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Chapter 1

Introduction

These notes are based on an undergraduate introductory PDE course I gave
at UC Berkeley in the Fall of 2014. While searching for a textbook, I could
not find exactly what I was looking for. Between the textbooks of Strauss
and Evans, I could find essentially everything I wanted to cover; however,
I found that I wanted something a bit more in-depth than the book of
Strauss and a bit more basic than the book of Evans. Inspired largely by
these two textbooks, I prepared my own notes, which formed the basis of
this document.

The prerequisites for this class consisted of multivariable calculus, linear
algebra, and differential equations. In particular, I could not assume famil-
iarity with real analysis. Thus, many issues related to convergence are dealt
with rather informally, and many technical details are glossed over.

These notes are a work in progress and will be updated over time.

1.1 Derivation of some common PDE

Ezample 1.1.1 (Heat equation). Let @ C R be an open region of space. Let
u(t, z) denote the density of some quantity in 2 (e.g. ‘heat’) at time ¢t and
position x. The goal is to describe how the distribution of heat evolves in
time.

Denote by F(¢,x) the ‘flux density’ of the heat at (¢,z). Heat flows from
regions of high density to low density, so we approximate F = —kVu for
some k > 0.
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Now fix a small subregion V' C 2. The amount of heat in V is given by

/ u(t, x) dx.
\%4
We wish to measure

i/ u(t,a:)dx:/ %(t,a:)dm.
\%4 \%

To do so, we need to measure the flow of heat through the boundary oV.
Let n(z) be the outward-pointing unit normal vector at x € V. Then

/audx__/ F.-ndS = kVu-ndS.
v ov

Applying the divergence theorem, we find

/ggdx:/divkvudmz/ EAuwdz. (%)
\% \% \%4

For any (t,z), we now consider regions V' C 2 that ‘shrink down’ to
(t,z). As (%) holds on each V, we conclude

%(t, x) = kAu(t, x).

This is the heat equation.

Ezample 1.1.2 (Laplace equation). We revisit the setting of Example 1, but
suppose the system has reached equilibrium. In particular, u = u(x). (The
density is constant in time).

Consider a subregion V' C ). As the system is at equilibrium,

/ud:n
1%

is constant. Thus the flow through 0V is zero:

/ kVu-ndS =0.
ov

Applying the divergence theorem, we find

/ Audz = 0.
v

As V was arbitrary, we deduce
Au(x) = 0.

This is the Laplace equation.
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Definition 1.1.1. Solutions to Laplace’s equation are called harmonic.

Ezample 1.1.3 (Wave equation). Let @ C R? be an open region of space
inhabited by an elastic object (for example, a string if d = 1, a drumhead
if d = 2). Let u(t,z) denote the displacement of the object in some fixed
direction. The goal is to derive an equation for u. We will primarily use
‘F'=ma’.

Let V' C § be a small subregion. Force (tension) acts on the object
through the boundary dV. For elastic bodies, a reasonable approximation
is F = —kVu for some k > 0.

The net force on the object in the region V is thus

—/ F-ndS = kVu-ndS.
ov 21%

The acceleration of the object within V' is given by

2 2
gﬁ/udazz/%ﬁdaz.
1% 1%

Assuming constant mass density p, Newton’s law (F' = ma) gives

/avkvu-ndszp/vgjgdx.

Applying the divergence theorem we find

0%u k
/V(at2 —cAu)dx =0, c= v
As V was arbitrary, we deduce
Pu_ cAu=0
5 — cAu = 0.

This is the wave equation.
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Review of Topology and
Calculus

2.1 Properties of R?

We work in Euclidean space R, which is a vector space with the stan-
dard basis {e!,..., e}, where ¢! = (1,0,...,0), etc. For z € R?, we write
= (z1,...,24) to denote x = z1e’ + -+ + z4e?. We call z1,..., 24 the
components of x.

The standard inner product on R? is given by x -y = z1y1 + - - - + Zqyq-
The norm of a vector is defined by |z| = v/z - . The distance between two
points is given by d(z,y) = |z — y|.

We use the metric on R? to define its topology, that is, the notion of
open/closed sets and convergence/limits.

For z € R% and r > 0, we define the open ball

B.(z)={y € R?: d(z,y) <r}.

A set Q C R? is open if for any = € €, there exists » > 0 such that
B.(z) € Q. A set C C R is closed if its complement RI\C := {z € R? :
x ¢ C} is open.

The closure of €2, denoted €, is the intersection of all closed sets con-
taining 2

A sequence {x,,}>°; C R? converges to ¢ € R? if

for any € > 0 there exists N such that |z, — ¢| < e for all n > N.

We call ¢ the limit of the sequence and write z,, — ¢

7
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A set C' is closed if whenever {z,}2°; C C and z,, — ¢, we have ¢ € C.
A set K C R? is compact if it is closed and bounded. (This is not a
definition of compact, but rather a theorem about compact sets in Rd.)

2.2 Calculus Review

Fix an open set Q@ C R? and a function f: Q — R.

A function f is continuous at z €  if whenever {z,}22; C Q and
xn — x, we have f(x,) — f(z). The function f is continuous if it is
continuous at each x € )

A function f is differentiable at z € § if there exists v € R? such that
for any {h,}2, C RN\{0} such that h,, — 0, we have

f(athn)—f(z)—v-hy

— 0.
[hn]

We call v the gradient of f at z, and we write v = V f(x).
The components of Vf(z) are the partial derivatives of f, denoted
(). That is, V£(z) = (2L(2),..., 5L (2)).

oz ) Ox
The function f is differerlltiable if itdis differentiable at each z € Q2.
Note that % defines a function from 2 — R, which may also be dif-

2
ferentiable. Thus we have second order derivatives 63 gm,, as well as higher
7 %

order derivatives. Clairaut’s theorem states that ‘mixed’ partial derivatives

2 2
(e.g. %afmj versus ag?]- gxl) are equal if they are continuous.

We say f is smooth if it has continuous derivatives of every order —
we write f € C*.

The support of f is defined as follows: supp(f) := {z: f(z) #0}. If
f is smooth and supp(f) is compact, we write f € CZ°.

A vector field is a function F : R? — R?. We write F in terms of its
component functions: F = (Fy, ..., Fy).

We use the following notation for a function u : R x R — R, with
(t,z) € R x R%:

o)
ut:&gu: 87’?’

_ — 9.4 — Ou
Uy, = Oz, u = Oju = 5o

Pu . _ a9
8£E1‘6$j - umix]’ - 8$i.’2ju - 8@]“, etC.,

Vu = (ug,,...,uy,) = gradu.

The divergence of F : R — R% is given by divF =V -F = Zle gi

The Laplacian of u is given by Au = div Vu = Zgzl Ug ;-
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2.3 Further Topics

Theorem 2.3.1 (Gauss-Green formula). Let Q C R? be an open region
with smooth boundary 0. Let f : Q — R be a smooth function. Let
n(z) = (n1(x),...,nq4(x)) denote the outward-pointing unit normal vector
at x € Q. Then forie {1,...,d},

/uxi dx:/ un; dS.
Q oN

e Change of variables:

_ _ —d
[ tarads= [ s [ pede= 10 [ .

—~
y=x+x0, dy=dzx y=cz, dy=|c|%dx

e Polar coordinates:

_ > d—1
y f(z)de = /0 /831(0) fro)r*—dSdr.

x=r0, dx=ri=1drdS(9)

e An operator is a function whose input/output are functions.

Important examples include differential operators, for example

— Oy (partial derivative)
- A (Laplacian)

— 0 — A  (heat operator)

— 0}~ A (d’Alembertian)

2.4 Convolution and Distributions

Definition 2.4.1. Let f,g € C2°(R?). The convolution of f and g is the
function

f*xg: R 5 R
defined by
fro@ = [ $ =y
R4
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Note: this makes sense even if g is merely continuous, and even in much
more general settings.
Properties.

o frg=ygxf

e 0i(f*xg)=(0;f)*xg= f=*(0ig) (similarly for differential operators)
o for f,g € C°, we have fxge CF

Approximate identities.

o Let ¢ € CX(RY) satisfy [ ¢dx = 1, with supp(¢) C B1(0).

e Define {¢,}°°; via ¢, (z) = nip(nx). (draw picture)

e Note

[ éutardn = [ ntotno)de = [ o) dy =1
y=nz, dy=nddzx
with supp(¢) C By, (0).
e Fact: For f € C®(R%), we have f * ¢,,(z) — f(x) for all x

Question. Is there a function §y such that f x do(z) = f(z) 7
Answer. No, there is no such function. But there is such a “distribu-
tion”.

Definition 2.4.2. A distribution is a functional u : C>°(R%) — R that is
(i) linear, i.e. u(af+ Bg) = au(f)+ Bu(g)
(ii) continuous, i.e. if fr — f then u(fx) — u(f).

We denote the set of distributions by D(R?). Distributions are sometimes
called ‘generalized functions’. In this context, elements of C° are often
called ‘test functions’. The space D is the “dual space” of C°.

Ezample 2.4.1.

o if u € C2°, then we may think of u as a distribution by defining
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e even for more general functions u, we may think of u as a distribution
via ()

e Dirac delta: do(f) = f(0)

Remark 2.4.3. We will define f*u for f € C2° and v € D below and show
f * 50 = f

Derivatives of distributions. For v € D, we would like to define
o;u € D.

First, suppose u € C2° and take a ‘test function’ f € Cg°.
By the integration by parts formula,

/&ufdx:—/u@-fdx.
Oiu(f)

~~

—u(9if)
Thus for u € D, we can define d;u € D by
Oiu(f) = —u(d;f) for f e C.

This is very powerful: now we can take derivatives of non-differentiable
functions!

Similarly, if £ is a differential operator we can make sense of Lu.

Convolution with distributions. We would like to define f x u for
feC and u € D.

First, suppose f,u € CZ°. Then

frua) =ux fa) = [ uty)se =)y
Notation: 7,f(y) = f(y — ) (translation)

fly) = f(=y) - (reflection)
Then we have f(z —y) = 7,.f(y), so that we can write

frua) = [ut)mfo)dy.

u(72f)

Thus for f € C2° and u € D we define f x u to be the function
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General principle. Whatever you can define for CS° you can also
define for D, provided the definitions agree when restricted to C°.
Let’s verify that f *dyg = f for all f € CZ°:

fx0o(x) = 0o(1of) = T f(0) = f(x).

Definition 2.4.4. Let £ be a differential operator. A distribution & € D
is a fundamental solution for £ if £(®) = do.

The key property of the fundamental solution is the following: if ® is a
fundamental solution for £, then the solution to Lu = f is given by

u=fx*x®.
Indeed,
L(u)=L(f*xP)=f*xL(P)=fxd=Ff.

Question: why does f * ¢, (z) — f(z) ?
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The Laplace Equation

3.1 The Fundamental Solution

We seek the fundamental solution for the Laplace operator —A, that is, a
distribution @ such that —A® = §g. Then we can solve Poisson’s equation
—Au = f on R? by defining u = f % .

We focus on d > 3 (see the exercises for d = 1,2). We begin by trying
to find a function u such that Au = 0 on R%\{0}.

The key observation is the following: the Laplace equation is invariant
under rotations (see the exercises). So we look for a function that is also
invariant under rotations:

u(z) = v(r), r=lzl =y 2t + -+ 22

We compute:

/ . / xl ! i
Oiu = ' (r)0yr = v'(r) =i o
2 2
0;0;u =" (r Ti |y [ % ],
O VOBl ~ P

13
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Thus

Au=0 ifandonlyif "4 </ =0,

: o d-1
v T T
d—1

r

= lOg(’U,) = _(d - 1) logr + Cl = logr_(d_l) + Cl;
— o = Cyr~ @)

— p=—Cr (@2

— [log(v)]' = -

Therefore
w(z) = Clz|~@"2 solves —Au=0 on RN{0} for d>3.

We now show show that we can choose C' so that ®(x) = Clz|~(*2) is a
fundamental solution, that is, —A® = ;. We consider ®(x) as a distribution
and take a test function f € Cg°. Then

—AP(f) = f(0) <= —®(Af) = f(0)
= - [ow 0
= [ Clal D A1) dz = (0
= /\x]_(d_Q)Af(m) de = — f(0).
Therefore we need to compute [ |z|~(@"2Af(x)dx for an arbitrary test

function f.
First let ¢ > 0 and write

/\x|_(d_2)Af(x) dx:/ ERCGEINT d;v+/ o[~ @ DA f(z) da
L) Ri\B. (0)

1 17

For I, first use polar coordinates:

3 3
/ 2|2 da = / / rm 2L 48 dr = / rdr = 3¢
- (0) 0 JoB1(0) 0

122 < 2
] < max |Af(z)] - 3¢7 < ce

So



3.1. THE FUNDAMENTAL SOLUTION 15

For II, we integrate by parts: (draw picture)

/ lz| " DAf(z) do = —/ V(z|" 2. Vf(z)de  III
R4\ B, (0) R4\ B (0)

+/ 2|7 @DV f(z) n(z)dS IV
0B¢(0)
We have
IV| < e (42 max IV f(x)] - Area(dB.(0)) < ce™ (@2 ed=1 < ce.
zeR

For III we integrate by parts again: (draw picture)

111 :/ A2 @) f(z)da (= 0)
RI\B.(0)

- / V(jz|"“ ) f(z) -n(x)dS. V
8B:(0)
For x € 0B.(0) we have
V(jz|~42) = —(d - 2)|z| "% = —(d — 2)e %,

n:n:—i: -t
(@) =1

—e 'z,
V(jz|~@?) n(z) = (d - 2)e"Ha|? = (d — 2)e @D,
Let ag = Volume(B1(0)), so that Area(0B.(0)) = de?'ay.

V = —(d—2)e—(-D / F(@)dS = —(d—2)dag f(z)ds.

5200 )
9B, (0) Area(0B:(0)) Jap.(0)
Putting it all together: for any € > 0, we have

[ DA e = —dtd = Dou gomms [ s@as+oe)

average value of f on 0B.(0)

We send ¢ — 0 to find
/ 2| DAf () de = —d(d — 2)aqf(0).

We conclude that
P(z) = m\wl*‘“)
is a fundamental solution for —A for d > 3.
Conclusion. The solution to Poisson’s equation —Au = f on R? is

given by

u(z) = ®(x) = g /]R L ay.
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3.2 Green’s Functions

So far, we have solved Poisson’s equation —Au = f on all of R? by
convolution with the fundamental solution ®. We turn to the Dirichlet
problem, which is an example of a boundary value problem.

Let © C R? be an open, bounded set with smooth boundary 9. Given
functions f and g, we study the problem

{—Au:f on 2

u=g on Jf. (+)

We will break () into two subproblems:

{ —Au=f onQ ()

(1) —Au=0 onf
u=0 ondf2 !

u=g on Jf2

Note if u; solves (*1) and ug solves (kg), then u = u; + ugy solves (x).
We first turn to (). For the case of Q = R%, we computed —A® = &,
so that

u(x) = /Rd O(x—y)f(y)dy solves — Au=f.

