1),
there exists C >0, r1; =00 suchthat Re(h(z)) <C|z|® for|z|=r;.

The proof of this lemma is a bit technical and so we save it until the next section.
The idea is as follows: by proving lower bounds for the Fj and using Theorem [5.10
one can prove exponential lower bounds for |g| on the order of e~¢#I" (along some
sequence of increasing radii). As f has order of growth < s, one can deduce the
lemma.

To finish the proof, it suffices to show that the lemma implies that h is a poly-
nomial of degree < s. (This is like the version of Liouville’s theorem from Exer-
cise [3.23])

We argue as follows. We expand h in a power series centered at z = 0:

h(z) = i anz".
n=0

By the Cauchy integral formulas and parametrization of 9B,.(0) we can deduce
that for any r > 0:
2m

1 i0y ,—ind _ apT™ n >0 /
2 |, h(re*)e do = { 0 n < 0. (Check!)
Taking complex conjugates yields
27 )
= h(rei®)e=™dh =0 for n > 0.
0

As Re (h) = £(h + h) we add the two identities above to find

s

2
1 / Re [h(re??))e " df = a,r™  for n > 0.
0

We can also take the real part directly in the case n = 0 to get
2

%0 Re [h(re”)] df = 2Re (ag). (%)

As fOQTr e~ 49 = 0 for any n > 0, we find:

2m
an = = Re [h(re?)]e™"0 dp
0
27 ) )
= # {Re [h(re“g)] — C’?"s}e_"“9 do

0
for n > 0, where C, s are as in the lemma.
We now choose © = r; as in Lemma and use (*) to find

1 27 .
lan| < — {er —Re [h(rjele)]} do < 207";7" — 2Re (ao)r;".
0

n
7T7‘j
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Sending j — oo now implies |a,| = 0 for n > s, which implies that & is a
polynomial of degree < s, as was needed to show. ([

5.5. Proof of a Technical Lemma. We include here a proof of Lemma
which is a bit technical. The reader may skip this section if desired.

We use the notation introduced in the proof of Hadamard’s factorization theo-
rem.

Lemma 5.17 (More bounds for Ey). For all k we have:
.. —92|z k+1
(i) |d<i = |By(s)] > e k
(iii) |z| > & = |Ex(z)| > |1 — z|e=l*I", where the constant may depend
on k.

Proof. For |z| < 1 we can write log(1 — z) in a power series

log(1—2) = Z—

with 1 — z = e!°8(1=2) Thus
Ek (Z) _ 6log(lfz)+z+22/2+m+zk/k — e~ Z;O:k+1 zj/j'

We now notice that since |z| < %, we have

2

j=k+1

< |Z|k+1 Z |Z|g k—1 < Mkﬂz % j §2|z\k+1.
j=k+1

Thus since |e”| > e~1*! we can estimate
|Ex(2)| = le” 2k Zj/j| > 6_2|Z|Ic+17

which gives (ii).
For (iii), suppose |z| > 3. As [e”| > e~ !*! it suffices to show

ef\z+22/2+~~~+zk/k| > €7c|z|k'
This follows from the fact that for |z| > % we have
|z +2%/2 4 -+ 28 /K| < Chl2|".
O

Lemma 5.18. With ps, k,{an} as in Theorem we have the following estimate:

—c|z|®

Vse (pr,k+1) Fe¢>0 :zE(C\UB 1

lan [FFT

where ¢ may depend on k.

Proof. We write

152

where
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Consider n € S;. From Lemma we have [w| < 1 = |Ep(w)| > emelwl®,
Thus for all z,

| 2|k ol |k —(k+1)
| I E(£ )’ > I I el T > el T e, lanl .
n

neSy neSy
Now,
D lan|EF =3 7 fan| ™ fan| Y
neSy neSy
< C|z)*~+D Z |an|™® (definition of S7)
nesS;
< C'|z*~*+1) (Theorem [£.10),
so that

> e—clsl”,

H Ex(Z)

neS,

Now take n € Sy. Recall from Lemma that |w| > 3 = |Ex(w)| >
11— w\e‘d’”'k. Thus

[I Eka;)' >[I n-z L ="

nesSs neSs neSs

Now for any z we have

c k —k
[ el > emell" Sncsy ol

)

neSs
and
Z |an|7k = Z ‘an‘is|an|87’c
neSs neSs
< Clz|** Z |an|™® (definition of Sa)
neSsy
< C')z|*7*  (Theorem EI0),
so that

k E
I] 5" > eclel”.

neSsy

Finally we note that

z € (C\UB L (an) = |z — ap| > |an|*TY  for all n,
n

lap|k+1
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SO

[T =212 I 192212 IT lanl=®®

neSs neSs neSsy
> T e k2 sl
neSs
> e_(k""Q) EHGSZ log |an|
> ¢~ (k+2)ns(2]2]) log(2]2]) (definition of Ss)
> ¢~ (k+2)clz|® log(2]2]) (Theorem [5.10} with s" > py)
> el

where we choose py < s’ < s such that |z|* log(2|2)| < C|z|*.
This completes the proof of the lemma. O

Lemma 5.19. With ps, k,{an},s as above, there exists a sequence {r;} € (0,00)
and ¢ > 0 such that r; — oo and

[1 &)
k=1

Proof. As Theorem implies 3, |a,|~**1) < oo, we may find N such that
S laal®*0 < & (o)

n>N

> e 1" for all z such that |z| = ;.

We now claim that for all large integers L,

IrelL,L+1]:0B,(0)n | J B

n>N

(an) = 0.

\an\k+1
With this claim, the corollary follows from the previous lemma.
Suppose the claim is false. Then we may find a large integer L such that

VrellL,L+13ze€B_1_(a,) suchthat n>N and |z]=r.

lan|F+1

But this implies that
[L, L+ 1] C Unsw(lan| = lan| ", [an] + |an|~*+Y,

which implies
23 Jan| "V > 1,
n>N
contradicting (). O

From Lemma [5.19) we take the logarithm to deduce Lemma [5.16]

5.6. Exercises.

Exercise 5.1.

(i) Construct a non-constant holomorphic function f : D — C such that f has
infinitely many zeros inside D.

(ii) Why does the existence of such a function not contradict the “uniqueness
theorem”?
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Exercise 5.2. Express the following functions as products:
(i) f(2) = sin(r2)
(ii) g(z) = €* — L.

Exercise 5.3. Prove that

1 oo
—H(l—&—sz) for zeD.
k=0

1—2

Exercise 5.4. Suppose f : C — C is entire and has finite order of growth. Suppose
that there exist distinct points z1, 2o € C such that f(z) ¢ {z1, 22} for any z € C.
Prove that f is constant.

Exercise 5.5. Suppose f : C — C is entire and has finite order of growth. Suppose
that f(")(z) # 0 for any non-negative integer n and any z € C. Show that f(z) =
et for some a,b € C.

Exercise 5.6. How many solutions does the equation e* = z have in C? Your
options are: zero, finitely many, countably infinitely many, or uncountably many.
(Prove that your answer is correct.)

Exercise 5.7. (i) Find a sequence {a, } C Csuch that }  a, converges but [], (14
ap) diverges.

(ii) Find a sequence {a,} C C such that [], (1 + a,) converges but > ay
diverges.
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6. CONFORMAL MAPPINGS

We start this section with a few definitions.

Definition 6.1 (Biholomorphism). Let U,V C C be open. If f : U — V is holo-
morphic and bijective (that is, one-to-one and onto), we call f a biholomorphism.
We call the sets U and V' biholomorphic and write U ~ V.

Definition 6.2 (Automorphism). If U C Cis open and f : U — U is a biholomor-
phism, we call f an automorphism of U.
In this section we will address two general questions:

1. Given an open set U, can we classify the automorphisms of U?
2. Which open sets U,V C C are biholomorphic?

Two sets will show up frequently, namely the unit disk
D={zeC: |z <1}
and the upper half plane
H={ze€C:Imz > 0}.

6.1. Preliminaries.

Proposition 6.3. Let U,V C C be open and let f: U — V be a biholomorphism.
Then f'(2) # 0 for all z € U, and f~1 : V — U is a biholomorphism.

Proof. Suppose toward a contradiction that f/(zg) = 0 for some zy € U.
We expand f in a power series in some open ball {0 > z:

fz)= Zaj(z —2)? for z€Q.

=0

As f is injective, it is non-constant, and hence we may choose €2 possibly smaller
to guarantee that f/(z) # 0 for z € Q\{zo}.

Rearranging the formula above, using a1 = f'(2¢) = 0, and re-indexing, we can
write

f(2) = f(20) = ar(z — 20)* + (2 — 20)** Z be(z — 20)°
=0

where a; # 0, k > 2, and by := apqp41.
‘We next notice that

. {
;5]%5;) |be|6¢ = 0.

Thus we may choose § > 0 sufficiently small that

(i) Bs(zo0) C Q,
(ii) the following holds:

SEFEN " |bel6” < Lax|ok.
=0
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In particular, (ii) implies that there exists ¢ > 0 small enough such that

w € B.(0) =

(z — z)*t1 Z be(z — 20)" — w‘ <lap(z — 20)*| for z€ 0Bs(z). (¥)
=0

For w € B.(0)\{0} we write

f(2) = f(20) —w = ai(z — 20)* + (2 — 20)* Zbe(z —20)" —w.
:=F(z) =0

=G (z)

As F has k zeros in 0Bs(zp) (counting multiplicity), and (%) implies |G(z)] <
|F(z)] for z € 0Bs(2p), we can use Rouche’s theorem to conclude that

2z f(2) = fz0) —w

has at least two zeros in Bs(zg). That is, there exists 21, zo € Bs(z0) such that

f(z1) = f(z2) = f(z0) + w.

We now claim that we must have z; # z3, so that we have contradicted the
injectivity of f.

We first note that w # 0 implies z1, 25 # 2.

Now on the one hand we have f/(z) # 0 for z € Bs(zp). On the other hand, if
z > f(2) = f(20) — w had a zero of order > 2 at z then we would have f'(z) = 0.

Thus the zeros of f(z) — f(20) — w must be simple, so that any two zeros must
be distinct, as was needed to show.

It remains to check that f~! is a biholomorphism. As f~! is bijective, it suffices
to verify that f~! is holomorphic.

To this end, let w, wg € V', with w # wy. Then

7 w) = f M (wo) _ 1 1

W — W, = -1 w))— —1 w, M
W o - L

Now we would like take the limit as w — wyg.
We first note that the open mapping theorem implies f~! is continuous.  ( Why?)
Thus as w — wg, we have f~1(w) — f~1(wp).
Moreover, since we know f/ # 0 on U, we can safely take the limit above to see
that
d (p—1 _
dz(f )(wO) f/(f_l(wo))'
|

Remark 6.4. We can now verify that being biholomorphic is an equivalence
relation. That is,
(i) U ~ U for all open sets U.
(iil) U~V = V ~ U for all open sets, U, V.
(iii) U~V and V ~ W] = U ~ W for all open sets U, V, W.
For (i), we observe that f(z) = z is a biholomorphism.
For (ii), we note that if f : U — V is a biholomorphism, then the proposition
above implies f~!:V — U is a biholomorphism.
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For (iii), we note that if f: U — V and g : V' — W are biholomorphisms, then
fog:U — W is a biholomorphism. (Check!) O

We next discuss the main geometric property of biholomorphisms. In particular
they are “conformal”, which is a synonym for “angle-preserving”.

Recall that for vectors v = (vy,...,v,) € R” and w = (wy,...,w,) € R™ we
define the inner product of v and w by

(v, W)rn = V13w + -+ + VW,

The length of a vector v € R™ is given by |v| = y/(v,v)rr. The angle 6 € [0, 7]
between vectors v, w € R™ is given by the formula
cos = LWIE
o] fw]

If M = (mj) is an n x n matrix (with real or complex entries) and v, w € R”,
then we have

<.Z\4-’U7 'LU>Rn = <U, Mtw>Rn’ (*)
where M is the transpose of M, whose (j, k)" entry is my;.
Definition 6.5 (Angle). Let 7; : (—1,1) — R™ parametrize smooth curves for
j = 1,2. Suppose that 71(0) = 12(0) and v;(0) # 0 for j = 1,2. We define the
angle 0 € [0, 7] between v, and 2 by the formula
) A0 250
[71(0)] [72(0)]

We extend this notion to curves in C via the usual identification of C with R2.

COs

The next proposition shows that biholomorphisms preserve angles.
Proposition 6.6. Let v; : (—1,1) — C parametrize smooth curves for j = 1,2,
with 71(0) = 72(0) = z0 € C and v;(0) # 0 for j = 1,2. Suppose f : C — C is
holomorphic at zo and f'(z9) # 0. Then the angle between 1 and 2 equals the
angle between f o~y and f oys.

Proof. By the chain rule we have
(f ©73)'(0) = f'(20)7(0).
We use polar coordinates to write
F'(z0) = |f'(20)|(cos 0 + isinB)

for some 6 € [0, 27].
Under the identification of C with R?, we may identify /(0) with an element of
R? and f’(z9) with the 2 x 2 real matrix given by

Re[f'(z0)] —Im[f"(z0)] \ _ o cosf) —sinf
@Mﬂm mW%ﬂ)*”M(mw m9>

=M

As cos? 0 + sin? @ = 1, we can compute that

M'M = MM = Id, [d((l) 2)
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Thus using (*) we deduce
(Mv, Mw)ge = (v, w)gz, |Mv| = |v]|

for all v,w € R2.
We can now compute

((f 271)(0), (f 0 72)' ()2 {I/(20)[M~1(0), | £ (20)[M5(0))e2
|(f o71) (0)[[(f ©72)"(0) | £/ (20)71 (0)| [ f(20)75(0)]
_ | (20) 7 (M~1(0), M5(0)) 2
| (20)2 [M~1(0)] [ M~5(0)]
(71(0),v5(0)) gz
71(0)] [3(0)]

which completes the proof. (Il

6.2. Some Examples.

Example 6.1 (Translation, dilation, rotation). For any zp, A\ € C the map z —
zo + Az is a conformal map from C to C.
The special case z — €z for some 6 € R is called a rotation.

Example 6.2. For n € N define the sector
Sp={2z€C:0<arg(z) < T}

The function z — 2™ is a conformal map from S,, to H. Its inverse is given by
2+ 2'/™ (defined in terms of the principal branch of the logarithm).

Example 6.3. The map z — logz is a conformal map from H to the strip {z €
C:0<Imz <7},
This follows from the fact that if z = re'® with 6 € (0, 7) then log z = log r + .
The inverse is given by z +— e*.

Example 6.4. The map z — logz is also a conformal map from the half-disk
{z €D :Imz > 0} to the half-strip {z € C: Rez <0, 0 <Imz < 7}.

Example 6.5. The map z +— sin z is a conformal map from the half-strip
Q:={2z€C: -5 <Rez< F, Imz >0}

to HL
To see this, we first use the identity

sinz = —1 [ie” + 1]

to write sin z = h(ig(z)), where g(z) = €'* and h(z) = —%(z + 2).
It then suffices to note the following:
e g is a conformal map from Q to {z € D: Rez > 0},

e 2 — iz rotates {z € D:Rez > 0} to {z € D: Imz > 0},
e h is a conformal map from {z € D:Imz > 0} to H.  (Check!)
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6.3. Introduction to Groups. We next discuss the notion of groups, which arise
in the study of automorphisms.