The key fact about ® was the following: u = —Awu * @, that is,
- [ ¥ = pau) dy = (o).

We will look for a solution to (1) of the form

/G:Uy

The function G will be called the Green’s function for ().
We need to find G so that

- / G(z,y)Au(y)dy = u(x) whenever w=0 on ONQ.
Q
This will guarantee —Awu = f on Q. To have u = 0 on 0€) we also need
(1i) G(z,y) =0 for z € 00, y € Q.

First try: can we just take G(x,y) = ®(z — y) again, as in the case of
R4?
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For z € Q), we have

—/<I>( y)Au(y) dy
/V z—y)]- Vu(y )dy—/m@(w—y)Vu(y)-n(y)dS
/ A — y)u(y) dy + / w() VB — )] n(y)dS— [ @ - y)Vuly) -n(y)dS
o0 oN
u=0on o)
/ 5ol — y)uly) dy — /6 B(e—y)Vuly) - nly) dS.

= u(z )—/m@( y)Vu(y) - n(y) dS.

We missed...

Second try: How about G(x,y) = ®(z—y)—e(x, y) for some “corrector”
function e?

Computing as above (using © = 0 on 99), we find

/Q e(z,y)Au(y / Ae(z,y)uly) dy —I—/ e(z,y)Vu(y) - n(y) dS.
So
—/QG(x,y)AU(y)dyz u(z)
+ [ eyt dy+ [ [ele.n) = 0= 9)]Tuly) - niy) ds

We should therefore choose e(z,y) such that

(@) —Aye(z,y) =0 forx,yec

b) e(z,y) =P(x—y) foraxeQ, ye .
Together (a) and (b) guarantee that G(z,y) = ®(z — y) — e(z,y) satisfies
o Moreover (b) implies

(i1") G(z,y)=0 for ze€Q, yeco.

This is not quite condition (7). However, we will show the following:

Claim: G(z,y) = G(y,z).
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Then it is clear that (#i’) implies (ii).
Proof of claim. Fix z,y € Q. Define v(z) = G(z, z). By (i7’), we know
v =0 on 092. Thus

G(z,y) =

/Gy, JAv(z) dz

——/ Gy, 2)AG(z,z) dz

/Gy, )oo(z — 2) dz
_Gy7 )

Conclusion (part one). Suppose {2 C R? is an open, bounded set with
smooth boundary 90€). Suppose that e is a “corrector” function satisfying

—Aye(z,y) =0 for z,y e (54)
e(r,y) =®(x—y) forxeQ, ye .

Then
G(z,y) = ®(x — y) — e(z,y)

is the Green’s function for €.

The function
- [ sy

{ —Au=f on(

solves (x1), that is:

v =0 on Jf.

Remark 3.2.1. The question of the existence of the Green’s function is still
open, since we still do not know how to solve (xx).

How about (x2)? We can actually the solution to (*;). Suppose v solves

—Av=-Ag on{
v=0 on 0f.

Then
u=g—v solves (x2),

since we have —Au =0 on  and u = g on 0f2.
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From above, we know
v(z) = —/QG(fvyy)Ag(y) dy

Z/VG(fﬁ,y)-Vg(y) dy— | G(x,y)Vg(y) -n(y)dS
Q o0

G(z,y)=0 for z€Q, ycdN

/AG z,Y) g dy+/ 9(y)VG(z,y) - n(y) dS
/50 r—y dy+/mg(y)VG(:v,y)~n(y) ds
:guw+49mwvauwwnwww.

u(z) = g(x) —v(zr) = — /{m 9(y)VG(z,y) -n(y)dS solves (x2).

Conclusion (part two). If G is the Green’s function for €, then the
function

~ [ Gy~ [ 9)V,Gle.)n(y)ds
Q o0

solves

—Au=f on
u=g on Jf.

We will next study a few cases when the Green’s function can be explic-
itly computed.
Recall that for Q € R?, the Green’s function for  is the function

G(z,y) = ®(z — y) — e(x,y),

where @ is the fundamental solution for —A and e is a “corrector” function
satisfying

—Aye(z,y) =0 forz,yeQ (%)
(r,y) =P(x —y) forzeQ, ye .

We compute the Green’s function for two specific cases.
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FEzample 3.2.1 (Half-space). Let
Q=R% = {z eR?: 24 > 0}.

Then 99 = {x € R?: 24 = 0}.
For a point y € €2, define the reflection of y by

=1, Ya-1, ~Ya)-
We let
e(r,y) =Pz —g) =2(z—y) <+— &= &(|z|) (draw picture).
Then for z,y € 2, we have Z ¢ Q, and hence
—Aye(z,y) = —Ay®(Z —y) = 6o(Z —y) = 0.
Moreover for y € 02 we have y = g, and hence
e(r,y) =@(x—7g)=P(x—y) for ze€Q, yeN.
Thus the Green’s function for the half-space is given by
Gla,y)=2(x—-—y)—2@-y), 2= (z1,...,%q-1,—7a). O

Ezample 3.2.2 (Unit Ball). Let Q = B;(0), so 092 = 0B;(0).
For a point z € Q\{0}, define the inversion of = by

oz
e

S

As afirst try, suppose we let e(z, y) = ®(Z—y) again, since —AP(z—y) =
0. However, in this case we will not have ®(Z — y) = ®(z — y) for x € ,
y € 0%, since |Z —y| # |z — y|. Indeed, let z € Q and y € 9Q. Then |y| =1,
SO
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So we find |z —y| = |z||Z — y| for x € Q and y € 0N,
For a second try, let us take

e(r,y) = ®(|z] [z - yl).

Then e(z,y) = ®(z — y) for z € Q, y € IN.
But do we have —Aye(x,y) = 0 ? In fact we do! Recall ®(z) = ¢[z|~(4~2)
(in dimensions d > 3). Then

o(|z] 2 — y|) = 2|7 Pd(z - y),

SO
—Aye(z,y) = ~[a| TP ARE —y) =0

as above.
Thus the Green’s function for the unit ball is given by:

Gz,y) =@ —y) - 2(l2[(Z —y)), 2= .

So far, we have attempted to find solutions to the Laplace and Poisson
equation. We next discuss some properties of solutions.

3.3 Properties of Solutions

Theorem 3.3.1 (Mean Value Property). Let u be a smooth solution to

—Au =0 on an open set Q C R%. If Br(z) C Q, then

1
u(zx) = m /GBR(x) u(y) dS (average of u over OBg(x))

Proof. Let
AR := dagR*! = Area(dBg(z)) +— recall ay = Volume(B1(0))
Define f : (0, R] — R via

1 1 1

fr::/ u(y)dS = / ua:+rzdS:/ u(x+rz)dS.
) Ar JoB, (x) (@) Ar JaBi(0) ( ) A1 JaB,(0) ( )

z=4=2, dS(z)=r—("1) dS(y)

By the continuity of u, we have

u(x) = lim f(r). (1)

r—0
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On the other hand, we can compute

1

fr = Ay /831(0) Vu(z +rz)-2dS(z)  (y=z+r2)

lelAl/{m ( )VU(?J) -2 dS(y)

=1 Vu(y) - n(y) dS(y)

8B, ()
= A% 5.0 )Au(y) dy (Gauss—Green formula)
=0.

Thus f is constant. In particular f(r) = f(R) for all r € (0, R]. Therefore,
from (1) we deduce

uw) = fR) = 4 | o, M5

In fact, we will prove that we also have

1
- Volume(Bg(x)) /ng(x) uly) dy.

Corollary 3.3.2. We also have that

1 1
@) = Yo /B = /B Ly

Proof. Indeed, using polar coordinates:

R
/ u(y) dy = / / u(rf) dS ¢t dr
Br(z) 0 JAB(x)

= /R/ u(z)dS dr (Z =rf, dS(z)= ri=t dS(Q))
0 OBr(x)
R

= / dogrdYu(z) dr (mean value property)
0

= agR%(z).
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Thus if u is harmonic, then u satisfies the mean value property. The
converse is true as well! (This can be shown by using similar computations.)

Next we will prove the maximum principle for harmonic functions. First,
we need a definition.

Definition 3.3.3. A set Q C R? is connected if  cannot be written as
a disjoint union of non-empty open sets.

Remark 3.3.4. ) connected <= only subsets of {2 that are both open
and closed (in Q) are () and Q.

(Indeed, if 2 = AU B where A, B are disjoint non-empty open sets then
A and B are both open and closed.)

Theorem 3.3.5 (Maximum principle). Suppose u is smooth and Q C R? is
open, bounded, and connected. Suppose

—Au=0 inQ andlet M :=maxu(z).
€N

If there exists xop € Q such that u(xg) = M, then u = M in Q.

That is, non-constant harmonic functions attain their maximum value
on the boundary.

Proof. We let
A={zeQ:u(x)=M}.

First notice that A # (), since xy € A by assumption.

Second, we claim A is closed. Indeed, suppose {z,} C A and z, — = €
Q). Then since u is continuous, we have u(x,) — u(z). But since z,, € A,
we have u(x,) = M. Thus u(xz) = M. That is, z € A.

Third, we claim A is open. Indeed, suppose € A. Then since 2 is
open, we may find R > 0 so that Br(z) C Q. Then using the mean value
property, we have

1
N m /BR(z) uly)dy < m Br(z)

This implies that u(y) = M for y € Br(x). That is Bgr(x) C A. This
shows that A is open.

As € is connected and A is non-empty, open, and closed, we conclude
that A = Q. That is, u(z) = M on Q. O

M = u(x) Mdy < M.

The maximum principle has an important corollary:
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Corollary 3.3.6 (Uniqueness for Poisson’s equation). Let Q2 C R? be open,
bounded, and connected. Suppose u1 and uo are both smooth solutions to

—Au=f on
u=g on 0f)

Then u; = ug on Q.

Proof. Let u = u; — us. Then u solves —Au = 0 on €, with u = 0 on 0f.
By the maximum principle, we get u < 0 on 2. That is, u; < uo on .
Next let & = ug — u1. Then @ solves —A@ = 0 on €2 with & = 0 on 9f). By
the maximum principle, we get 4 < 0 on 2. That is, ue < u; on . We
conclude u; = ug on . ]



Chapter 4

The Heat Equation

4.1 The Fundamental Solution

We turn to the heat equation dyu — Au = 0. (A =39, 6‘9—;)
We study the initial-value problem (also called the lCauchy prob-
lem):
{ Ou—Au=0 for (t,z) € (0,00) x R?

u(0,z) = f(z) for x € R? (IVP)

We first find the fundamental solution. We look for a function so that
Ou — Au = 0 away from (¢,2) = (0,0).

Observation 1: if u solves du — Au = 0, then so does u(A\?t, A\x) for any
A> 0.

We look for a solution that is invariant under this rescaling, for example

u(t,x) = v(%) for some function wv. (%)

However, this is not a good guess. To see why not, we need the following;:
Observation 2: if u solves dyu — Au = 0, then [wu(t,z)dx is constant in

(Physically, this is clear. For a proof, see HW.)
If we make the guess of (x), however, we find

/u(t,x) d:c:/v(\%)d:c
= td/2/v(y) dy (y=2%, dy=i""dx)

# constant in ¢

25
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To fix this, we look for a solution of the form

u(t,z) = t_d/QU(%).

Then we have scaling invariance and [ udz constant in ¢.
As before, we also assume v(z) = v(|z|). Then

u(t,z) = t_d/2v(m).

NG

Let’s write y = %, so that u(t, z) = t~%?v(y).
Then

ou — Au = —t~ 5= [va + v—i—v +d 1 ’}

So we want Syv’ + U—l—v”—i—d Ly = 0.

Or, multiplying by yd E

Sy + oyt 4y 4 (d - 1)y =0

sy + (WYY =0
loy? 'yt =0

_ 1
v = —3yv
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v=Ce v/
u(t,z) = Ct= U2 lel/4t,

The fundamental solution will be ®(t,z) = Ct~%2e~1=1*/4 for some
C > 0. (See below)

Consider again the problem (IVP).

Define

u(t,x) = [f « ®(t,-)](x) = 9 f(y)®(t,x — y) dz. (%)
Note dyu = f * 0;® and Au = f * AP, so
du—Au=fx[0®—AD] =0 for (t,z) € (0,00) x RY.

So u solves the PDE. What about the initial condition?
Note ®(t, z) form approximate identities as ¢ — 0, provided

/@(t,:c) dr = C’t_d/z/e_xw“ dr =1.

In particular, we will have

lim u(t, 2) = lim[f » (¢, )](x) = /()
so that (xx) defines a solution to (IVP).
Claim: (4nt)~4/? fe*‘x|2/4t dr =1 (see homework)
Therefore ,
B(t, ) = (4t) "2 217/t

is the fundamental solution for the heat equation.
The function

Rd
solves

(IVP).

O —Au=0 for (t,z) € (0,00) x R?
u(0,2) = f(x) for x € RY

Remark 4.1.1. (i) Infinite speed of propagation.
(ii) Inhomogeneous problem u; — Au = F. Solved by ‘Duhamel’s princi-
ple’ (more later)
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4.2 The Mean Value Property

Definition 4.2.1.

(i) (Parabolic cylinder) For Q € R? and T' > 0 we define Qr C R x R?
by Q7 = Q x (0,T].

(ii) (Parabolic boundary) We define I'r = Qr\Qr.

(iii) (Heat ball) For t € R, z € RY, and r > 0 define

E.(t,z) ={(s,y) e RxR?: s <tand ®(t — 5,2 —y) > %d}
To understand the heat ball definition, consider E;(0,0). For s <0,

(4m|s|)~2e WP/l > 1 = |y|? < —2d|s| log(4r]s]).

Thus for —;= < s <0 we get y in a ball of radius \/—2d]s| log(4r]|s]).
For E,.(0,0): for —% < s < 0 we get y in a ball of radius \/—2d|s| log(47;£s| ).

Theorem 4.2.2 (Mean value property.). Let u solve 0y — Au = 0 on Q.
Suppose Er(t,x) C Qp. Then

1 12
u(t,z) = 4Rd//ER(t,x) u(s, y)’( y)] dy ds.

Proof. Without loss of generality, suppose (¢,2) = (0,0). (see home-
work)
Define f: (0, R] — R by

1 ly[?
= “—dyds.
) 44 //T(o,o) u(s,y) 52 yas
We will show that

(i) lim,—0 f(r) = u(0,0)

(i) f'(r) =0
With (i) and (ii) we can conclude (0, 0) = [Jen0. 0) u(s,) |y| dy ds,
as needed.

For (i), we need the following

1 2

Fact. — // M dyds =1 forall r>0. (long computation)

4pd 52
T(O’O)
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Thus

1 2
50 00,01 < g7 [ futs.0) 0.0 U

< max u(s,y) —u(0,0
_(s7y)€ET(0,O)|( y) —u(0,0)|

—0 as r — 0,

since u is continuous and |(s,y)| — 0 for all (s,y) € E.(0,0) as r — 0.
For (ii), we change variables via

y=rz and s=r2o.