Definition 6.7 (Group). A group is a set G, together with a function b: Gx G —
G such that

(i) b(b(x,y),z) = b(x,b(y, 2) for all z,y,z € G,

(ii) there exists (unique) e € G such that b(e,x) = b(x,e) = z for all z € G,
(iii) for all z € G there exists (unique) y € G such that b(z,y) = b(y,z) = e.
We call b the group operation.

We call the element e in (ii) the identity element.

We call the element y in (iii) the inverse of z and write y = 1.

To simplify notation one usually writes b(z,y) as xy (or = -y, or z +y, or z oy,
or ...).
A subgroup of a group (G, b) is a subset A C G such that (A, b) forms a group.
We write A < G.

A normal subgroup of a group G is a subgroup A such that

forall a€ A g€ G, gag™ '€ A.

Suppose (G1,b1) and (Ga,bs) are groups. We say (1 is isomorphic to Gy if
there exists a bijection ¢ : G; — G2 such that

(b1(z,y)) = ba(p(z), p(y)) forall =z,ye€ Gy

We write G; = (3. Being isomorphic is an equivalence relation, as one can check.
|

Example 6.6 (Matrix groups). Throughout this example we let F' denote either
CorR.
Let Mo (F) denote the set of all 2 x 2 matrices with entries in F:

Mo (F) = { ( ‘; 2 ) :a,b,c,deF}

a b

Recall that for M = < ¢ d ) we define

det M := ad — b,

and M is invertible if and only if det M # 0.

The set My (F) under matrix multiplication does not form a group, since not
all matrices are invertible.

Recalling that det(M;Ms) = det My - det My, it follows that the set

GLy(F) = {M € My(F) : det M # 0},

forms a group under matrix multiplication. The identity element is given by

1 0
a-(10)

We call GLy(F) the general linear group of 2 x 2 matrices with entries in F.
We define the special linear group SL(F) < GLy(F) by

SLy(F) ={M € My(F) :det M = 1}.
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Example 6.7 (Quotient groups). Suppose G is a group, with the operation denoted
by b(z,y) = zy.
Suppose that A < G is a normal subgroup.
We define a relation ~ on G as follows:
e~y if ayl z7lye A
Because A is a subgroup, ~ defines an equivalence relation on G. Indeed:
e z~zforany x € G, sincexzz ! =27 lz =e € A.
o if x ~ gy, then y ~ x, since yz = = (vy~ 1)t € Aand y =tz = (z7ly)" L €
A,
o ifr ~yandy ~ z, thenzz™! = (zy~1)(yz7!) € Aand z7 12 = (z 7 y)(y12) €
A.
For any x € G we define the equivalence class of = by

(2] ={y e G:y~a}.
Because A is a normal subgroup, we can show the following:
[1 ~ a9 and y1 ~ yo] = T1y1 ~ T2yo.
Indeed, we have

(z11) (w2y2) ™" = 21wy Tyt = 2 (yayy ey eyt € A
and
(z1y1) " (w2y2) = yy '@y tways = yy (@ ' mayayy Dy € A
In particular we see that
[1y1] = [x2y2] provided x1 ~zo and y; ~y2. (%)

Thus we may define the quotient group G/A := {[z] : = € G}, where we
define the group operation by [z][y] = [zy]. (Note (*) implies that this operation is
well-defined.)

One can check that G/A forms a group, with the identity given by [e] and inverses
given by [z]71 = [z71].

Example 6.8 (Projective groups). As before we let F' denote either C or R. Let
A={\Id: X e F\{0} } C GLo(F),

where Id is the identity matrix.
As one can check, A forms a normal subgroup of GLa(F).
Thus we can define the projective linear group by

Similarly the set {£Id} forms a normal subgroup of SLy(F).
Thus we can define the projective special linear group by

PSLy(F) = SLy(F)/{£Id}.

Example 6.9 (Automorphism groups). Let U C C be an open set. The set of
automorphisms of U forms a group under composition, which we denote by Aut(U).
Indeed, we have the following:

if f,g € Aut(U) then fog € Aut(U),

[fogloh= fo[goh]for f,g,h € Aut(U),

the identity element is given by the function e(z) = z,

if f € Aut(U) then f=! € Aut(U) (cf. Proposition .
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6.4. Mobius Transformations. In this section we introduce an important class
of conformal mappings called Mobius transformations (also known as fractional
linear transformations).
Recall that we identified the extended complex plane CU{co} with the Riemann
sphere
S={(z,y,2) eR®:a” + 4" + (2 = 3)° = }}
via the stereographic projection map ® : S — C U {oco} given by

I2+y2 ).

q)((x?y7 Z)) = 1f + 7;1327 @71(33 + Zy) = (1+Ia2:+y2a 1+I72J+y2a 1+$2+y2

z
The north pole (0,0, 1) corresponds to oo, since |z +iy| — 0o <= &~ (z +iy) —
(0,0,1).
The set {(z,y,2) €S:z < 1} corresponds to D.
The set {(x,y,2) € S:y > 0} corresponds to H.
A computation (in the spirit of the proof of Proposition shows that ® (and
similarly ®~1) is conformal, that is, it preserves angles between curves. (See Exer-

cise [6.5])

Definition 6.8 (Lift). Suppose f: CU {oco} — CU {oo}. We define the lift of f
to S to by
P lofod:S—S.

Definition 6.9 (Mdobius transformations). For any

a b
M<c d)GGLg((C),
we define the Mobius transformation

fur i CU{oo} > CU{oo} by fas(z) = 22120

cz+d

Proposition 6.10. The set of Mobius transformations forms a group under com-
position. Moreover for F =R or C we have the following:

{far: M € GLy(F)} = PGLy(F),
{fa: M € SLy(F)} = PSLy(F).

Proof. We consider the case of GLy(F'), as the case of SLy(F') is similar.
A direct computation shows

fMOfN:fMN for M7N€GL2(F) (Check!)
In particular, for any M € GL2(F) we have
fvmofra=fraofu=fu and  faofy-1 = fra

Furthermore

(frofm)ofn=frimofn = fomn = fro fun = fro(fmofn)
for L, M, N € GLy(F).
It follows that G := {fy : M € GLo(F)} forms a group under composition.
‘We now define

¢:G—= PGLy(F) by o(fm) = [M].
We first observe that f is onto.
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Next suppose ¢(far) = ¢(fn) for some N, M € GLo(F). Then N = AM for
some A € F\{0}. As

)\az+)\b_az+b
Aez+Ad cz+d

we find that fy = fy, so that ¢ is one-to-one.
Thus ¢ is a bijection. Moreover,

p(fn o far) = o(fvm) = [NM] = [N][M] = o(fn)e(fu),

so that ¢ is an isomorphism. (]

Lemma 6.11. For all distinct {«, 8,7} C CU{oc}, there exists M € GL2(C) such
that

Proof. Tf {a, 8,7} C C then we can take

z—0 a-—v
2=y a—p

fu(z) =

If o, 8,7 = oo we instead take

_z2=P a—nv z=p
fM(Z)_Z—’Y7 z—’y’ Ora—ﬁ’

respectively. O

Proposition 6.12. The sets D and H are biholomorphic. Consequently Aut(D) =
Aut(H).

Proof. We need to construct a biholomorphism F' : D — H. We will use a Mobius
transformation.

We can think in terms of the lift of F. As a map on S, we want a 90° rotation
about the z-axis.