Then
dyds = r™?dzdo and

w _ —2|Z|2
2 o2

Moreover

- (47_‘_742‘0_’)7d/267|z\2/4|0'| > T,fd

s (dr|o]) "W 2e 10l >

o (s,y) € E-(0,0) < (o,2) € E1(0,0). Thus

1 2 ElS
f(r)=- u(r o, rz)—5 dz do.
4 JJE (0,0 o

We compute and undo the change of variables:

Kl

(r) = = 2 2 1) 5] 2L
fi(r) = 1 //151(0,0) [27’0’[30—14(7“ o,1z) + [Vyul(roo,rz) - z g dz do

S

:1// 205u(s )‘y|2+Vu(s ) wd ds
07 00 2 vy )y g dyds.
I 7

We now introduce an auxiliary function ¢ = 9 (r, s, y) such that ¢» = 0 on
0E,(0,0), that is:

(47T|8’)7d/2€7|y‘2/4|s|7”d =1 = ¢v=0

We take Y(r, s,y) = —Llog(—4nms) + % + dlogr.
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2
Note V=&, dp=—L b
We now rewrite things and integrate by parts:

1
I:// Osu y - Vo dsdy
rdtl E-(0,0) Y

1
T pdil // (0,0) —dOsuyp —y - Visurpdsdy (parts in y)

1
= _d+1// —dOsuth +y - Vudspdsdy (parts in s)
r E;(0,0)

:1// —d@suqb—y'Vu(i—f—@)dsdy
rd+1 £,(0,0) 25 4s2
1

d
rd+1 //ET(O’O) (0 281/ Vudsdy

So, using u; = Au,

/ _1// _ _4..
f(?“)—rd_H 5.(00) d Osu ) 557 Vudsdy

1 d
= — —dAutp — —y- dsd
AR //Er(o,o) u Y 253/ Vudsdy

1 d
= 7dJrl//T((m)qu-Vw— ?Sy-Vudsdy

1 d d
- L Vu— —y-Vudsd
AT //E,«(o,o) 5s¥ VU T g5y Vudsdy

=0.

4.3 The Maximum Principle and Uniqueness

Recall for @ € R? and T' > 0 we define Q7 = Qx (0, 7] and 't = Q7\Qr.

Theorem 4.3.1 (Maximum principle). Suppose Q C R? is open, bounded,
and connected. Suppose uy — Au = 0 on Qp for some T > 0. Let M :=
max, o u(t, x). I@ere exists (to,xo) € Qp such that u(ty,z9) = M,
then u(t,x) = M on Q.

In particular, solutions attain their maximum on I'z.
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Proof. Notice that for r > 0 small enough, we have FE,(to, x9) C Q. By the
mean value formula,

4yn

1 _ 2
M = u(ty, zo) = // u(s,y)Mdydng,
E.(to,z0) s
since

|lwo =yl .
dyds =1 long computation).
4rn//rtoéro to—) ( )

Thus v = M for (t,z) € E,(to, zo).

Now suppose (sp, yo) € Qr is a point with sg < ¢y that can be connected
to to (to,xo) by a line segment L C Qp. We will show v = M on L.

Let

ro = min{s > sp : u(t,x) = M for (t,x) € L, s <t <tp}.

We need to show that ry = sg. Suppose toward a contradiction that rg > sg.
Then we can find zg € Q so that (rg, 29) € Qr N L and u(rg, z9) = M.

But then as above we have u = M on E,(rg, z9) for some small r > 0.

But E, (1o, 20) contains points (s,y) € L with s < rg, which is a contra-
diction.

Thus u = M on L.

Finally fix any (¢,z) € Qp with ¢ < t9. We want to show u(t,z) = M.

We can connect (t, zg) to (¢,x) by a piecewise linear path in Q7.

By the arguments above, u = M on each segment, so we finally get that
u(t,x) = M. O

Corollary 4.3.2 (Uniqueness). Let Q C R? be open, bounded, and con-
nected, and let T > 0. Suppose ui and us are smooth solutions to

{ut—Au:f on Qr

u=g¢g onl7p.
Then u1 = ug on Q.
Proof. Define v = uq — us. Then v solves

v —Av =0 on Qp
v=020 on I'p.

Thus the maximum principle implies that v < 0 on Q7, so u1 < ug on Qp.
Similarly, with w = ugs — u1 we deduce us < w1 on Q7. Thus u; = ug on
Qr. O
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There is also maximum principle/uniqueness for the case {2 = R?, but
they require an extra condition.

Proposition 4.3.3 (Maximum principle, R? version). Suppose u solves

{ut—Au:() (t,r) € (0,T] x RY
u(0,2) = f(z) xcR?

If u satisfies ,
u(t,z) < Ae¥™”  for (t,2) € [0,T] x RY,

then

sup u(t,x) = sup g(x).
(t,x)€[0,T] xRY zeRd

Remark 4.3.4. Here sup means...

Proposition 4.3.5 (Uniqueness, R? version). Suppose uy,us solve

{ut—AU—O (t,r) € (0,T] x RY
u(0,2) = f(z) = cR?

Suppose that uy,us satisfy
up(t,x), us(t, z) < Ae"** for (t,z) € [0,T] x RY.
Then u1 = us.
To see why this extra condition is necessary, consider the following ex-
ample.
Ezxample 4.3.1. Consider the heat equation in dimension d = 1:

U — Uz =0 (t, ) € (0,00) x R
{ u(0,z) =0 =xe€R (+)

Clearly u(z) = 0 is a solution to () However, we can define a second solution

v as follows. Let e
e /7 >0
t) =
9(t) { 0 t=0
Then
2 4 6
o(t,z) =gt) +9g' )% +9" )T +9" )G + -

is also a solution to (x).  (Non-trivial issue: convergence of this series.)
Indeed,

4

Vow = 0+ ¢'(t) + g" (1) +g" ()% + ...,
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4

ve=g'(t) +g" ()% + " (1) + ...,

and
4

v(0,2) = 9(0) + g'(0)%r + 9" (0) 5 +--- = 0.

(Note that v has rapid growth as |z| — 00.)

33



Chapter 5

The Wave Equation

5.1 The Fundamental Solution

We turn to the wave equation: u; — Au =0 (t,z) € R x R%.

— _ 0%u _\d 9%
Here u = u(t,z), un= g5, Au=35_, g

We write Ou = uy —Au.  The operator [ is called the d’Alembertian.
We study the following initial value problem.

Ou =0 (t,x) € (0,00) x R?
(IVP) u(0,2) = f(xr) =z cRY
ug(0,2) = g(x) x € R

(This time we need to impose two initial conditions since the equation is
second order in t.)
As usual, we want to compute the fundamental solution ®. We will solve

Od =0
{ B0) =0, By0) =5 )

Then the solution to (IVP) will be given by
u(t, x) = [f * 0:®(t,)](x) + g+ B(¢, )] ().
We can write this more succintly as
u(t) = fx 0 ®(t) + g * D(t).
Indeed, first we have

Ou = f * 8,(0) + g+« 0P = 0,

34
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so that u solves the PDE.
For the initial conditions: First, u(0) = f *dy + f * 0 = f. Next, since

U =fxPy+gxP=fxAD+gx Py =A(fxP) + g« Dy,

we have uy(0) = A(f *0) +g*dp = g.

5.1.1 The Case d=1

Then (x) reads

(I)tt - (I)xac = 07
B(0) =0, @,(0) = .

Inspired by the factorization Oy — Oy = (0 — 02)(0¢ + 0..), we introduce the
variables

E=x+t, n=x—1t, t=3(E-mn), z==5E+n).

We write
O(t,z) = B(5F2, 51) =t w(E,m).

We have

ve = 5P + 3O

Ven = _%q)tt + %(I)tx - %@tfb + %(I):C:c

== _%((I)tt - (I)zm)
Thus we want vg, = 0. The general solution to this ODE is given by
v(&,n) = a(§) +b(n) = @(t,x) =alz+1)+blz—1)

for some a,b.
Imposing the initial conditions we get

a(xz) +b(z) =0, a'(x) —b'(x) = dp.

This implies
d(z) = =V (z) = 1.

So we should take
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for some C, where

H(x) = { (1) i i 8 “Heaviside function”. (See homework)

Thus

gsign(t) —|t| <z < |t

O(t,x) = §[H(z+1t) - H(z —t)] = { 0 otherwise,

where
1 t>0

st ={ L, {25

So the solution to (IVP) in dimension d = 1 for ¢ > 0 is given by
u(t,) = £« [300( + 1) + Sbola — )] + g+ (1)

t
:;f(x+t)+;f(x—t)+§/ g(x —y)dy

—t

T+t
SRR YRR Y O
z—t
(This is called d’Alembert’s formula.)
Remark 5.1.1. Note that the value u(t,z) depends on f at x £¢ and g
ony € (x—t,x+t). (An example of finite speed of propagation/Huygens
principle.)

5.1.2 The Case d =3

We want to solve (IVP). Suppose we have a smooth solution u(t,x).
For r» > 0 define the spherical means

~ - —
iltar) =g [ wen)dse) =L as(e) = 2as()
1
= — u(t,x +rz)dS(z).
4 /o, (0)

By the continuity of u, we have

lim a(t, z,r) = u(t, x).
r—0

We also define

~ 1 . 1
frr) =g [, $04S s@n =g [ s
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We compute

1
Up = — Vu(t,z +rz)-zdS
4m Jap (o)
1
= — t,y) - £==dS
4rr? /63,~(90) Vulty) 5
1
= — Au(t,y)d
gy /Br@) u(t,y) dy
1

= t,y)dy.
) /Br(x) u(t, y) dy

rél, = — Uy dy.
47 BT(z)

8T(T'2'L~L7«) = 87- <1 / Ut dS) = 1/ Ut dS = 7“2 47r17"2 / Ut dS = T2'L~Ltt.
A ), (x) Ar JoB,(z) 8B, ()

2ty + 120y = 12y . Piigt — Ty — 20y = 0.
Now let v(t,x,r) = ra(t,z,r). Then
Vit = Ty, U = TUr + U, Vpr = Upp + 2Up.

Then
Vit — Upp = Tﬂtt — Tﬂm« — 2117« =0.

So for fixed x, v solves the one dimensional wave equation for ¢t € R,
r > 0!
We conclude that v(t, x,r) := ra(t, z,r) solves

Vit — Uppr = 0 forteR, r >0,
v(0,z,r) = F(x,r) 7 >0,
v (0,z,7) = G(z,r) >0,

where F = rf and G = rg.
Applying the result from your homework, we find that for 0 <r < ¢:
t+r
vt,w,r) = 5[F(e,t+r) = Fla,t—=n)]+3 [ G(z,y)dy,

t—r
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that is,
t+r
i(t,z,r) = o [F(z,t+71) — Flz,t —7)] + o G(z,y)dy.
t—r
Then
u(t,z) = 11_)1]% u(t,z,r) = O F (z,t) + G(z,1). (%)
Note ;
Gla,t) = —5 . 9(y) dS(y)
t t
Pt =g [ rwasw =g | ez ast),
S0
1 t
WF = o /831(0) flz+1tz)dS(z) + i /(’)Bl(o) Vi(x+tz)-2dS(z)
_ b Y-z
=52 o, (08@ 4 [ Ssast) - 1 asw)
= | [ 0+ VI (=) s

Continuing from (%), we find that the solution to (IVP) in dimension d = 3
is given by

1
47T7f2 OBy (x)

u(t, z) fW) +Vfy) (y—2x)+tg(y) dS(y).

(This is called Kirchhoff’s formula.)

Remark 5.1.2. (Strong Huygens principle). The value of u at a point (¢, x)
depends only the initial data on the sphere 0B;(x). (This is true in all odd
dimensions.)

5.1.3 The Case d =2

We use “Hadamard’s method of descent”.
Suppose u(t,x) is a solution to (IVP) with d = 2. Then let us define
@:(0,00) x R® — R by

u(t, 1,2, 3) = u(t, v1,2).
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Then u solves

where

f(z1, 0, 23) = f(w1,22), g(w1,22,23) = g(21,22).

Let’s write x = (z1,72) € R? and & = (71, 22,0) € R3.
Using (*) above we write

L o t . t s
o) =) =5 (ot [ F050) 4 [ ads). e

Here By(7) is the 3d-ball around z. We parametrize B;(Z) by defining

hi : Bi(z) = 0By(T), hx(y) = (1,92, £2(y)),

where
2(y) = (2 — |z —yH)2
Indeed
Z—he(y))? =z —yl* +* — |z —y[> = 1*.
Note that
_ y—=x 2 _ ¢
Vz = & |y — V1+|Vz]? = TR (check)
Thus ; . )
_ _ g\y
— gdS(y) = — dy.
47t? 9B, (z) ( ) 2 By(z) (t2 — ‘.x — y’2)1/2
and
t U f(y) t fz +tz)
dS(yg) = dy = — —_—
4rt? 8Bt(f)f @) 21t? [, () (82 — |2 — y|?)1/2 Y=o By (0) (1 —[2]2)1/2
Hence
Q( )_i flx+tz) t/ Vf(x+tz)-zd
ot 2w o) (L= 2212 27 Jp ) (1—]2?)/2

B 1/ tf(y)+tVf(y)'(y—ﬂf)d
C2mt? gy (2 — |z —yl2)?

Putting it all together: the solution to (IVP) in dimension d = 2 is given
by
1 t tViy) - (y— t?
ulta) = - / fy) +tVIy) -y —2) +°9(y) dy
21t? (2 (12 — |z — y[2)1/2

(This is Poisson’s formula).
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Remark 5.1.3. (Weak Huygens principle) The value of u at (¢,z) depends
only on the initial data in the ball B;(z). This is true for all even dimensions.

So far we have solved the wave equation in dimensions d € {1,2,3}. For
d = 1 we can solve the PDE by changing variables £ = x+t and n = x—t. For
d = 3 we reduced the problem to the 1d case by taking spherical means.For
d = 2 we used the method of descent. In general, for odd dimensions one
can use spherical means and for even dimensions one can use the method of
descent. We do not pursue the general case here.

5.2 Energy Methods

There is no maximum principle for the wave equation:
Ezxample 5.2.1. Consider

{ Ut — Ugg = 0,
u(0,2) = 0, u(0,7) = x(—1,1)(2).

The solution is
-+t
u(t,z) = %/ X(—1,0)(y) dy = slength[(z — t,z +¢t) N (—1,1)].
r—t
Draw the solution at t =1,t =2,t = 3.

We do have uniqueness for the wave equation. To prove it we will use
energy methods.

Suppose Uu = 0 and u and its derivatives are integrable. We define the
energy of a solution u by

Elu(t)] = /R el )P + H[Vult, 2) o
Notice that

%E[u(t)] = / upy + Vu - Vug do = / Uty — Auuy de = / (Ou)u, = 0.
Rd Rd R¢

Thus Efu(t)] = Eu(0)]. This is conservation of energy.
Let © C R? be an open, bounded set with smooth boundary 99.
As before, for T > 0 we let Qp = (0,T] x Q and T'r = Qp\Qr.
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Proposition 5.2.1 (Uniqueness). Suppose uyi,us are smooth solutions to

Ou=F onQr
u=f on I'p
u=g on{t=0}xQ

Then ui = us.