Thus as a map on CU {oo}, we want

1—1, —i—0, 7~ 0.
Thus, as in Lemma we define

2+i 1—i 2+

F = . —_— .
=TT

This function defines a biholomorphism from D to H, as one should check.
We now define ¢ : Aut(D) — Aut(H) by

o(f)=FofoF™! for fe Aut(D).
One can check that ¢ is one-to-one and onto, and moreover
p(floplg)=FofoF loFogoF ' =Fo(fog)oF ' =p(foyg),

so that ¢ is an isomorphism. (]
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6.5. Automorphisms of D and H. We will now investigate Aut(D) and Aut(H).
We have actually already encountered some elements of Aut(D), namely the

Blaschke factors
Z—
for « e D.

Valz) = az—1

Indeed, in Exercise you showed that each v, is an automorphism of D. In
fact,

Yt =1g. (Check!)
Note that Blaschke factors are instances of Mébius transformations, with

1 —
Yo = fr,, Mo = ( & _a ) € GLy(C).
As we will see, the Blaschke factors turn out to give (essentially) all automor-
phisms of D!
To see this we will use the following lemma.

Lemma 6.13 (Schwarz lemma). Suppose f : D — D is holomorphic and f(0) = 0.
Then
(i) [f(2)] < |2| for z € D,
(ii) if there exists zg € D\{0} such that |f(20)| = |20|, then f is a rotation,
(iil) |f'(0)] < 1, with equality if and only if f is a rotation.

Proof. We expand f in a power series centered at O:
f(2) =ag+az+az®+---, for zeD.

As f(0) = ag =0, we find that z — @ is (more precisely, can be extended to)
a holomorphic function on D.
Now fix 0 < r < 1. By the maximum principle and the fact that |f(z)] < 1, we
find
42 = e 112] <
2€0B,.(0)

S =

max
z€B,(0)

Sending 7 — 1 we deduce that
[f(2)] <|z| for zeD,

which gives (i).
For (ii) we note that if | f(zo)| = |z0| for some zg € D\{0} then z — @ attains
its maximum in ) and hence is constant.

Thus f(z) = ¢z, and since |f(z0)| = |20] we must have |¢| = 1, so that f is a
rotation.
For (iii), we write g(z) = f(;) and note
o S f) - f0)
9(0) = limy == = lim === = £(0).
Thus |f/(0)] < 1, and if equality holds then then ¢ attains its maximum in D
and hence f is a rotation, as before. O

Theorem 6.14 (Automorphisms of D).
Aut(D) = {e4, : 0 € R, a € D}.
In particular if f € Aut(D) and f(0) =0 then f is a rotation.
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Remark 6.15. One can actually show that Aut(D) is isomorphic to a matrix group
called PSU(1,1), but the proof is a bit technical and we do not pursue it here.

Proof of Theorem[6.1]} Suppose f € Aut(D).
Choose « € D such that f(a) = 0 and consider g = f o ¢, € Aut(D).
We have ¢(0) = f(1o(0)) = f(a) =0, and so the Schwarz lemma implies

lg(z)] <|z| for zeD.

On the other hand, ¢g=1(0) = ¥ (f~1(0)) = ¥a(a) = 0, and so the Schwarz
lemma implies
g7 (2)| < |2| for zeD.
In particular
2l <197 (g(2) < lg(2)| for z€D.

Thus |g(z)| = |z| for z € D, and hence the Schwarz lemma implies that ¢ is a
rotation:

g(2) = forha(z) = €¥2.
In particular . ‘
F(2) = fova(¥it(2) = €45t (2) = €9al(2).
The result follows. O
We next consider Aut(H).

Theorem 6.16 (Automorphisms of H).

Aut(H) = {far : M € SLo(R)}.
In fact Aut(H) = PSLy(R).

Proof. First let M = ( CCL Z ) € SLy(R). Then fp; holomorphic on H, and we
can write

az+b cz+d ac|z|? +bd + adz + bez

fu(z) = = 3
cz+d cz+d lcz + d|
Thus for z € H we have
ad — be Im =
Im [f(2)] > 0.

- |ez + d|? me= |cz + d|?
In particular we can deduce that fi; € Aut(H).

Next let f € Aut(H) and choose 5 € H such that f(8) = 1.
We claim that there exists Mg € SLy(R) such that fas, (i) = 3. Indeed we can

take
Mas — 1 Re /8 —Im /8
A= VimB 1 0 '
Thus fo fu, € Aut(H) with f o far, (i) = .
Now recall from Proposition that there exists a biholomorphism F': D — H
with F'(0) = 4. In particular,
F=fi with A= ( B )

—1

Now consider the function

g=fa-10fofuyo fa.
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Then g € Aut(D) with g(0) = 0, and hence

g=fa10fofu,ofa=e"" (x)

for some 0 € R.
An explicit computation shows that (x) implies

cosf) —sinf

fofmy = fum,, where My = ( sinf cos@

Thus

) € SLy(R). (Check!)

f= fMe Of]\j[i = fMeMﬂ_l € {fM M e SLZ(R)}a
as needed.
We now define ¢ : Aut(H) — PSLy(R) by
o(fm) =[M] for M € SLy(R).

It is clear that ¢ is onto. Next if ¢(far) = w(fn) for some N, M € SLz(R), then
N = £M and hence fj; = fn. Thus ¢ is one-to-one.
Thus ¢ is a bijection. Moreover,

o(fn o fu) = o(fnm) = [NM] = [N][M] = o(fn)e(fur),

so that ¢ is an isomorphism. O

6.6. Normal Families. We now turn to the second main question of this section,
namely which subsets of C are biholomorphic. We will eventually construct biholo-
morphisms as limits of sequences of functions. In this section we develop some tools
related to taking such limits.

Definition 6.17. Let 2 C C be open and let F be a collection of functions f :
Q— C.

e We call F a normal family if every sequence in F has a subsequence that
converges locally uniformly.
e We call F locally uniformly bounded if

for all compact K C 2 there exists B > 0 such that
forall feF, ze€ K, wehave |f(z)]<B.
e We call F locally uniformly equicontinuous if
for all compact K € © and for all >0, thereexists § >0
such that for all feF, z,we K, |z—w|<d = |f(z)— f(w)] <e.

Remark 6.18. Recall that R is separable, that is, it has a countable dense subset.
This means that there exists a countable set S C R such that

forall ze€R, e>0 thereexists y €S suchthat |z—y|<e.

Indeed one can take S = Q (the rationals).
One can similarly show that R™ is separable for n > 2. As C inherits its metric
space structure from R?, it follows that C is separable.

Lemma 6.19 (Arzeld—Ascoli theorem). Let Q C C be open and F a family of
functions f : Q — C. If F is locally uniformly bounded and locally uniformly
equicontinuous, then F is a normal family.
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Proof. We use a “diagonalization” argument.

Let {fn}52: C F and let K C €2 be compact. Let {w;}52; be a dense subset of
K.

As the sequence { f,, (w1)} is uniformly bounded, there exists a subsequence { f;}}
such that f}(w;) converges.
Similarly, from the sequence {f!l} we can extract a sequence {f2} such that
(wz) converges. Note that f2(w;) also converges.
Proceeding inductively, we can construct subsequences {f*} such that f*(w;)
converges for j =1,... k.

Now consider the diagonal sequence g, = f. By construction g,(w;) converges
for all j.

We will now show that in fact g, converges uniformly on K.

Let € > 0 and (by equicontinuity) choose § > 0 so that

2
n

forall feF, z,we K, wehave |[z—w|<d§ = |f(z)— f(w)]<e.
By the denseness of {w;} and compactness of K,
J
there exists J € N such that K C U Bs(wj).
j=1
We may now find N € N large enough that
n,m>N = |gn(w;) — gm(w;)| <e forall j=1,...,J.