Proof. Define w = u; — ug. Then w solves
Ow=0 on €Qp
w =20 on I'r

wg=0 on{t=0}x

Define
Folw(t)] = /Q e (t,2))? + L[Vt 2)]2 de.

Then
%Eﬁ[w(t)] = /thwtt + Vw - Vwy dz

= / wiwy — weAw dx + / w;Vw -ndS
Q E)

- /Q (Ow)w, = 0.

Thus Eq[w(t)] = Eq[w(0)] = 0. This implies that w; = 0 and Vw = 0 on
Qr. As w(0,z) = 0, we conclude w = 0. That is, u; = us. O

Remark 5.2.2. ‘Energy methods’ may also be applied to Laplace/heat
equations.

Proposition 5.2.3 (Finite speed of propagation.). Suppose Ou = 0. Fiz
(to, o) € (0,00) x R? and define the cone

C:{(t,$)20§t§t0, ‘w—xo‘gto—t}
If u(0,2) = u(0,2) = 0 for x € Byy(x0), then u=0 for (t,z) € C.

Proof. For dimensions d € {1,2,3}, we can deduce this from the explicit
formulas we derived.
However, energy methods provide a simpler proof (in all dimensions).
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For ¢ € [0,to] we define
=/ HutoP + §Vatt.o)P do
Bty —t(x0)

In your homework, you show

0
or /BM fly) dy = /8 oy [ 9SE):

Similarly,
0
8/ f(?“,y)dy=/ 8rf(ny)dy+/ f(roy)dS(y).
T By () Br(x) OB (x)
Thus
%e(t) :/ urter + Vu - Vg dy—/ %u?—l— %|Vu\2d5
Big—t(x0) 0By, —t(z0)
= / (Ou)u dy + / wVu-n—tuf — Lvul*ds
Big—t(wo) 9Bt;—t(zo)

= / wVu-n— (%ufﬂ—%\VuP)dS.
dByy—i(w0)
Now, we have
lutVu - n| < |ug| |[Vu| < %u? + %|Vu]2,
thus continuing from above we see
%e(t) <0.

But notice that e(t) > 0 by definition, while e(0) = 0. Thus e(t) = 0 for
each t.
As before, this implies u = 0 on each By,—¢(xo). Thusu=0on C. O

From these computations we can also prove the energy flux identity.

This states that if a region of space moves at the speed of light then the
energy trapped in the (time-dependent) region is non-increasing.

In particular, the energy flux through the boundary is non-negative.

Indeed, we proved that for Cu = 0, we have

de(t) = —/ tuf + 3| Vul® —wVu - nds,
8Bt07t(zo)
so that

to
e(t2) = e(t1) — / / %uf + %]VU\Z —wVu-ndS.
t1 JOBy,—t(wo)
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Separation of Variables

6.1 Linear Algebra Review

Linear algebra review 1: Let X be a vector space and A : X — X a
linear transformation. A nonzero vector v € X is an eigenvector of A if
there exists A € C such that Av = Av. We call X the eigenvalue associated
towv. U

Linear algebra review 2: Let X be a vector space over C.

An inner product on X is a function b: X x X — C such that

e b(v,w) = b(w,v)

b(
e b(av + fw, z) = ab(v, z) + Bb(w, z)
e b(v,v) >0
e h(v,v)=0 = v=0

We use the notation (v, w) = b(v, w).

We call v, w orthogonal if (v, w) = 0. We write v L w.
1 n=m
0 n#m.

A set {v,} C X is called an orthonormal basis if it is orthonormal
and forms a basis.

If {v,} is an orthonormal basis then for any € X we have z =
Yoz vop)v,. O

Linear algebra review 3:

If (-,-) is an inner product on X then we can define the norm of a vector

x € X by
2]l = v/ ({z, z).

43

A set {v,} C X is called orthonormal if (v, v,) = {
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We have the following important facts:
(i) triangle inequality: ||z + y| < ||z|| + ||yl|
(ii) Cauchy—Schwarz inequality: |(z,y)| < ||z||||y|]
(iii) Pythagorean theorem: if z 1 y then ||z +y||*> = ||=|*> + |ly|[?. O

6.2 Separation of Variables

We turn to the study of initial value problems with boundary conditions:
(t,x) € (0,00) x Q.

The problems have three components:

(i) the equation (PDE)

(ii) the initial conditions (IC) (t=0)

(iii) the boundary conditions (BC) (x € 002)

We focus on the following boundary conditions:

e Dirichlet: u(t,x) is specified for z € 92
e Neumann: Vu(t,z) - n(x) is specified for = € 9Q

We focus on homogeneous BCs (that is, v = 0 or Vu-n = 0).
The idea of separation of variables is to look for solutions of the form

u(t,z) = p(t)q(z).
Example. Consider the heat equation (with some BCs):

. o i —P(t) _ —Ag(x)
w =0 = pta(n) =pt)Ag(r) = — G =— 5

Thus we look for non-trivial p, ¢ so that

— / R
P'(t) =)A= Aq(w) for some .

In particular, we look for A and ¢ such that
—Aqg = \q.

This is the eigenfunction/eigenvalue problem for —A.
However there is an additional twist: the eigenfunction must satisfy the
BCs for u to be a solution.
Depending on the BCs you may find different eigenvalues/eigenfunctions.
Now suppose ¢ is an eigenfunction of A with eigenvalue A (satisfying

the BCs).
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Then we get a solution

ux(t, z) = pA(t)gr ()

where py(t) = e”*. Note u, satisfies the PDE and BCs.

What about the IC, say u(0) = f ? In general we won’t have f = ¢ for
any .

Key observation: ), cyu, still solves the PDE and BCs.

Thus IF we could write

fl@) = aanl@),
)
then we could solve the PDE/BC/IC by writing

u(t,x) = Z axpA(t) ().
A

We are led to the following problems:

1. Solve the eigenvalue problem for —A with prescribed BCs.

2. Write functions satisfying BCs as a linear combination of eigenfunc-
tions.

If we can solve 1 and 2, then we can use separation of variables to solve
the PDE/BC/IC.

We restrict attention to the case Q = [0, L] C R.

You will address Problem 1 (homework) and find:

(i) (Dirichlet) eigenvalues A, = (%X)?, eigenfunctions g, (z) = sin(“Xx)
(n>0)

(ii) (Neumann) eigenvalues are A, = (%)%, eigenfunctions g,(z) =
cos(“Fx) (n > 0)

6.3 Fourier Series

We discuss Problem 2. In fact, we will show:

Theorem 6.3.1. If F : [-L,L] — C is periodic (that is, F(—L) = F(L))

and smooth, then we can write F(zx) in a Fourier series:

oo
AN

F(x) = Z cpe LY.

n=—0oo

In fact, this will imply (see homework):
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Corollary 6.3.2.

(i) if f:(0,L) — R satisfies homogeneous Dirichlet BCs, then f(x) =
2 ne1 Cnsin(*f)

(i) if f:(0,L) — R satisfies homogeneous Neumann BCs, then f(x) =
Y o Cn COS(BE ).

For (i)/(ii), extend f to (—L,L) by odd/even reflection and show that
the Fourier expansion reduces to a sine/cosine series.

We turn to the Theorem.

We rephrase the Theorem in these terms. Defining the vector space

X ={F:[-L,L] — C | F is periodic and smooth},

Theorem 1 says: the set {e L “},cz forms a basis for X.

(In fact we will see that they form an orthonormal basis if we define the
right inner product.)

Notation: e, (z) :=e'L

With

T

X ={f:]-L,L] - C| f is periodic and smooth},

the Theorem says: the set {e,, },ez forms a basis for X.

Our first task is to figure out what the ¢, ‘should’ be.

Key observation: {e,} forms an orthonormal set with respect to the
inner product

L —_
(f,9) = QIL/ f(z)g(z) dx, fige X.
L

Indeed, for n # m we have
L . )
i(n—m)mw L i(n—m)m
<€n7€m>:21L/ e L xd$:21L|:.€ P =0,
) im(n —m) L

since /(=M™ — g=iln=m)T \oreover

L
(en,en) = 21L/ lde =1.
-L

Thus {e,} is an orthonormal set.
So if {e,} formed a basis, we would have

o0

L
f(z) = Z cren(z) with ¢, = (f,en) = 57 /L f(z)en(x) de.

n=—oo
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Motivated by this computation, for f € X we define Sy f by

N
SNf(x) = Z <f7 en>en(x>'
n=—N
Our goal is to show that Syf — f as N — oc. (Question: in what
sense?)
Let us first study Sy f.
N N L
Svf@) = 3 (feeadea@) =3 3. [ f@)emeaa)dy
n=—N n=—N —-L
L N
[ (& X eale =) du= 15Dt
- n=—N

where

N
=5 Z () for =z e [—-L,L]. (‘Dirichlet kernel’)

If Dy formed approximate identities as N — oo, we would be done.

Unfortunately, they don’t. (They become very oscillatory for large N.)
Thus we don’t get a simple proof that Sy f(x) — f(z) for each x.
However, if we define the Cesaro means

onf(@ Z Snf (@
then we find

onf(x) = f* Fy(x),

2\

N—
Z (‘Fejér kernel’)

It turns out that averaging eliminates the oscillation and F form approxi-
mate identities as N — oo.

Thus on f(z) = f(x) as N — oo (in fact, uniformly in x).

Conclusion 1. Sy f — f uniformly in an averaged sense. [

Remark 6.3.3. Note

n

onf = ]{]Z Z (f,em)em = Z bpe, for some b, ()

n=0 m=-—n
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As a consequence of Conclusion 1 and (x), we find: for any € > 0 there exists
N and {b,})__ such that

' Zben

<e for xze(—L,L).

Our next goal is to show ‘mean-square (L?) convergence’ of Sy f.
We can define a norm on X via

L
117 = 2L/ fl@)f(z)de = 5= /_L|f(x)\2dx.

This is called the L?-norm. We will show:
li - S =0.
Jim | S|
This says that Sy f — f in the L?-norm.
For f:[—L,L] — C periodic and smooth we defined

N

Snf(@) =Y (fren)en(w),

n=—N

where

. L -
eamze%x,<ﬁm=2;[Lﬂ@Ade

The ‘Cesaro means’ converge to f uniformly, which implies
For any € > 0 there exists M and {b,}*_, such that

’ Zben

<e for ze(—L,L). (%)

Goal.
dim [|f =Sy f| =0, where [[f] = (f./)"/*.
— 00

Proof. Let € > 0. We need to find M so that ||f — Sy f|| < e for N > M.
Key facts: for any M

A (f—=Suf)Le, forany —-M <n<M

B. (f—Suf) LM e, for any {c,}
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C.|lf =SnfI < IIf = Smfll for N > M.
For (A) we note

M M

<f*Svaen>:<fa€n>7< Z <f,€m>€m7€n>:<f,6n>* Z <f,€m><€m,6n>

m=—M m=—M

- <fa €n> - <f,:3n> <€m €n> =0.
———

=1

Now (B) follows from (A).
For (C) we note

f=Suf=F=Svf+ > (frenen

M<|n|<N

Using (B) and the Pythagorean theorem we have

If = SufllP=If =SnfIP+1 D (frendeal® > |If = SnfIP. O

M<|n|<N

Now let € > 0. We choose M and b, so that (x) holds.
Squaring and integrating, (%) implies

M
f— Z bpen| < e.
n=—M

But now we write

M

M
f_ Z bnen:f_SMf+ Z [<faen>_bn]en7

n=—M n=—M

so that using (B) and the Pythagorean theorem we find

M M
> f= D baeall® = [F=Snf 1P+ D [fsen)=balenl* = || F=Sarf
n=—M =M

n

That is,
If = Smfll <e.

Using (C), we conclude [|f — Sy f|| < ¢ for all N > M. O
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Remark 6.3.4. Using the ‘key facts’ above we can show

N
LA = I1f = SnfIP+ D [(fren).
n=—N

Thus
> [fen)?=IfI? (‘Parsevals identity”).

In particular,
(fien) =0 as n— £o0 (‘Riemann-Lebesgue lemma’)

Using the Riemann—Lebesgue lemma and a more careful analysis of the
Dirichlet kernel, one can show that if f is differentiable at z¢ then Sy f(z¢) —
f(zo) pointwise.

However, beware: if f is merely continuous then its Fourier series may
diverge at a point. (Beyond the scope of this course.)

Ezample 6.3.1. Consider
Up — Uggy = 0 (t,l‘) € (07 OO) X (OaL)
u(0,z) = f(x) z € [0, L] (*)
Ogu(t,0) = Oyu(t,L) = 0.

Writing u(t, x) = p(t)q(z) leads to the eigenvalue problem

The eigenfunctions are g, () = cos(“%Ex) for n > 0, with eigenvalues (2F)2.

So we get a family of solutions uy, (¢, z) = e~ ("7/L)t cos(“Fx), n > 0.
If we could write

f(z) = ch cos(n%x) (%)
n=0

then we can solve (x) via

u(t,x) = Z cpe” (/L)% cos(Fx).

n=0
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Extending f to [—L, L] by even reflection and using the Fourier series, one
can find

L L
co—i/o f(z)dz, ¢ = %/0 f(z) cos(Fx) dx.

(See Homework 5 Problem 5.)
Then for reasonable f the series expansion in (k%) will be valid.



Chapter 7

The Fourier Transform

7.1 The Fourier Transform

The theory of Fourier series says that for f : [-L,L] — C periodic and
smooth we can write f as a linear combination of waves of frequencies 5,

o
inm

fla) =Y (fren)e ™% (%)

n=—oo

where the Fourier coefficients are given by

inm

L
(f,en) = ﬁ /L f(x)e L *dx.

The Fourier transform extends these ideas to the case L — oo: for f :
R — C we define f : R — C (formally) by

f(&) = (27r];1/2/]RJC(95)‘3m5 dx.
Thus fA(ﬁ ) is the ‘Fourier coefficient’ at a frequency £ € R.
Question. Can we recover f from f7 Do we have an analogue of (x)?
Suppose f : R — C has compact support, say f(z) = 0 for |z| > M.
Choose L > M. Then

L )
(e =3 [ f@)e Eodo = 3 [ f@)e 7 do = 7P

Thus for fixed x, we have
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~

Let us write e = ¥ and G(y) = f(y)e'¥® and send L — oo (that is, e — 0).
Then

[e.e]

f(@)= g D Glen) 1/2/G ) dé = m/f e dy.

n=—oo

We arrive (formally) at the Fourier inversion formula

f@) = i [ Floede FO = g [ flare .
We turn now to the details.
Definition 7.1.1. (Schwartz space)
S(R) = {f € C®(R) : zF f®)(z) is bounded for all k, ¢ > 0.}

If f € S then f is absolutely integrable, and so f is a bounded function
f R — C. In fact we will show f eS.

Lemma 7.1.2. Let f € S(R).

o if g(x) = f'(x) then g(&) = i&f(€)

o if g(x) = —ixf(x) then G(&) = [ (€)
Proof. 1f g(x) = f'(z), then

96) = e [ @) do
= | [ A @) o+ e
~ it [ () da = itfie)
If g(x) = —izf(z), then
96 = e | —inf@)e " do = o [ @ da = 4fle). O

Remark 7.1.3. We can now see the connection of the F to PDE: it inter-
changes derivatives and multiplication by z.

Proposition. If f € S then ]/”\E S.
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Proof. Using the lemma, for any f € S and any k,¢ > 0 we have
12y ~ .
() F&) =5(6),  where g=(Ld)i(—ia)'fe S,
As g € S, we have g is bounded. We conclude fE S. O

Thus if we write Ff = f, we have F: S — §. In fact:

Theorem. F : S — S is a bijection, and the Fourier inversion formula
holds.

Lemma. (Multiplication formula) If f,g € S then

/ f(2)(x) do = / Fw)a(y) dy
R R
Proof.

/f z) dz = (2m) 1/2//f:c ~@Yg(y) dy da:
= (2m)~1/? / ( / fla)e ™ daf) dy = /R F(v)g(y) dy

Lemma.

e if g(x) = f(—x) then g(§) = J/C\(—g)

o if g(z) = f(z — h) then §(&) = e~ Ef(¢)
o if g(z) = f(\z) then (&) = 1F(%)

Proof.

[ saeiin = [ foenan = [ fae e (y=-a)

J e O L e
R R R

/ fOz)e™ ™ de = £ / Fye ¥ dy. (y =)
R R
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Corollary. If g(y) = f(x — y) then g(y) = e_myf(—y)-
Recall:
Schwartz space:

S(R) = {f € C®(R) : zF f®)(z) is bounded for all k, ¢ > 0.}

Fourier transform: F :S — S defined by

F1(6) = Fi§) = s [ S)e " da.

Our first goal is the following
Theorem. F : § — § is a bijection and the Fourier inversion for-

mula holds:
z) = Gy / F(&)e de.
R
So far we proved:

(i / f(2)g(a) d = /R ey

(it)  if g(y) = f(z —y) then G(y) = e " f(—y)

(iii)  if g(y) = f(Ay) then gy) = 1 f(¥).
Lemma. Let f(x) = e=@"/2 Then f € S and f = f.

Proof. (You check that f € S.) We have

fl(x) = —af(x) = {(—izf(x))
Thus

i£f(§) = 1Ef(©). = £F=—¢F,
SO
(&) = e 72 5(0).
Now we note
F(0) = (2751/2/]1{{6_“32/2 dx = 1.
O

We define K (z) = (27)~Y2e¢=*"/2. For £ > 0 we define K.(z) = 1K(%).
Then

e K. form approximate identities as ¢ — 0,
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e Using (iii): if G.(x) = K(ex), then G.=K

Proof of Theorem. We first show the inversion formula.
Let f€S,z€R,and € > 0. Let g(y) = f(z —y).

f Koo /fa:— >dy—/Rg<y>Gg<y>dy
- / G(4)Gely) dy = / e F(—y) K (ey) dy
R

R

= Af(y)eixyK(—ey) dy.
Now send & — 0. Then f+K.(z) — f(z), while K (—ey) — K(0) = (2m)~'/2.

Thus
T) = W/H{f(y)eixy dy.

We can now see that F is a bijection: we define F*: S — S by

Fogla) = g [ a(©)e* e

The Fourier inversion formula says that 7* o F = Id on S.

Combining this with the fact that F*f(y) = Ff(—y), we can see that
FoF*=1Id.

We conclude that F* = F~! and F is a bijection on S. O

We next prove the Plancherel theorem for the Fourier transform.
As before, we introduce the L? inner product and norm on S(R) by
defining

(f,9) = /f Ydx for f,g €S,

171 = ( 15 az) "

Theorem 7.1.4 (Plancherel). For f,g € S we have (f,g) = <f,’g\> In
particular || f|| = [ f]].

Remark 7.1.5. This says that F is a unitary transformation.

Lemma. F(f * g)(€) = (2m)/2f(£)g(¢).
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Proof.

F(f 9)(€) = (2m) V2 / (f * g)(w)e € da
:(277)1/2/ lyﬁ(/f —i(z— yédﬂ?)d
= (2m)' 2 f(&)g(¢). O

__Proof of Theorem. Let f,g € S. Define G(x) = g(—z). Then CA}(§) =
9(&). Then

/ f(@)g(x) dz = f * G(0) = (2m) /2 /IR F(f # G)(€) de

— / F(©)G(e) de = / f©7©d. O
R R

7.2 Higher Dimensions

We next discuss the Fourier transform in higher dimensions. Let d > 1. A
multi-index « is an element of N¢, where N = {0,1,2,...}.
For a = (aq,...aq), we define

d

o] = lal,
i=1

& = :L,?l .. 'xgd’

N olel
T e
Definition 7.2.1 (Schwartz space). S(R?) = {f € C>®(R?) : 2%9° f is bounded for all «, 3}

For f € S we define

N _ 1 —iz-£
) = g [ fa)e

Then F is a bijection on S (in fact unitary) and the Fourier inversion
formula holds:

@) = g [ Flo) e
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We have the Fourier transform F : S(R%) — S(R?):

~

FIE€) =) = gaam | fle)e ™ da.
(27T) Rd
This is a bijection, and F~! : S(R?) — S(R?) is given by

(@) = f@) = g [ f@)eda.

In particular we have the Fourier inversion formula:
@) = g [ FO e
We have also the Plancherel theorem
o) = (9. (o) = [ f@@de

and the convolution identities

F(f*9)(©) = 2m2F(©)g(€),  F U 9(x) = @) Y*(f x g)(x).

7.3 Application to PDEs

Let us finally discuss the application of the Fourier transform to PDEs.
Similar to the 1d case we have the following:

o if g(x) = 8°f(x) then G(&) = (i€)* f(€)

~

o if g(x) = (—iz)*f(z) then y(§) = 0°f(E)
Here a = (aq,...,0q) € N4, with |a| = Zle loyi], a®=af?- -zl

gof = s

5901 o5 04"
Oz "0z,

Ezample 7.3.1. Consider a = (1,0,...,0). We have
F(HL©) = i€ J(©).
Similarly with o = (2,0,...,0) we get
2 o~
F(G)(©) = —61(6).

Thus we find R
F(=AF)(E) = 1EPF(9).
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Ezample 7.3.2 (Laplace/Poisson equation). Consider the equation —Au = f
on R%. Taking the Fourier transform, we find

~ ~ ~

©) = KPaO=F© = @O=FfOp

F(=Au)(§)
Thus the solution is given by
u(w) = FHI(O) gel(@) = @m)42[f « F (o)l ).
Evidently the fundamental solution is given by

®(x) = (2m)2F 7 () (@).

However, notice that # is not a Schwartz function. Thus to make sense
of this we need to extend our theory of the Fourier transform.

Ezample 7.3.3 (Heat equation).

{ut—Au—O (t,x) € (0,00) x R4
u(0,2) = f(x) x€R™L

We apply the Fourier transform in the x variables only. We find
w(t,§) = F(Au)(t,€) = w(t,€) = —[¢fau(t ).

For each &, this is an ODE in ¢ that we can solve:

~

at,€) = (0, €)e U = et fe.
Thus
ut,z) = FUf e 1) (x) = (2m) Y2 [f = FH (e 1F)) (2).

Evidently (27)~%2F~1(e~t€*)(z) is the fundamental solution, and hence
we must have

(2m) " 2F LU (@) = (amt) el 2 (s

In fact, recall that we showed F(e="/2)(¢) = ¢ ¢/2 ind = 1.
In the same way we have F(e~1#1*/2)(¢) = e~¢*/2 in dimension d.
Thus F(e~1#"/2t)(¢) = t4/2¢~€°/2  (see Homework 6 Problem 5)
We conclude F~1(e /2 (z) = t=4/2e~1217/2t which gives ().
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Ezample 7.3.4 (Wave equation).

{utt—Au:O (t,x) € (0,00) x R?
u(0,7) = f(x), u(0,2) = g(x) x € R

Taking the Fourier transform in the x variables:
U (t, €) = —|*a(t, €).
For each ¢ this is an ODE that we can solve:
u(t, &) = A(&) cos(t[¢]) + B(&) sin(t[¢])-
Imposing the initial conditions:

F(&) =(0,6) = A(€),

while

u(t,§) = —[S|A(E) sin(t[¢]) 4 [€]B(E) cos(t[]),
SO

9(&) =u(0,8) = [¢|B(€).
Thus
(1, €) = 7€) costrll) + 516 = Fie| L] + i ™,
Defining
Wt @) = (2m) "2 [ ),

we get

u(t,z) = [f * O W (t,))(x) + [f * W(t,))(x).
Evidently the the fundamental solution is given by W.

Once again, however, sintl€) ig not a Schwartz function, and hence to

make sense of this we need to extend our theory of the Fourier transform.
O

7.4 Tempered Distributions

We now extend the theory of the Fourier transform.
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Definition 7.4.1. A tempered distribution is a functional u : S(RY) —
C that is

(i) linear, i.e. u(af + Bg) = au(f) + Bu(g)

(ii) continuous, i.e. if fi, — f then u(fr) — u(f).

We denote the space of tempered distributions by S’(R?). In this context
elements of S are called test functions. The space S’ is the ‘dual space’ of

S.
As before, we can embed S into S’: for u € S we can define Tu € S’ by

Tulf) = [ u@)f(a)da.

The map T is injective (cf. Homework 1 Problem 8). Thus we need not
even distinguish between v and Tu.

In fact, we can define Tu € S for any ‘locally integrable’ function wu,
which includes many more functions than just Schwartz functions.

As before, we use integration by parts to motivate the definition of
derivatives of distributions:

O%u(x) f(z)de = (=)l [ w(x)d*f(x)dz for u, f € S.
Rd Rd

So we define:
0*u(f) == (—1)*u(0* ).

Similarly we can define f xu € &' for f € S and u € S as follows.
First, if f,u,g € S then
Lsw@oade= [ | wwise=gte) dyds
= [ [ - 2@as)dy ()= 5(-a)
R4 Rd
= [ )+ ) o

Thus we define 3
(f *u)(g) = u(f *g).

In fact, we can define f * u as a function for f € S and u € S’ via the
formula

(f*u)(@) =w(Tf), 7f(y)=[f(ly—x).
Finally for u € 8" and a function f we define fu € 8’ by [fu](g9) = u(fg).
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We now turn to the theory of the Fourier transform on tempered distri-
butions.
Recall that for u, f € S we have the multiplication identity:

/ U(z) f(x) do = / u(z)f(z) de.
R Rd
Moreover for f € S we have fe S.

This motivates the following:

Definition 7.4.2. For u € 8’ we define @ : S(RY) — C by  a(f) = u(f).

We also write u = Fu.

As F : 8§ — S is linear and continuous, we find that © € §’. Thus
F:8—=8.

Similarly we can define 7* : &' — &' by F*u(f) = uw(F~1f). Then

Fa(f)=a(Ff) =u(FFf)=u(f) = Fi=u

Similarly FF*(u) = u. Thus F* = F~! and F is a bijection on &'.
Moreover, all of the nice algebraic properties of F continue to hold on
S'.

A. 0ou = (i6)*a
B. (Ziz)u = 9°G
C. F(f xu) = (2m)¥2fa

Moral. You can safely do ‘formal’ computations with the Fourier trans-
form even if you are not working with Schwartz functions.

Proof: for (A) we have:

oou(f) = 0°u(f) = (—1)lu(d* f)
)

— (—D)llu((Zix)e f) = @((ix)* f)
= (ix)*a(f)
For (B) we have:
(Siz)@u(f) = (—iz)*u(f) = (—1)hu((iz)* )
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For (C) we first note that for f,g € S:

FHfxg)=0@m)*?fg = [xg=(20)*F(fg).

as before

We also note that for f € S:

~
1
k)

Fli=7
Thus
F(f *u)(g) = (f *uw)(@) = u(f *7)
= u(f *g) = 2m)V*u(F(fg))
= 2m)*a(fg) = (2m)*?[fi)(9). O

Ezample 7.4.1. Consider §, € &' defined by 6o(f) = f(0). Then &y =
(2m)~4? as a distribution:

~

d0(f) = 8o(f) = () = 2m) ™% | f(z)da.

So the Fourier transform of §y is a constant. More generally, using (A)
we see that the polynomials are given by the Fourier transforms of §y and
its derivatives.

7.5 Duhamel’s Principle

We turn to inhomogeneous problems.

Ezample 7.5.1 (Inhomogeneous heat equation).

{utAu:F (t,x) € (0,00) x R?
u(0,7) = f(r) x€R?

for some F' = F(t,x).
We first revisit the homogeneous problem, that is, F = 0. We solved
this via the Fourier transform:

t,€) = e KL f(e) = ult) = [+ (2m) 2F L) = fra(t)



64 CHAPTER 7. THE FOURIER TRANSFORM

In particular, if we define the operator H(t) by

[H () f1(z) = [f * ®(¢, )] (2)-

then we get that u(t, x) = [H(t) f](z) solves the heat equation with u(0) = f.
We call H(t) a convolution operator.
Notice that

H0F(©) = f6), e H(t)=F e F. (v
Recalling that “ F(A) = —[£|? 7 we introduce the notation
H(t) = e = Fle Pt E (x),

We also call H(t) a Fourier multiplier operator.
This is actually great notation, since  9;[e!® f] = Ale!® f].
We turn to the case F' # 0. We use ‘Duhamel’s principle’ (i.e. variation
of parameters).
We look for a solution of the form u(t) = e**[v(t)]. In this case by the
“chain rule”
u = Aet®v + vy = Au+ ePuy.

Thus vy = Au + F provided
By = F, thatis, v = e IR

and u(0) = f if and only if v(0) = f. So we should let

t t
v(t,x) = v(0,x) —|—/ e S8F(s,x)ds = f() —|—/ e 2 F (s, x) ds.
0 0
And so

¢
u(t, ) = ePo(t, x) = e f(x) + etA/ e *BF (s, ) ds
0

t
= ! f(x) + / ePe B (s, 2) ds.
0

t

= () +/ =92 F (s, ) ds.
VJ 0

homogeneous part

/

inhomogeneous part

In particular

e'® f(x) = (4mt) 42 / el p(y) dy,

R4



7.5. DUHAMEL’S PRINCIPLE

t t
/ A (s, 2) ds = / / (4r(t — 5)) 2D P (s, ) dy.
0 0 Jrd

Ezample 7.5.2 (Inhomogeneous wave equation).

u(0,7) = f(x), z¢€RY,

ug —Au=F (t,z) € (0,00) x R?
u(0,2) = g(x) =€ R

For the homogeneous case F' = 0 we have

6t<i)<z;><_§j)<i>-

Then the solution is given by

(2)-(2)
Ut g )’
where

A .F_l 0 A(€) F 0 . 0 1
ey 27 8). o)

We turn to the case F' # 0. We look for a solution of the form

65
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Therefore we should take

(o )= (a6 )+ [ (et )

Imposing the initial conditions and applying e!4 we find

() (1) Lo ()

TV
homogeneous part inhomogeneous part

One can compute that

ny _ ((_coste) Il inte) )
~lglsin(tl)  cos(tle])

Defining |V| := F1|¢|F, we write

A _ < cos(t[V])  [V[~!sin(t[V]) >
—|V|sin(t|V]) cos(t|V]) '

Using these expressions one can write down a formula for the solution to the
inhomogeneous wave equation.