Now let z € K. Then there exists j € {1,...,J} such that z € Bs(w;). Thus for
n,m > N we have

9n(2) = gm(2)| < |gn(2) — gn(wj)| + ‘gn(wj) - gm(wj)‘
+ |gm(wj) = gm(2)]
< 3e.

It follows that {g, } is uniformly Cauchy on K, and thus converges uniformly on K
(see Exercise [6.11]).

We have shown: for any compact set K, {f,} has a subsequence that converges
uniformly on K.

However, we need to find one subsequence that converges uniformly on every
compact set.

To this end, for each £ we define

Ki={z€Q:|z]<{ and inf |z —w|> 1}
weC\{Q}

Then each K is compact, K; C K41, and 2 = Uy K.

Now let {f!} be a subsequence of {f, } that converges uniformly on Ki; let {f2}
be a subsequence of {f!} that converges uniformly on Kj, and so on.

Now consider the diagonal sequence g, = f7. Then {g,} converges uniformly
on each K.

Since any compact K C € is contained in some Ky, it follows that {g, } converges
uniformly on every compact subset of €. O

The next result tells us that for a family of holomorphic functions, boundedness
implies equicontinuity “for free”.



INTRODUCTION TO COMPLEX ANALYSIS 75

Theorem 6.20 (Montel’s theorem). Suppose F is a family of holomorphic func-
tions that is locally uniformly bounded. Then F is locally uniformly equicontinuous,
and hence (by Arzeld—-Ascoli) F is a normal family.

Proof. Let K C € be compact. By compactness, we may find r > 0 such that
Bs,-(z) C Q for all z € K (see Exercise [6.12)).
We next define the set

= Q:inf |a— 6] <2
Sy ={a€Q: inf ja— B <2r)
and note that S is compact (why?). Thus by assumption there exists A, > 0 such

that
[f(@)| <A, for a€l, feF

Now let z,w € K with |z —w| < 7.
Using the Cauchy integral formula and the fact that 9Ba,.(w) C S,., we find that

for f € F we have
1 1
_ — |1 —
O o N ] PP e
1 |z — wl
< a)| ——m dao
< 3r fop o " o

d7r |z — w
< sup | f(«
2r 2r-r a€dBa, (w) | ( )|

< Lz —wl.
T

Hence given € > 0, we may choose § < min{r, Z—’;} and it follows that for z,w € K
we have
|z —w|<d§d = |f(z) = f(w)|<e forall feF.
As K was arbitrary, we conclude that F is locally uniformly equicontinuous, as
needed. (I

6.7. The Riemann Mapping Theorem. We turn to the main result in our study
of conformal mappings.

Theorem 6.21 (Riemann mapping theorem). Let (} # Q C C be simply connected
and zg € Q. Then there exists a unique biholomorphism F : Q — D such that
F(z9) =0 and F'(z) > 0.

As a consequence, if ) # U,V C C are simply connected, then U ~ V.

Remark 6.22. The uniqueness statement follows immediately, since if F' and F
are two such biholomorphisms, then g = F o F~! € Aut(D) with g(0) = 0, so that
g(z) = €2 for some 6 € R. As ¢’(0) > 0 we must have g(z) = z, i.e. F=F.

Also, to see that any simply connected U,V C C are biholomorphic, we simply
recall that U ~ D and D ~ V implies U ~ V. O

As mentioned above, we will construct the biholomorphism as a limit of func-
tions.
As such, the following lemma will be useful.

Lemma 6.23. Let Q C C be open and connected. Suppose {fn} is a sequence
of injective functions fp, : Q0 — C that converge locally uniformly to the function
f:Q— C. Then f is either injective or constant.
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Proof. First note that as f is the locally uniform limit of holomorphic functions, it
is holomorphic.

Suppose that f is not injective, so that there exist distinct 21, z5 € Q such that
F(21) = £(z2):

We will show that f is constant.

Define gn(z) = fn(2) — fn(21).

As each f, is injective, we see that each g, has exactly one zero in  at z = z;.

We also note that {g,} converges locally uniformly on Q to g(z) := f(z) — f(z1).

Suppose g is not identically zero. Then g has an isolated zero at zo (since €2 is
connected).

For a sufficiently small circle v around z, we can guarantee that g does not
vanish on v and z; ¢ v U interior(7y).

Using the argument principle and the fact that i — é and g/, — ¢’ uniformly
on v, we deduce

1 [d(2)
2mi /., g(2)
a contradiction. Thus g must be identically zero, that is, f(z) = f(z1).

1 /
0 : 9n(2) dz — dz =1,
273 J, 9u(2)

]

Proof of Theorem[6.21]. We proceed in three main steps.

Step 1. We show that there exists an open set U C D such that Q ~ U and
0eU.

To this end, pick a € C\Q2. As the holomorphic function z — z — « is nonzero
on ) we may define a holomorphic function f : {2 — C such that

e =2 —a. (¥

In particular f is injective.
We now fix w € . We claim that there exists € > 0 such that

I£(2) = (f(w) 4 27i)| > e forall zeQ.

Indeed, otherwise we may find {z,} C Q such that f(z,) — f(w) + 2mi.
But then

ef (2n) — Zn — O —> ef (@) =w—q«, sothat 2z, — w.
However f(z,) = f(w) -+ 2mi # f(w), so this contradicts the continuity of f.
It follows that the function F': Q2 — C

F(z) = !

f(z) = (f (w) + 2mi)
is a holomorphic, injective, and bounded function.
In particular F' is a biholomorphism onto its (open) image.
As F is bounded, we may translate and rescale F' so that F'(2) C D and 0 €
Step 2. By Step 1, we may assume without loss of generality that 2 C D is an
open set with 0 € . Define

F ={f:Q— D|f is holomorphic, injective, and f(0) = 0}.

In this step we find f € F that maximizes |f’(0)].
Note that F # 0, since it contains the function f(z) = z.
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It is easy to see that F is uniformly bounded, since |f(2)| <1 for all f € F and
z €.
In fact, by the Cauchy integral formulas we can deduce that

s:=sup |f(0)| < cc.
fer

We now choose a sequence {f,,} C F such that |f} (0)] — s as n — oo.

By Montel’s theorem, this sequence converges locally uniformly along a subse-
quence to a holomorphic function f :  — C with |f'(0)| = s.

Note that since z — z belongs to F, we must have s > 1.

Thus by the lemma we find that f is non-constant and hence injective.

By continuity we find sup|f| < 1, and since f is non-constant the maximum
principle implies sup | f| < 1.

Finally, since f(0) =0, we conclude that f € F with |f/(0)| = s.

Step 3. We show that f: ) — D is a biholomorphism.

It suffices to show that f is onto.

Suppose toward a contradiction that

there exists « € D such that f(z)#a forall ze Q.
Consider 1), € Aut(D) and define the set
A =140 f(Q).
As Q is simply connected, so is A. (This follows from the continuity of ¥, o f and
the open mapping theorem.)
Furthermore o ¢ f(Q2) = 0 ¢ A, so that we may define a branch of the

logarithm log 4 on A.
Now consider the square root function g : A — C given by

g(z) = e2108a(2)
Now define F': Q — C by
qupg(a)ogowaof'
We now notice that F' € F. Indeed, F' is holomorphic and satisfies
F(O) = wg(a) ©go ’l/)a(O) = 'l/)g(a) © g(a) =0.

Moreover, F(€) C D since this is true for each function in the composition. (Note
for instance that |g(2)|?> = |z| < 1 for z € D.)

Finally, we note that F' is injective as well since each function in the composition
is.