Chapter 8

The Method of
Characteristics

So far we have only discussed linear PDE. We introduce the method of
characteristics, which is capable of treating some nonlinear PDE as well.

8.1 The Method of Characteristics

The idea is to try to solve the PDE along certain curves (‘characteristics’).
This converts the PDE into a system of ODEs.
Setup. A general first order PDE in a domain € R? can be written

F(z,u,Vu) =0 in ,
with some boundary condition
u=g onl C 9N

Plan. For z € Q we look for a curve z(s) C 2 joining some xo € I" to z
such that we can compute z(s) := u(z(s)).

8.1.1 The Linear Case.

First we consider F' of the form

{ F(u,Vu) = a(z)u(x) + b(z) - Vu(z) =0 on €,
U=y on I' C 99).

Suppose u is a solution and let z(s) be a curve. Define
2(s) = u(z(s)), p(s) = Vu(x(s)).

67
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Notice that
(s) = Vu(x(s)) - @(s) = p(s) - (s).
The PDE along z(s) reads
p(s) - b(z(s)) = —a(z(s))2(s).

Thus if we let z(s) solve

we get

2(0) = g(x(0)).
Equations (1) and (2) are an ‘upper triangular’ system of ODEs for
x(s), z(s).

Ezample 8.1.1. (Transport equation) Consider the equation

{ is) = —ale(®)x(s).

{ ug(t,y) +c-Vu(t,y) =0, ceR?
u(0,y) = g(y)

Write
{x:(t,y), Vu = (uy, Vyu), b=(1,¢),
Q=R T={0,y):yecR.

The PDE then reads
b-Vu(zr) =0.

That is, a(z) = 0 and b(z) = b. Then
(s) =b = x(s) =x(0) +sb, x(0)=(0,y0) €T,

2(s) =0 = z(s) =2(0), thatis wu(x(s))=g(yo)-
Now given x = (t,y) we wish to find 2(0) = (0,yo) € I' and s such that

z(s) =z = (t,y), thatis (t,y) = (0,90)+ s(1,c).
Thus we should take
s=t and y=vyo+ct, ie yg=y—ct.

Hence
u(t,y) = u(x(t)) = g(yo) = g(y — ct).
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8.1.2 The Quasilinear Case.

A first-order PDE is quasilinear if it is ‘linear in the highest order term’:

{ F(z,u,Vu) = a(x,u(x)) + b(x,u(x)) - Vu(x) =0 on €2
u=g on I' C 09.

Again we define

Then

Thus if we let

then we get

(s) = —a(x(s),2(s)), 2(0) = g(x(0)). (2)
Equations (1) and (2) are a coupled system of ODEs for x(s) and z(s).
Ezample 8.1.2. Let Q = {(t,z) : t > 0, x € R} and I' = 0. Consider
{ us +uy —ut =0 (t,y) €N
u(0,9) = 9(y) y €R.

As before we write x = (¢,y). Then a(u) = —u? and b = (1,1).
We have

(s) =b = x(s) =x(0) +sb, x(0)=(0,y0) €T
We can also solve
2(s) = [2()]%, 2(0) = g(yo)-

We find
Z(S) _ Z(O) _ g(yO)
1—s2(0)  1-sg(yo)

Now given (t, z) we look for x(0) = (0,39) € " and s such that

x(s) =x = (t,y), thatis (¢t,y)=(0,90)+ s(1,1).
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Thus we should take
s=t and y=yo+t, ie y=y-—t.

Thus

9(yo) 9y — 1)
u(ty) = u(@(s) = 2(s) = T, s = T e

(Note that this only works as long as tg(y —t) # 1.
It is possible to proceed in the ‘fully nonlinear’ case but we will not

pursue it here. In this case one needs to derive an ODE for p(s) as well and
work with the full system of ‘characteristic ODEs’.

8.2 Scalar Conservation Laws

We continue to discuss the method of characteristics in the setting of
“scalar conservation laws”. These are PDE of the form

{ ug + [F(u)ly =0 (t,y) € (0,00) xR (1)
u(0,y) =g(y) yeR

The name refers to the fact that solutions formally satisfy d; [ u(t,y) dy = 0.
In particular we discuss some potential issues that arise when applying
the method of characteristics.
We consider Burger’s equation:

{ut+ 3(u?)y =0 (t,y) €(0,00) xR
0,9) =9(y) yeR

This equation appears as a simplified model in fluid mechanics.
We rewrite the equation as

0= u +uuy = (1,u) - (ug, uy).

We let z = (t,y) and Vu = (u,uy). We also write Q = (0,00) x R
and I' = {t =0} x R.
This is a quasilinear PDE:
(Liu(z)) -Vu=0.
———

b(u) from above

We define
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and need to solve the characteristic ODEs
#(s) =(1,2(s)), «(0)el and 2(s)=0, z(0)=g(xz(0)).
We find:
z(s) = 2(0) = g(x(0)),
i(s) = (1,9(x(0))) = x(s) =x(0) + s(1, g(x(0))).
Given x = (t,y) we look for z(0) = (0,y0) € I and s such that
x(s) = (t>y)7 that is (t7y) = (an0) + 3(1>g(y0))'

Thus we should take s = ¢, and we need to find gy such that

N

Yy =yo +tg(yo).
In particular we will have
u(t,y) = g(yo), provided y=yo+tg(yo). (%)

The initial value g(yo) is carried along the characteristic (¢,yo + tg(yo)).
(Draw picture.)

Ezample 8.2.1 (Formation of shocks). Let

1 y <0
gly) =9 1-y 0<y<1
0 y > 1.

(Draw picture, y versus g(y) and t versus y.
There is a problem at t = 1, since the characteristics cross.
Until £ = 1 we can solve as follows:

~—

1 y <t
ult,y) =< L t<y<i1 (check!)
0 y>1

Notice that the characteristics meet along the curve t = 2y — 1, that is,
y(t) = 2(t +1). This curve is called a shock.
To extend the solution past ¢ = 1 we can define

1 y<3(t+1)
u(t,y) =
0 y>it+1).

This is a discontinuous solution, but there is a sense in which it is the
most ‘physical’” solution.
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Ezample 8.2.2 (Rarefaction waves). Let

0 y<O

In this case we find (draw picture):
u(t,y) = {

Note that the characteristics give information for 0 < y < ¢.
We could try defining a shock:

0 y<0,
1 y>t

0 y<t/2,
“(t’y)_{ 1y >t/2.

However, there is a way that we can define a continuous solution,
namely

0 y<0,
u(t,y) =49 1 y>t (check!)
Y 0<y<t

This is called a rarefaction wave, and it is a ‘better’ solution than the
shock solution.

Thus we have two potential problems.

1. crossing characteristics

2. incomplete characteristics

In the first case a ‘shock’ forms and we will have discontinuous solutions.
What conditions should be satisfied along the shock?

In the second case we have a lack of uniqueness. How should we define
the solution?

Definition 8.2.1. A bounded function u : (0,00) x R — R is an integral
solution to (1) i

(1) if
/Ooo/Ru(Pt+F(u)(,0ydydt+/ﬂ{g(y)(p(0’y) dy =0

for all ¢ € C2°([0,00) x R).

Any smooth bounded solution is an integral solution (homework), but
this definition allows for solutions that are not necessarily smooth.

If u is a smooth integral solution on 2 C (0,00) x R then u is an actual
solution to (1) on 2.

We continue studying scalar conservation laws and discuss some condi-
tions regarding ‘shock’ solutions.
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8.2.1 Rankine-Hugoniot Condition for Shocks.

Suppose u is an integral solution to

{ w + [F(u)ly =0 (t,y) € (0,00) xR
u(0,y) =g(y) yeR

That is, v is bounded and

(1)

0 R R

for all ¢ € C°([0,00) x R).
Suppose © C (0,00) x R and

C={(ty):y=s(t)}

is a curve (maybe a ‘shock’) that divides €2 into €y and €,.
Suppose u is smooth on €y and €, (not necessarily on C').
In particular, u solves (1) pointwise on €y and €.
Denote the limits of u on C' from the left /right by ug, u,.
Let p € C°(2). As u is an integral solution, we have

0://Qeugot+F(u)g0ydydt+//rug0t+F(u)g0ydy. (%)

We will now integrate by parts — the boundary terms will tell us what
is happening on C.

We need to compute the normal vector n = (n;, n,) on C' (pointing from
)y into Q,, say).

As the tangent vector T = (T}, T,) is given by (1, 5(t)), we have that

n = (ne,my) = ———(—s(t), 1)

Now we integrate by parts:

//Q upr + F(u)p, dy dt = — //Q up + [F(u)]ye dy dt+/CUgg0nt + F(ug)pny, dS
14 14

=0

Similarly

// wpy + F(u)py dy dt = —/ ur@ g + F(uy)pny dS.
Qy C
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The minus sign comes from the definition of n.
Using (%) we find

/ [ugny + F(ug)nylp dS = / [urng + F(ur)nyle dS.
C C

Since this holds for any ¢ € C2°(2) we conclude
wngy + F(ug)ny = uyng + F(up)n, on  C,
that is:
[F(ug) — F(up)ny + (ug —up)ng =0 on C.

Recalling (ng,ny) o< (—5,1) we get
F(ug) — F(uy) = $(ug —u,) on C=A{(t,y):y=s(t)}.

This is the Rankine—Hugoniot condition.

8.2.2 Entropy Solutions

We know that as t increases, we may encounter shocks/discontinuities. We
would like to impose a condition that guarantees that we don’t encounter
shocks if ¢ decreases. The entropy condition is the following: if C' =
{(t,y) : y = s(t)} is a curve of discontinuities along which u has left and
right limits ug, u, then

F'(up) > $ > F'(uy).

To make sense of this, we notice that the characteristic ODEs for
w + [F(u)]y = w + F'(u)uy = (1, F'(u)) - (ug,uy) =0  are

@(s) = (1, F'(2(s))), «(0)=(0,50), 2(s)=0
So
2(s) = (s,90 + sF'(g(0))), u(z(s)) = g(yo)
= i(s) = (1, F'(g(w0))),

The speed of the characteristic hitting C' from the left is F”’(uy). Similarly
F'(u,) from the right.

Thus the picture is as follows, which rules out the ‘non-physical’ case.
(Draw picture.)

Exercise: check whether or not the Rankine-Hugoniot and entropy

conditions are satisfied for the solutions to Burger’s equation we discussed
last lecture.



8.2. SCALAR CONSERVATION LAWS 75

Example 8.2.3. Previously we solved Burger’s equation u; + %(u2)y = 0 with

1 y<0
u(0,y) =g(y) =4 1-y 0<y<1
0 y>1

We found that a shock formed at t = 1, and for ¢ > 1 defined

(1 oy<(t+1)/2
“(t’y)_{ 0 Z>(t+1)/2.

Note $ = 3, uy = 1 and u, = 0, and F(ug) — F(u,;) = 5. Thus the Rankine-
Hugoniot condition is satisfied.

Definition 8.2.2. An integral solution satisfying the Rankine-Hugoniot
and entropy conditions is called a entropy solution.

It turns out that (under reasonable assumptions on F') one can show
existence/uniqueness of entropy solutions.

To pursue this in detail requires a study of “Hamilton—Jacobi equa-
tions”. (Buzzwords: calculus of variations*, Lagrangian, Euler-Lagrange
equations®, Hamiltonian, Legendre transform, Hopf-Lax formula, Lax—Oleiknik
formula)

We will not pursue this direction, but see your homework for the com-
putation of some solutions in the case of Burger’s equation.



Chapter 9

Calculus of Variations

We begin a brief study of the ‘calculus of variations’. The idea is that some
PDE arise naturally when considering certain ‘optimization’ problems. In
particular, solving a PDE may be equivalent to minimizing an appropri-
ate ‘functional’. This provides a different approach for finding solutions to
ODEs/PDEs.

9.1 Several Examples

Ezample 9.1.1. What is the shortest (smooth) curve joining (0,0) to (1,1)
in R? ?
To pose this problem more precisely, we define

A= {veC>(0,1]) : v(0) =0, v(1) =1},

1
L] = /0 V14 (V)2 dt (arc-length).

Goal. Find necessary and sufficient conditions for u € A to satisfy

lu] = irgllﬁ[v]. (%)

Theorem 9.1.1. If u € A satisfies (%), then u” = 0. (Hence u is a line, as
expected!)

Remark 9.1.2.
1. The equation u” = 0 is called the Euler—Lagrange equation for

(%)

2. With the theorem, have we attained the goal?
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Proof of Theorem. Suppose that u € A satisfies (x).

Take any ¢ € C°((0,1)). In particular, ¢(0) = ¢(1) = 0. Consider the
function

i(e) = Lu+eyp].

Note that u + ep € A for each e.

Thus by (%) we have that ¢ has a minimum at ¢ = 0. In particular
i'(0) = 0.

We now compute:

1
:/ V14 (v +ep’)?dt
0

1
i'(e) = _(WHtepy!

V1+(u +ep’)?

1 u / ulgp 1
0 [ e () pis
\/l—i— 0 1+ (u)? 14+ (u/)? =0
—_———
©(0)=¢(1)=0
Since this holds for all ¢ € C2°((0,1)) we conclude that
o ! u
0= = .
< 1+ (u’)2> (1 + (ul)2)3/2
Since 1 + (v/)? > 0 we conclude u” = 0. O

Ezxample 9.1.2. Let Q C R?. What is the ‘flattest membrane’ over Q with
prescribed boundary conditions on 92 7 That is, given g what is the ‘flattest’
v:Q — R such that v = g on 9Q ?

The deviation of v from being flat is measured by Vv. Inspired by this,
we introduce the following ‘Dirichlet’ energy functional

= %/ |Vo|? d,
Q

where v e A= {veC®Q):v=gondN}
Goal. Find necessary and sufficient conditions for u € A to satisfy

Elu] = %IRE[U] (%)

Theorem. (Dirichlet’s principle) A function u € A satisfies (x) if and
only if u solves

()

—Au=0 on
u=g on 0f2.
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Remark 9.1.3. Laplace’s equation is the ‘Euler—Lagrange’ equation for (x).

Proof of Theorem. Suppose u solves (xx). Let v € A. Then

O:/QAu(u—v)d:c:—/QVU'V(u—v)dm—i—/{gg(u—v)Vu-ndS.

u=v=g on O

Thus
/Q \Vu|? do = /QVu -Vodz < /Q SVul + 4 VolPdz (la-b] < |a||b] < 3lal® + 1b%)
and so
%/Q|Vu|2 dx < %/Q|Vv|2dx, that is, Elu] < E[v].
Thus u satisfies (x).