We now define h(z) = 2% and recall ¢ = 9,. Then

[=®cF, with ®=1,0hotyq).

Now ® : D — D is holomorphic with ®(0) = 0, but it is not injective because h
is not.

Thus by the Schwarz lemma we conclude ®'(0) < 1.

However,

F1(0) = ®(F(0)F'(0) = @"(0)F'(0) = [/(0)] <[F'(0)],

contradicting the fact that f maximizes |¢’(0)| for ¢ € F.
We conclude f is onto, as needed.
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To complete the proof, we simply note that we may multiply f by some e to
guarantee that f/(0) > 0. O

6.8. Exercises.

Exercise 6.1. (i) Let (X,d) and (Y, d) be metric spaces and f : X — Y. Show
that f is continuous on X if and only if

forallopen U CY, f~Y(U) isopenin X,

where
FHU)={z e X: f(x) eU}.
(ii) Suppose U,V C C are open and non-empty and f : U — V is a biholomor-
phism. Show that the inverse f~! : V — U is continuous.
Remark: For (i) use the definition of continuity from Definition [1.10}

Exercise 6.2. Suppose U,V C C are open and biholomorphic.
(i) Show that Aut(U) and Aut(V') are isomorphic.
(ii) Show that if U is simply connected, then so is V.

Exercise 6.3. A (real) n X n matrix M is orthogonal if MM?! = Id, where *
denotes transpose and Id is the n x n identity matrix. If M is orthogonal and
det M =1, we call M a rotation.

(i) Show that the set of orthogonal matrices forms a subgroup of GL2(R) and
that the set of rotations forms a subgroup of SLy(R). (These groups are known
as the orthogonal group, denoted O(n), and the special orthogonal group, denoted
SO(n), respectively.)

(ii) Show that M is orthogonal if and only if (Mv, Mw)g~ = (v, w)r~ for all
v,w € R™.

(iii) Show that if M is orthogonal then the angle between v, w € R™ equals the
angle between Mv and Mw.

Remark. A few useful facts: det A® = det A, det AB = det A - det B, (AB)! =
Bt At
Exercise 6.4. Show that h(z) = —%(z 4+ 1) is a holomorphic injective function
from {z € D:Imz > 0} to H.

Exercise 6.5. Consider the inverse of the stereographic projection map:
2 2
f : RQ - RB) f(xa y) = (1+w32v+y27 1+wg+y27 11;2"_}(_!/2 )
For (z,y) € R? let M(x,y) denote the 3 x 2 matrix of partial derivatives of f at
(z,y). Show that for all (z,y), one can write

[M (2, y)]' M (z,y) = g(=,y)Id,
where ! denotes transpose, Id is the 2 x 2 identity matrix, and g : R> = R is a
strictly positive function.

Remark. This computation implies that stereographic projection is conformal.
(Why?)

Exercise 6.6. For each pair of sets U,V below, find a Mobius transformation
taking U to V.

N U={z€C:|z|>1}, V={z€C:Re(z) >0},

i) U=D, V={2€C:% <arg(z) <}
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Exercise 6.7. Let M, N € GLy(C). Show that fyyny = far o fn, where fj is the
Mobius transformation associated with M.

Exercise 6.8. Let f : H — C be holomorphic and satisfy |f(z)| < 1 for z € H and
f(@) = 0. Show that
Z—1

-| for =z e H.
z24+1

IF(2)] <

Exercise 6.9. A fixed point of a function f is a point z such that f(z) = z.

(i) Show that if f : D — D is holomorphic and has two distinct fixed points, then
f(z) =z for z € D.

(ii) True or false: every holomorphic function f : D — D must have a fixed point.
(Prove that your answer is correct.)

Exercise 6.10. Let
—i 1 cosf) —sinf
A_< 1 —i )’ M_(sin¢9 cos 6 )
Show that if fA—l ogo fA = 672"‘0 then g= fM

Exercise 6.11. Suppose {f,} is a sequence of functions f, : @ — C. Show that if
{fn} is uniformly Cauchy on Q, then {f,} converges uniformly on €.

Remark. Here uniformly Cauchy means that for any € > 0 there exists IV such
that for any n,m > N and any z € Q we have |f,(z) — fm(2)] < e.

Exercise 6.12. Let 2 C C be open and K C € be compact. Show that there
exists r > 0 such that for all z € K we have B,.(z) C .

Remark. As ) is open, it follows that for each z € K there exists r > 0 such
that B,.(z) C Q. The point is that if K is compact, we can find a single r > 0 that
works for all z € K. The proof of this fact is essentially included in the proof of

Theorem see ([1.2]) therein.
Exercise 6.13. Let {f,,} be a sequence of functions f, : @ — C and {w;}$2, C Q.
Suppose that for each k& > 1 we have a subsequence {f*} of {f,} such that
{511 is a subsequence of {f*}

and

{f¥(w;)} converges for j=1,... k.
Define the subsequence {g,,} by g, = f/. Show that {g,(w;)} converges for all j.
Exercise 6.14. Suppose that {K,} is a sequence of compact sets such that K, C

Ky for each £. Suppose that {f,} is a sequence of a functions and that for each
¢ > 1 we have a subsequence {f’} of {f,} such that

{fE1} is a subsequence of {f%}

and
{ft}  converges uniformly on K.

Define the subsequence {g,} by g, = f”. Show that {g,} converges uniformly on
each K.
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7. THE PRIME NUMBER THEOREM

We next discuss an application of complex analysis to number theory. Our main
reference for this section is Chapter XIV in Gamelin’s Complex Analysis.

7.1. Preliminaries.

Definition 7.1 (Prime). Let p € N. We call p prime if p > 1 and p has no positive
divisors other than 1 and p.

Convention. We use n to refer to arbitrary natural numbers, while p always

refers to primes.
We recall (without proof) the following essential fact about prime numbers.

Theorem 7.2 (Fundamental theorem of arithmetic). Every n > 1 can be written
uniquely as a product of powers of primes.

The prime number theorem addresses the question of the asymptotic distribution
of primes. For this question even to make sense, we first need the following:

Theorem 7.3 (Euclid, 300 BC). There are infinitely many primes.

Proof. Suppose there were only finitely many, say p1,...,p,. Now some prime p;
must divide py - --p, + 1. But since p; also divides p; - - - p, we now deduce that p;
divides 1, a contradiction. O

Definition 7.4. We define w(n) = #{p:p < n}.

Definition 7.5 (Asymptotic notation). We write f(n) ~ g(n) as n — oo to denote

lim M =1.
The goal of this section is to prove the following;:
Theorem 7.6 (Prime number theorem, Hadamard/de la Vallée Poussin, 1896).
n

7(n) as n — oo.

- logn

The following figure depicts n/logn (solid line) versus 7(n) (dashed line) for n
between 1,000 and 10,000,000 (left), along with the ratio of 2 + 7 (n) (right).

The proof will rely on the analysis of some special functions, the first of which
is the following:

Definition 7.7. We define 9J(z) =3 _ logp forz > 0.
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The next proposition makes the role of ¥ clear:

Proposition 7.8. The prime number theorem holds if and only if

dn) ~n as n— oco.

Proof. We first note that
0<d(n) <m(n)logn for n>1.
Next we fix 0 < € < 1. Then

d(n) > Z logp

nl—e<p<n
> (1 —¢)logn[mr(n) — m(n'~9)]
> (1 —¢)logn[r(n) —n'~c].
Combining the two estimates above we deduce

logn < 1 d(n) n logn

2 < f > 1.
n < mn) n ~ 1l—e n ne or =
As )
lim —2" — 0
n—oo Nt
and ¢ > 0 was arbitrary, we deduce that
n
H(n) ~ if and only if ~ .
(n) ~n if and only if w(n) Togn

As a warmup, let’s prove the following bound (due to Chebyshev):
Lemma 7.9. For all x > 1 we have ¥(x) < (41og 2)x.

Proof. We consider the binomial coefficient b,, := ( 72;1 ) and claim the following:

(i) b, <220
(i) the product [], s,
For (i) we recall that b, counts the number of subsets of (1,...,2n) with n
elements, while 22" counts the total number of subsets of (1,...,2n).
For (ii) we argue as follows. Since
_(2n)!  (n+1)---(2n)
" oplnl 1---n

p divides b, (and hence is less than 2%7).

is an integer, we know that 1---n divides (n 4+ 1)---(2n). However, 1---n cannot
divide any prime between n and 2n, and hence we deduce that

(n+1)---(2n)
1'“{”"Hn<p<2np

is an integer, as needed.
Thus we have

Z logp = log ( H p) < log(2%") < 2nlog2,
n<p<2n n<p<2n

and so
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9(2™) = i Z logp < 210g2i2k*1 < 2mHtlog 2.

k=12k—1<p<2k k=1
Now for z > 0 we choose m so that 2m~1 < z < 2™. Then
I(z) <9(2™) < 2" log2 < (4log2),
which completes the proof. ([

That is all we will say about 9 for the moment. We turn now to our next special
function.

7.2. The Riemann Zeta Function.
Definition 7.10. For s > 1 we define ((s) =Y~ n*.

Proposition 7.11. The series defining ¢ converges on {s € C : Res > 1} and
defines a holomorphic function there.

Proof. We first note that if € > 0 and S = {s € C: Res > 1 + ¢}, then the series
> n~* converges absolutely uniformly for s € S.. Indeed, if s = o + it € S, we

have

I =n"%n""| = n e 8| = p=7,

and hence we can use the comparison test with the series S n~(1+¢),
Thus ¢ is the locally uniform limit of the holomorphic functions fy(s) :=
227:1 n~° on the set {s € C: Res > 1}, which implies the result. O

The next lemma demonstrates a clear connection between ¢ and the primes.

Lemma 7.12. For s € C with Res > 1, we have
1
= 1— 1),
o~ o=
In particular ((s) # 0 if Res > 1.

Proof. We first note that 3 pi converges absolutely (locally uniformly) on {s €
C:Res>1}.

Thus the product above converges.

We now claim that for s € C with Res > 1 we have

i - > =)

p

which implies the result.
To prove (x) we first note that for p prime and Res > 1 we have

1
— :1+p75+p725+... .
1 _ p s
If we apply this to the first m primes, say p1,...,Pm, then multiply, we find
m 1 oo oo
k kmy—
[t = 3 3 vk
=1 ¢ k1=0 k=0

By the fundamental theorem of artithmetic, every n > 1 can be written uniquely
as a product of powers of primes.
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Thus each summand n™° appears at most once in the sum above, and as we send
m — oo we will eventually cover each n~*%. This proves (x). g

The next result lets us extend ¢ beyond the line {s € C: Res = 1}.

Lemma 7.13. The function
1
’_> J
5 C(s) = —
has an analytic continuation to the set {s € C : Res > 0}. In particular, ¢ has a
meromorphic continuation to {s € C: Res > 0} with a single simple pole at s =1
with res;( = 1.

Proof. First for s € C with Res > 1 we can write

((s) ~ —= :in_s—/loox_sdx:i (/:H[n_s—x_s]da:)

n=1

We now claim that the series on the right actually converges absolutely (locally
uniformly) whenever Re s > 0, which implies the result.
Indeed, we can write

n+1 n+1 x
/ [n™% — 7% dx = / / su” ) duy der,

so that
n+1
‘ / n™° — 2% dz| <|s| max |u~CtD.
n u€n,n+1]
As
|u7(s+1)| _ uf(Res+1) < nf(Res+1)
for w € [n,n+1], the claim follows by comparison with the series ) p~(Rest+1) O

Remark 7.14. One can actually show that ¢ has a meromorphic continuation into
all of C, with no other singularities than the pole at s = 1. We will not pursue this
direction.

We next study the zeros of the ¢ function, which will also lead to our final special
function.
We begin by using Lemma to write

g (gh) = o (T = &) = S tost1 =)

d s

p o =e 8 = L (p7°) = —logp-e 8P = —logp-p 7,

we find

S

¢ :Zlogp'p* = logp 4

¢(s) L—ps —p -1
We split the sum into two pieces:

logp logp log p
Zps—l*Z p° +§m

p p
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and define

B(s) =Y logp.

pé
P
Note that ® converges absolutely and defines a holomorphic function on {s €

C:Res>1}.
In fact, using Lemma and (%) we can say more:

Lemma 7.15. The function ® has a meromorphic continuation to {s € C : Res >
%}, with simple poles precisely at the poles and zeros of (.

Proof. We first rewrite (%) as

_ ¢(s) log p
o) =~ _zp:ps(ps—l)'

As ¢ is meromorphic on {s € C: Res > 0} and the function
logp
Y

defines a holomorphic function on {s € C: Res > 1}, we deduce that ® has a
meromorphic continuation to {s € C: Res > 3}.

Furthermore, the formula above also shows that ® has simple poles at the poles
and zeros of (. (Why?) O

Remark 7.16. We can now see that ® has a simple pole at s = 1, since ( does.
Moreover, the formula above implies that res;® = res;( = 1.

Finally we record a result that will be crucial for the proof of the prime number
theorem.

Proposition 7.17. The function ¢ has no zeros on the line £ := {s € C: Res = 1}.
Thus ® has no poles on £ other than the pole at s = 1.

Proof. A fair warning: the proof is rather mysterious.
Suppose toward a contradiction that ¢(1 + it) = 0 for some ¢ # 0.
In this case we find

IClo+it)|* <Ce—1)* as o —1T.
As ¢ has a simple pole at s = 1, we also have
ICO)?<C'(c—1)"% as o—1T.
As ¢ is holomorphic at s = o + 2ity, we have that {(o + 2itg) stays bounded as
o— 1T,
Thus we deduce
I3 (o) (o +it)(o +2it)] =0 as o —1T. (%)

On the other hand, using the formula above and using the power series for log
we have the following for s € C with Res > 1:
[e ] pfms (o ] B
log(1 — — =— w7,
DO EES Bp BE e e

m=1

where ¢, = E if n = p™ and ¢, = 0 otherwise.
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Thus for s € C with Res > 1 we have
oo
log(s) = E cpn”®  for some ¢, > 0.
n=1

We now let s = o + it for ¢ > 1 and note that
Ren * = Re (n 7¢"1°8™) = 77 cos(tlogn).
Thus
log|¢®(0)¢* (o + it)¢ (o + 2it)|
= 3log|((0)| + 4log|( (o + it)| + log | (o + 2it)]
= 3Re log ((0) + 4Re log ((o + it) + Re log {(o + 2it)

Z enn” 7 [3 + 4 cos(tlogn) + cos(2t logn)]

n

Il
—

2¢,n" 7 [1 + cos(tlogn)] 2, (Check!)

M

3
Il
_

In particular
log |[¢* ()¢ (o + it)¢ (o + 2it)| = 0,

which contradicts () since log z is negative for x € (0, 1). O

Remark 7.18. We now know that ¢ has no zeros on {s € C: Res > 1}.

One can show (via the so-called “functional equation” for ¢) that the only zeros
of ( in {s € C:Res < 0} are the “trivial zeros” at the negative even integers.

Thus all “non-trivial” zeros of ¢ lie in the “critical strip” S := {s € C:0 <
Res < 1}.