Next, suppose u € A satisfies (x). We wish to show that —Awu =0 in Q.
As w is smooth it suffices to show that for any ¢ € C°(€), we have

—/ Au(z) p(z)dz = 0.
Q
Let ¢ € C°(Q2). In particular, ¢ = 0 on 9. Consider the function
i(e) = Elu+ eyp].
Note that u + ¢ € A for each ¢.

By (*) we have that ¢ has a minimum at e = 0. In particular i'(0) = 0.
We compute:

i(e) = ;/Qwuy? + 26V - Vo + 2|Vl da,

i’(s):/Vu-Vg0+5|Vgo|2dx
)

Ozi/(O):/Vu'Vgodaz:—/Augod:c—l— Vucp-ndS:—/Aucpda:.
Q Q o0 Q

=0 on 9N
O
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Remark 9.1.4. The dimension d = 2 played no role in the arguments above.
It simply allowed for a convenient physical motivation.

One can show similarly that Poisson’s equation —Au = f is the Euler—
Lagrange equation for

E[v] —/ V)2 —vf da.
Q

(See homework.)

Ezample 9.1.3. We consider a ‘constrained’ minimization problem for the
Dirichlet energy functional. In particular we let Q C R¢,

A={veC®@):v=0on o0, E[v]_;/ Vol de,
Q

and we wish to solve the problem:
minimize : Efv] over ve€ A
subject to : /Q > de = 1. (%)
=2
Theorem. If u is a minimizer of (x), then u solves
—Au=Mu, \=|Vu|?=2E[u].

That is, u is an eigenfunction of —A with (lowest) eigenvalue A. (We call u
a ground state eigenfunction.)

Proof. Suppose u is a minimizer. As before, we let ¢ € C2°(€)) and consider
u -+ €p.
We would like to say Efu + £¢| has a minimum at € = 0, but we don’t
know whether ||u + eyl = 1.
To remedy this we instead define
3JoV(utep)lPde _ 5(V(u+ep)|3

() = B[4<2 ] = =
ie) = Bl 2y Jolu+epl?dz lu+ epl?

and it follows that ¢'(0) = 0.
A computation (quotient rule...) shows

_ lutepll3[ Jo Vu- Vo + eVl dz] — [V (u+ )| [ f uep + £]* da]

i'()
lu+ep]|*
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= 0=14(0) :/Vu-Vgoda:—||Vu]2/ucpdx:—/ Augpd:c—||VuH2/ucpd$.
Q Q Q Q
As this holds for every ¢ € C2°(2), we conclude
—Au=Xu, \=|Vul3=2E[u].
O

Remark 9.1.5. 1. The eigenvalue problem for —A already arose in the
setting of separation of variables.

2. From Homework 5 you know that all eigenvalues of —A (with homo-
geneous Dirichlet BCs) are real. In fact, they are positive. To see this,
suppose u is a (real-valued) eigenfunction with eigenvalue A € R. Then

Jo IVul? dz:

Au=—A A
U U = / fQUQdDC

qux——/Auudx—/ \Vul?de = \=
Q Q Q

So far we have characterized the lowest eigenvalue A\; > 0. One can
show that there are at most countably many eigenvalues A\ < Ay < --- and
A — oo (beyond the scope of this course)

How can we characterize the other eigenvalues?

We ‘project away’ the subspace spanned by a ground state eigenfunction
u1 and solve the resulting constrained minimization problem.

Let u1 be a ground state eigenfunction, so that —Awu; = Aju; and [ju1]| =
1.

Recall the notation

(f.g) = /Qfgdx, 1 = VT T

Example 4. Consider the problem

minimize : FEfv] over ve A

subject to: ||v||=1, (v,u1)=0. (%)
Theorem. If u is a minimizer of (*x*) then
—Au=Xu, \=|Vu|?=2E[u] > \.

Proof. Suppose u is a minimizer.
Let ¢ € C(Q2) and define ¢ = ¢ — (p,u1)u;. (This guarantees that
<¢7 U1> - 0)
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As w is a minimizer, we have that the function

% fQ IV (u+ep)|? dx
Jo lu+ep|? dz

i(e) = E[nﬁigu] =

has a minimum at € = 0. We compute exactly as in Example 3 to discover
/ Vu-Vodr = \|Vu||2/ updz.
Q Q
We compute:
/ Vu-Vodr = / Vu-Vedr — <g0,u1>/ Vu - Vuy dz
Q Q 0
:/ —Aup dr + <g0,u1>/ ulAuy dx
Q Q

:/—Auwdx—h@,m)/umdx
Q Q

=0

/ugbdﬂ:z/ugpdm—(gp,u1>/uu1d:r.
Q Q Q

=0

Similarly

So once again we have

/—Awpdaz: ||Vu”2/u<pd:t
Q Q

for all ¢ € C2°(€2), which implies
—Au=Mu, \=|Vu|?=2E[u].

Moreover we must have A > Ay, since we are minimizing the same energy
functional over a smaller set of functions. O

Remark 9.1.6. 1. Proceeding in this way we can characterize higher eigen-
values.

2. We have left completely open the problem of proving the existence
of minimizers.

3. Another important issue we won’t discuss: ‘completeness’ of the
eigenfunctions.



Chapter 10

Numerical Methods

We begin a very brief introduction into some numerical methods.

10.1 Finite Difference Schemes

We next discuss finite difference schemes. For example, consider a PDE
for (¢,x) € [0,00) x [0, L]. In order to use the computer, we need to discretize
the domain.

For J € N we can approximate [0, L] by {z; }3-]:0, where

xj = jAx, JAzr = L.

Similarly given N € N and At > 0 we can approximate [0, NAt] by {t,}2_,

where
tn = nAt.

We approximate a solution u(t,z) on [0, NAt] x [0, L] by the (N + 1) x
(J + 1) matrix
{u(tn,z;) :n=0,...,N, j=0,...J}
In order to “solve” the PDE, we also need to approximate the derivatives

of u. Several options are available, all of which come from the Taylor series
expansion for wu:

u(w;) — u(zj-1)

Opu(xj) = 0y u(z)) == AL (backward difference)
~ 0 u(xg) = u(xjﬂi; u(z;) (forward difference)
R Ogu(zy) = u(xjH)Q;;(xj_l) (centered difference).

82
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The first two have errors like Az, while the third has an error like (Ax)2.
Similarly,

u(zji1) — 2ulz)) + u(wj-1)
(Az)?

Opru(zj) ~ 82u(x;) := (centered second difference)

with errors like (Ax)2.

Ezample 10.1.1 (Heat equation). Consider

= Uyy (t,xz) € (0,00) x (0, L)
x € [0, L], (*)

Given J, Az and N, At we can approximate this problem for (¢, z) € [0, NAt]x
[0, L] as follows:

S ultn, ;) = 2u(tn,zj) n=0,....,.N—1, j=1,...0—-1
u(to,l‘j) = f(:EJ) ] :0,...,J
u(tn,0) =u(ty,z;) =0 n=0,...,N.

We need to compute u(t,,z;) forn=20,...,N and j=0,...,J.
The initial condition gives us u(to,z;) = f(x;) for j =0,...,J.
The boundary condition gives us u(ty,0) = u(t,,z;) =0forn =0,...N.

Defining r = (AATt)Q the equation gives (after rearranging):

W(tnt1, ) = (1 = 2r)u(tn, xj) + ru(tn, j41) + ru(ty, xj—1). (%)

forn=0,...,.N—landj=1,...,J — 1.

We can compute u(tp41,-) directly from w(ty,-) (i.e. the scheme is
explicit).

Moreover we know u(to,-), so by induction we can compute u(ty, ) for
each n.

Furthermore we expect the solution to converge to a solution to (x) as
At, Ax — 0.

Problem. On a computer we cannot actually compute u(t,,z;) to per-
fect accuracy! Instead we can only compute  @(t,, ;) = u(tn, z;)+e(tn, x;),
where e measures the error. We can only trust the computer if we can bound
e(tn,-) as n increases. This is the question of the numerical stability of
the scheme.
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10.2 Numerical Stability

We try to answer this via von Neumann stability analysis: First we
note that if v and @ satisfy (xx), then so does e. (The problem is linear!)
Idea. Expand e in a Fourier series:

b
e(tn zj) = > prltn) €L .
k =qi(z;)
Goal. Bound each pg(ty).

After some rearranging, (xx) yields the following for the coefficients:

Pk(tns1) = (1= 2r)an(w;) + 7ak(@i1) + rar(zj) = )\, for some constant \j.

pk(tn) Qk(xj)

In particular

Pr(tnr1) = Mprk(tn) = pr(tn) = Ngpi(to),

and hence we find that stability requires |[Ag| < 1 for each k.
However, using the equation for the ¢;’s (and Euler’s formula el? =
cos(#) + isin(f)) we find

Ak =1—2r(1 — cos(5XAz)).
It follows that stability holds if and only if

_ At 1

We will next discuss another scheme (an implicit scheme called the
Crank—Nicolson scheme) that features unconditional stability.

(Demonstrate)

We continue our discussion of finite difference schemes.

Recall the notation:

u(tni1) — u(ty)
At ’

S u(ty) ==

w(@j1) — 2u(z;) + w(zj1)
(Az)? '

62u(zj) ==

Example 2. (Crank—Nicolson) We revisit the heat equation:

Up = Ugy (t,z) € (0,00) x (0, L)
u(0,2) = f(x) z € [0,L]
u(t,0) =u(t,L) =0 t € (0,00).
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Previously we considered the explicit scheme
S u(tn, xj) = 62u(ty, ;)
and saw that it was stable if and only if

At 1
"= Ay S g

Now let 6 € (0,1) and instead consider the scheme
St u(ty, z;) = (1 — 0)62u(tn, ;) + 052u(tni1, ;).

(Setting 6 = 0 recovers the previous scheme.)

For 6 > 0 this scheme is implicit, since u(t,+1,) appears on the RHS.

This makes it harder to compute, since we have to solve systems of linear
equations.

On the other hand, we will show that for 6 > % the scheme is stable
regardless of the value of r. We call such a scheme unconditionally stable.

The case 6 = % is called the Crank—Nicolson scheme.

Proof of stability. As before, we use von Neumann stability analysis
and expand the numerical error e in a Fourier series:

Sk
e(tn, ;) Zpk Ja(xj),  qp(z) =€"L7

Applying the scheme to e(tn, x;j) and rearranging leads to

Pr(tns1) — pr(tn) _ er(l‘jH) — 2qp(2;) + q(wj—1) _ :
(1= O)pe(tn) + Opi(tusn) ar(2)) :

In particular one finds

Pr(ths1) _ Ak
pr(tn) 1— M0

and as before we need |u}!| < 1 for stability.
Now, the equation for the g implies

Ak = —2r(1 — cos(2 Az)) < 0.

= pi(tn) = (1 + )" pr(to) = pipr(to),

k
1— A0

This implies pp < 1.
However, we still need pr > —1. Rearranging, one finds that this is
equivalent to the condition

Il(1 = 26) < 2.

Notice that if 6 > 1 then this condition is satisfied, since the LHS< 0.
Conclusion. For 0> 1 , the scheme is stable (regardless of the value of

A
r= (A;) ) O

for some constant \j.
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10.3 Finite Element Method

Example 3. (finite element method) Let Q@ C R? and consider Poisson’s
equation
—Au=f on(Q
{ u=20 on 0. (*)

One can attempt to use finite difference schemes to solve this (see Strauss
8.4).

It turns out that for irregular/curved domains €2, this is not very efficient.

The finite element method provides an alternative.

The idea is to use a ‘weak’ formulation of (x). In particular, u solves ()
if and only if we have

/ —Aupdr = / fodx for all ‘test functions’ .
Q Q

Equivalently:

/Vu-dex:/prdx for all . (%)
Q Q

If we could construct u satisfying (xx), then we would have —Awu(zg) =
f(zo) by the usual approximate identity argument, that is, by taking a
sequence (, converging to 0.

The idea is therefore to choose a set of test functions {¢; }jvzl such that
pj ~ 0z;” for some z; € 2. We will then approximate the solution by

[43

N
u(z) = u(z) = Zujcpj(az) for some {u]}jvzl
j=1

Key idea. We will choose the u; such that (¥x) is satisfied when tested
against each ¢g. Then @ should (hopefully) be a good approximate solution

to (x).

In particular, imposing (x%) with u = @ and ¢ = ¢}, gives

N
ZUj/V(pj‘ngkd$:/f<pkd$
o e Q

=Mk =fk

This is a linear equation of the form Md = f, and hence we determine
u; by solving

—

i=M"f,
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where M, f are given in terms of the ¢; and the data f.

The problem has now been reduced to linear algebra! (And the compu-
tation of mjg, fi.)

In practice, one must decide how to choose the functions ¢;.

If O C R? one commonly approximates by a “triangulated” domain
Q. Letting {z; }évzl denote the interior vertices, one defines ¢; to be a linear
function such that p;(x;) = 1 but ¢; = 0 at every other vertex.



Chapter 11

Topics from Physics

11.1 Classical Mechanics

At the heart of classical mechanics is Newton’s law: F' = ma. To be
more precise, we let x(t) € R? denote the position of a particle P of mass
m > 0 at time ¢. Then #(t) denotes the velocity of P, and Z(t) denotes its
acceleration. Newton’s law reads mi(t) = F(x(t)), where F describes the
force acting on P.

Defining the momentum of P by p(t) = mi(t), we get the first-order
system of ODEs

p(t) = F(z(t)).

The force F' is called conservative if fCF = 0 for any closed loop
C C RZ Tt turns out that this is equivalent to saying F(z) = —VV(z) for
some V called the potential energy function.

We call the force attractive if F'(z)-x < 0 and repulsive if F'(z)-z > 0.

So for a particle under the influence conservative forces the classical
picture is the following:

{ i(t) = p(t),

(*) { x(t) %p(t), x(O) =X
p(t) = =VV(z(t)), p(0)=po.

The pair (z(t),p(t)) € R? x R? gives us a complete description of the
particle. (We call R? x R the phase space or state space of the particle).
In particular, every physical “observable” @ is some function of x(¢) and

p(?).

88
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The most basic examples are the position and momentum themselves.
Perhaps the most important example is the energy (or Hamiltonian) of
the particle, which is given by the sum of the kinetic energy and the
potential energy:

H(x(t),p(t)) = g5 p(O)° + V ((1)).

The Hamiltonian ‘drives the dynamics’. Indeed () is equivalent to Hamil-
ton’s equations

{ i(t) = +%§, z(0) = o,
p(t) = =%, p(0) = po.

Notice that we have conservation of energy:

O H (x(t),p(t)) = 5p(t) - p(t) + VV (2(t)) - &(t)
= —i(t) - VV(2(t) + VV (2(t)) - &(t) = 0,

so that
H(a(t), p(t)) = H(zo, po) = E.

Note E < 0 is certainly possible.
If d = 3 one can also consider the angular momentum of the particle:

L(t) = z(t) x p(t) (cross product).