It is known that ¢ has infinitely many zeros in S, and in fact their asymptotic
distribution is known.

The Riemann hypothesis states that all of the zeros of ¢ in S lie on {s € C:
Res = 3}.

The Riemann hypothesis is one of the most famous open problems in mathe-
matics; solving it will earn you a million dollar prize (not to mention international
fame!).

7.3. Laplace Transforms. We next introduce an analytic tool that will play an
important role in the proof of the prime number theorem.

Definition 7.19 (Laplace transform). Let h : [0,00) — R be piecewise continuous
and have order of growth < p. The Laplace transform of h is the function

oo
(Lh)(s) = / e=th(t) dt,
0
which defines a holomorphic function on {s € C: Res > p}.

Laplace transforms show up in a variety of settings. They are frequently applied
in the context of ODEs and electrical engineering, for example.

We have a specific goal in mind, so we will not pursue the general theory. Instead
we will only prove the following;:
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Proposition 7.20. Suppose h : [0,00) — R is a bounded piecewise continuous
function. Suppose Lh has an analytic continuation across the imaginary azis. Then

lim ’ h(t)dt = lim (Lh)(z).

T—o0 Jo r—04

Proof. Let g denote the analytic continuation of £k and let € > 0.
For T > 0 we define

T
gT(z):/O e *°h(s)ds

and note that gr is an entire function.
To prove the theorem it suffices to show

|g(0) — g7(0)] < 4e for all T sufficiently large. (x)
Let M denote an upper bound for h, and choose R > 0 large enough that
<

We next choose § > 0 small enough that g is holomorphic in an open set con-
taining
Qs = {z € Bg(0) : Rez > —4}.
By the Cauchy integral formula, we have

1 z Z2 Z
90) = 920) = 5= [ l9l2) = gr(2) T (14 ) %,
271 s ————
=F(z)
We write
005 =1 Uy2 Uns,
where

e v1 ={2€ 00 :Rez >0},
o v ={2€ 09 : Rez = =6},
e v3=00s\(71 Uv2) (the small arcs).
For z =z + iy € 1 we have
oo L Me—xT
96) —ar) < | [T eeoneyas .
T

xT

(oo}
gM/ e Tds <
T

As |1+ %22| = 2%‘ whenever |z| = R, we deduce

1 TR Me T T 20 M
— 2) —gr(2)]F(z) &| < — ——F <
2m'/%[g()gT()]()z_27r x R R~ R
To proceed, we treat g and gr separately.

As g7 is entire, we may write

L MVW@%=—j/w@ﬂ@%

2m v2U7s

where
~v4 ={z € Bg(0) : Rez < 0}.
For z = x 4 iy € 4 we estimate
T —aT
Me
lgr(2)| = ‘/ e **h(s)ds _
0

T
< M/ e ds <
0 ||




INTRODUCTION TO COMPLEX ANALYSIS 87

Thus as above we have
TR Me T T 20z| M

1
— F(z) 4% i e
omi /MgT(Z) e e P A Ty

We next note that for z € vy3 we have

‘GZT‘ _ 6RTcosargz < 1

and that the length of 5 tends to zero as § — 0. Thus for § small enough we find

L / FELOE

<e forany T >0.
271

Finally for z € v, we have |e*T| = 797 thus for all T sufficiently large we get

! / 9(2)F(2) & | <e.

27
Collecting the estimates above gives (x), as needed. 0

7.4. Proof of the Prime Number Theorem. We turn to the proof of the prime
number theorem. Recall from Proposition that it suffices to show

d(n)~n as n— oo, where ¥(z)= Zlogp.
p<x

We begin with a lemma that brings together some ideas from the previous sec-
tions:

Lemma 7.21. For s € C with Res > 1 we have
1
(LI(e"))(s) = gd)(s)

Proof. By Lemma the function ¢ — 9(et) has order of growth < 1. Thus its
Laplace transform defines a holomorphic function on {s € C: Res > 1}.
Let p, denote the n* prime. Then ¥(et) is constant for logp, < t < logp,i1,

so that
log pnt1 e st
/ e t9(et) dt = I(py)
1

0g pn -8

log pn+1

=9(pn) (Pr* — Pria)-

t=logpn
Summing over n and using that

ﬁ(pn) - ﬂ(pn—l) = Ingna

we deduce
> —s 1 —s —s
f) e = {0007 - vt
= 72 I(pn-1)]p7*
1 Z log
which completes the proof. O

We next consider the function
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Lemma 7.22. The Laplace transform of h is given by the formula

and has an analytic continuation across the imaginary axis.

Proof. By the previous lemma, we can compute that for Res > 0 we have

(Lh)(s) = /000 e [I(eh)e ™ — 1] dt

:/ e*(sﬂ)tﬁ(et)dt—/ e stdt
0 0
P(s+1) 1

s+1 5

We know that ® is holomorphic for Res > 1, and by Lemma we know that &
has a mermomorphic continuation to {s € C : Res > $}.

Moreover, from Proposition we know that the only pole of ® on the line
{s € C: Res =1} is the simple pole at s = 1, with res;® = 1.

We conclude that the function

Os+1) 1

s+1 S

can be continued analytically across the imaginary axis, which completes the proof.
|

We now have all of the ingredients we need to prove the prime number theorem.

Proof of Theorem[7.6. We first use Lemma and Proposition to conclude
that

lim [I(eh)e " — 1] dt

T—oo Jg
exists. Changing variables via 2 = e?, this implies
R

! ) ]ds st
im ! [z ]m exists. (%)

We will now use (*) to show that ¥(z) ~ = as © — oo, which by Proposition
is equivalent to the prime number theorem.

First we suppose toward a contradiction that ¥(x) > (1 + &)z for some ¢ > 0
and for arbitrarily large x.

As 1 is increasing, for any such x we have

(14¢)x (1+4¢)
e [ ey
T x
(14e)z
> [ [a+az-ne

e 1 d
> [ e

>¢e—log(l+¢)>0.
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Thus as R — oo we have that

" 9(t) d
|-

increases by € —log(1+¢) over infinitely many disjoint intervals of the form (z, (1+
e)z), which contradicts (x).

Arguing similarly, we find that we cannot have J(z) < (1 — €)x for some £ > 0
for arbitrarily large values of x.

We conclude that ¥(z) ~ z as  — oo, which completes the proof. (]

7.5. Exercises.

Exercise 7.1. Show that

for s € C such that Res > —1.
Hint. Recall Exercise 3.211

F'(2)
F(z) -

Exercise 7.2. Suppose F' is a meromorphic function on C and define f(z) =
Prove the following:
(i) If F has a zero of order n at zp, then f has a simple pole at zo and res,, f = n.
(ii) If F has a pole of order m at zg, then f has a simple pole at zy and res,, f =
—m.

Exercise 7.3. For s > 0 define the gamma function by the convergent integral

I'(s) z/ ettt dt.
0

(i) Show that the integral defining I" defines a holomorphic function on {s € C:
Res > 0}.

(ii) Show that I has a meromorphic continuation to all of C. Determine its poles,
their orders, and their residues.

Hints. For s € C with Res > 0 write

1 o)
F(s):/ e—tts—ldt+/ e tts 7 dt.
0 1

Note that the second integral defines an entire function of s. Express the first
integral as a series by writing e~ in a power series and integrating term by term.
Show that the series defines a meromorphic function on C and determine its poles,
their orders, and their residues.

Remark. The gamma function shows up all over the place. One important fact
you may try to prove is that T'(n + 1) = n! for n € N. To prove this, show that (i)
I'(1) =1 and (ii) I'(s + 1) = sI'(s) for Res > 0. For (ii), integrate by parts in the
integral formula for I'.
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