Ezample 11.1.1 (Free particle). If V = 0 then p(t) = po and z(t) = xo+ 2¢.
In this case the energy is pure kinetic energy.
Notice that (in general) lim; .o |2(t)] = co. We say the particle scat-
ters.

Ezample 11.1.2 (Harmonic oscillator). V(z) = 3k|z|? for some k > 0 (F(z) =
—kx)

For d = 1 one can work out the solutions explicitly (sines and cosines).

Solutions are oscillatory, transferring energy back and forth between ki-
netic and potential energy.

Solutions are bound: Indeed, since V(z) — oo as |z| — oo it would
require infinite energy to have lim;_, |z(t)| = oco.

Ezample 11.1.3 (Finite well). Consider
skl Jzl <o

Vi(z) =
%k’ro‘Q ‘iL" > 1.
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The behavior of the particle depends on its energy.

If E > %k‘|r0]2 then the particle will eventually ‘escape the well’, at
which point it will behave like a free particle and scatter. In particular
im0 |2(t)| = 0.

If E < 3k[ro|? then if the particle ever finds itself in the well, it will not
be able to escape. In particular it will be bound.

In general, one has the following:
o If £ > lim|;_, V(7), then the particle scatters.
e Otherwise the particle may be bound.

Example 4. (gravity) Suppose we fix a “point mass” P’ of mass M at
the origin. The Newtonian model of gravity models the effect of P’ on P
via

1 ) x(t)
V(z(t)) = -GMm——, 1ie. F(z(t))=-GMm—"=,
()] |z ()
where G is the “gravitational constant”. The function V (z) = — & is called

||
the Newtonian potential. Note that F' is an attractive force.

Question. (escape velocity) Fix z¢ # 0. How large does |pg| need to be
in order for z(t) to scatter?
(Answer: choose pg large enough that £ > 0.)

11.2 Quantum Mechanics

Recall: classical mechanics models a particle P under conservative forces
(F = —VV) by states (z(t),p(t)) € R? x R, with dynamics governed by
Newton’s law/Hamilton’s equations.

Classical mechanics works well in many settings, but breaks down in
many limiting regimes.

We next discuss quantum mechanics, where the fundamental law (i.e.
Newton’s law) is replaced by a new one, namely the Schrédinger equation:

) [ inve= —EAG 4+ V(2)¥ (t,z) € R x RY
U(0,x) = Yo(x) r € RY.

(Here i = v/—1 and £ is Planck’s constant.)
To be more precise, suppose P is a particle of mass m in the presence of
a potential V : R — R.
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The quantum mechanics model describes P as an element ¥ € L?(R9),
called the state of P.

If P is in the state ¥ at time ¢t = 0, then the state of P at later times is
determined by solving the Schrodinger equation. We call W(t, ) the wave
function of P.

In this model the particle does not have a well-defined position or mo-
mentum. Instead, ¥(z) is the ‘position distribution’ of P and ®(§) =
hd/ 2(1\/(%) is the ‘momentum distribution’ of P.

In particular we have the following interpretations:

/ |U(x)|? dz = probability that the position of P is in ,

Q

/ |®(€)|? d¢ = probability that the momentum of P is in €.
Q/

According to this interpretation, the initial state ¥ should be “normal-

ized”, that is:
/ |\110‘2 dxr = 1.
R4

(Exercise: show that the Schrédinger equation preserves this property.)

Position and momentum have new interpretations under this model.

In general, an “observable” @) is modelled as a hermitian operator on
L?, with the following statistical interpretation: if P is in the state ¥ then
the expected value of () is

E(Q) = (¥.Q¥) = [ TWIQU(@)ds
(Here hermitian means that (¥, Q¥) = (Q¥, ¥).)
Position and momentum are modelled by the operators

[xV](z) = 2P (x), [p¥](z)= —iAV¥(x).

(Exercise: check that x,p are self-adjoint.)

As in classical mechanics, other observables can be written as combina-
tions of  and p.

For example, the energy/Hamiltonian was given by H(x,p) = ﬁp “p+
V(x). Similarly in quantum mechanics the Hamiltonian is given by

HU = 55V - (—ihV) + V(2)¥ = — L2 AT + V(2) .
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As in the classical setting, the Hamiltonian drives the dynamics. Indeed,
(%) is equivalent to
itho, W = HU

If d = 3 we can also define angular momentum. Since we had L =
x X p, we define
LY = —ih x x V.

Example 1. (free particle) Suppose V' = 0. Then (%) becomes

iUy = —kAY, k=
U(0,z) = ¥Yo(x).

Applying the Fourier transform:

We find ' ‘ .
U(t, &) = e FEPT(0,¢) = e Ty (&),

We therefore write
\I/(t) — eiktA\I/(), eiktA — f*lefikﬂf?]:'

Question. How does this compare to the classical picture?

In the classical setting we found z(t) = xo + 22, p(t) = po.

In the quantum setting we cannot specify both xg and pg. As a substi-
tute, consider an initial state

Wo(x) = ce om0l /2ginto,
where ¢ is chosen so that ||| = 1. Then
\/Ij\o(g) — ce 1660 /2g—i& w0 B (£) = ﬁfd/2\i’\0(%) — ch /2~ 1€—Nk0|? /212 j—i§-xo /b
— P

Thus @ is concentrated where £ ~ py provided we choose §y = %

From above we have U(t, £) = e*ikﬂg‘Q@]({), so U remains concentrated
where £ ~ &.

Equivalently ® remains concentrated near £ ~ py.

Taking the inverse Fourier transform we have

U(t,x) = (2m) 42 / e te I, (¢) de
Rd
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Since \i’\() is concentrated where & ~ &y we use Taylor’s theorem and approx-
imate

€17 ~ |&o]? + 260 - (€ — &).
Thus

U(t,z) ~ (27r)—d/2/ eiw~£e—ikt[\§o|2+2£o-(£—£o)]@)(5) d¢
Rd

= (2m) 2K i o / £i(e21hE0) (E~80) Ty (¢ — & + &) dE
Rd

— (2m) Y2t Hi o / /(om0 M(E=80) Flemt 02 o] (¢ — &o) dg
R4
— ¢ ihtlEo "o [o—iCo(@=2thE0) g (1 — 2tke)]

_ eitk|£0|2\110<gj — 2tk&p).

Thus ¥ travels with speed 2k&y = h&o — B0 "in agreement with the

m
classical picture!
Recall the Schrodinger equation

iy = HU
(+) { (0) = ¥ € L2(RY).

Here ¥(t, z) is the wave function of a particle in the presence of a potential
V:R? 5 R, and
2
H=-TA4+V(2)

2m
is the Hamiltonian (or ‘energy’ observable).
Above we used the Fourier transform to study the case of a free particle
V = 0. We recovered some qualitative information in agreement with the
classical picture.
In the case V # 0, one often uses separation of variables.
Looking for a solution of (x) of the form U(t,z) = p(t)g(x) leads to

T _ﬁA V
ihp' (t) — _2m 9(z) + V(w)g(z) =\ forsome \eC.

p(t) q(x)

In particular, we are led to the eigenvalue problem for the Hamiltonian:

[Hq](z) = Aq(z).  (xx)

Remark 11.2.1. (i) Operators of the form H = —A+V are called Schrédinger
operators.

(ii) For any A we can solve ilip/(t) = Ap(t) via px(t) = cxe /7 so the
interesting problem is (xx).
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Thus, we have the following
Possible strategy:

e Find the eigenvalues \,, and (orthogonal) eigenfunctions g, for (xx).
e Show that any ¥y € L? can be written as Wo(z) = Y, cngn(z).

e Solve (x) via W(t,z) = >, cnpn(t)gn(x).

In some cases, this strategy works beautifully (e.g. infinite well, har-
monic oscillator, Coulomb potential, ...). We will do an example in detail in
what follows.

Note that (L2-)eigenfunctions ¢, are steady-state solutions to (x). If
a particle has state ¢, then measurement of the energy will yield A, (see
below). We call such states determinate states for the energy.

Possible issues:

e What if the ‘eigenvalues’ are no longer discrete?
e What if the ‘eigenfunctions’ do not belong to L??

These issues are really ‘two sides of the same coin’. They are connected
to the “spectral theory” of Schrédinger operators.

To make a long story short, the solution to both issues is to replace
the sums by integrals. The “eigenfunctions” are still useful in building up
states W(t,x) mathematically, but they no longer represent possible states
themselves.

Before moving on to examples, we discuss some general principles of the
quantum mechanics model.

Recall that observables are modelled by hermitian operators @ on L2. If
P is in state ¥ then the expected value of Q) is

E(Q) = (¥.Q¥) = [ T@IQu()ds

(In fact, this definition makes sense for any operator @.)
If @ is hermitian then

E(Q) = (¥,Q¥) = (QV, V) = (¥,Q¥) = E(Q)

Thus E(Q) € R, as one would expect.
For A € R we define @ — A by (Q — \)¥ = Q¥ — \U. If @ is hermitian,
so is @ — A. (check!)
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The variance of (), defined by aé = E((Q — E(Q))Q), is computed by

o5 = (¥, (Q-E(Q))*?) = (Q-E@Q)¥, (Q—-E(Q))¥) = [(Q—E(Q))¥|.

The commutator of two observables @, @’ is the operator defined by

Q,Q] = QQ' — Q'Q. (Remark: E([Q,Q']) is pure imaginary. Check!)
For any state ¥ and any two observables @, Q’, the uncertainty prin-
ciple holds:

; 2
ooy 2 (— $E(Q,Q1)"
A determinate state for an observable Q is a state ¥ € L? such that

aé = 0. Equivalently:

(Q-E(@Q)¥ =0, or QU=E(Q)V.

That is, determinate states are L?-eigenvectors; the expected values are the
eigenvalues.

The set of A such that @ — X is not (boundedly) invertible is called the
spectrum of @, denoted o(Q). The set of A € ¢(Q) with L2-eigenvectors
is the discrete spectrum; the set of A € (Q) without L?-eigenvectors is
the continuous spectrum.

Eigenvalue problem

Consider the eigenvalue problem Hq = )\q in three dimensions, where

H=-ZEA4+V(z), V:R SR

2m

. . c 2
Let us only consider radial potentials, i.e. V =V (|z|), and let k = h—m

2
We introduce spherical coordinates:
(21, 22,23) = (rsinf cos ¢, rsin @ sin ¢, r cos 0)

Then
A = r(0,(r0,) + (sin0) ™9 (sin 69y) + (sin ) 20l].

We use separation of variables and look for a solution of the form
q(r.0,¢) = a(r)b(0,¢).
Then Hq = Aq becomes

—kr 2 [b0(ra,) + a{(sin 0) "' Op(sin Obg) + (sin 0) 2bye}] + V (r)ab = Aab.
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Rearranging and multiplying by ,:be

19, (r2a,) — [V (r) — Al = —1[(sin ) "' 9p(sin Obg) + (sin 0) 2byy) = pr

K

radial equation angular equation

for some p € C.

We now study the angular equation, which does not depend on V'
(since V is radial).

We use separation of variables (again) and look for a solution of the form

b0, ¢) = f(0)g(6).
Multiplying by —sin? § and rearranging yields
% sin 00y (sin O f'(0)) + psin® 0 = —ég”(qﬁ) =a

for some o € C.
We solve ¢’ = —ag via g(¢) = eFVo?,
Since we want g(¢ + 2m) = g(¢), we need 2™V =1, and hence

Va=m for some m e {0} UN.

Rearranging the f equation gives

89(81n0f) [ _ m22 ]f — 0

sin 6

If we define z = cos 6 and suppose f(0) = h(z), this becomes

(1= 22)h" — 2z + [ — %]h =0 (*)m  (check!)
h(z) finite at z = +1.

The case m = 0 is Legendre’s equation; the others are associated Leg-
endre equations.

We first solve (x)g. We will generate solutions to (x),, below.

We employ the power series method and write

oo o o
= chzk, h'(z) = Z kep2k1, h"(z Z k(k—1) ckz -2,
k=0 k=0 k=0

Then (%) becomes (after rearranging)

D> Ak +2)(k + Dewya — [k(k+1) — pler} 2* = 0.
k=0
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Thus h is a solution provided
Chio = %ck, co, c1 arbitrary.

Note that if p = ¢(¢+1) for some ¢ € {0} UN then ¢py9 = cpyqg = --- = 0.

Thus for p = ¢(¢+1) we can (by choosing ¢y = 0 or ¢; = 0) find a degree
¢ polynomial solution hj, where hf is odd for £ odd and even for ¢ even.
(These are the Legendre polynomials.)

If 1 is not of this form then solutions exist but are badly behaved at
z=1lor z=-1.

We turn to (%), for m > 0. Recall p=¢((+1), ¢€{0}UN.

As hf solves ()o then the function hf, = (.i—mmhé solves

(1 — 23Rl —2(m +1)zhl, + [L(L + 1) — m(m + 1)]hy, = 0,
and it follows that the associated Legendre function
HE = (1= 22ym2pt

satisfies (). (Check these!)

Note that we should restrict to m < £ to guarantee h%, # 0 (recall hf is
a degree ¢ polynomial).

Conclusion. For ¢ € {0} UN and m € {0,...,¢} we can solve the
angular equation with p = ¢(¢ + 1) with

Vim0, ¢) = € Hy, (cos(0)).

These functions (after normalization) are called spherical harmonics.

The number ¢ is called the azimuthal quantum number, while m is
called the magnetic quantum number.

(The spherical harmonics are determinate states for angular momentum.)
We return to the eigenvalue problem Hq = A\q, where

H=—rA+V(x),

with k = % and V : R3 — R radial.

Employing spherical coordinates and looking for solutions of the form

q(r,0,¢) = a(r)b(0, )

led to the “angular equation” for b, which we solved via spherical harmonics
b%,,, and the radial equation

r2a" + 2ra’ — %[V(T) —Aa=0(+1)a

e {0}UN, lim, ,sa(r)=0,
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to which we turn now.
Introducing the function u(r) = r a(r) and rearranging yields

r2

~ — ku 4+ [V(r) + M“Jg”]u = A\u ()

T

This is the eigenvalue problem for a one-dimensional Schrodinger oper-
ator on (0,00) with potential
f/(r) =V(r)+ IQLK;D.

Example. QM models an electron in orbit around a proton with the
Coulomb potential:

2

Viz)=—352, ie V(r)=-;21.

" drweg m’ " drweg

where e is the charge of the electron and g is the permittivity of vacuum
(in SI units).

We are interested in the discrete spectrum, corresponding to “bound
states”. Eigenvalues are real (they are expected values of the Hamiltonian),
and because lim,_,~, V' (r) = 0 one can show they are contained in (—o0,0).
(Beyond the scope of this course.)

With the Coulomb potential, () becomes

n_ 9 2 £(0+1)
u =c [1 - 40:%80 cr + (cr)? ]’U,,
where 2 = —%. We define
d 1d :
p=cr,  L=ca ulr)=wlp),  po=gEa-
Then
w”:[l—%o-i-g(i%l)]w, ’:dip (**)

We revisit the power series method, but with a twist.

First, as p — oo this ODE resembles w” = w, whose (decaying) solution
is like e™”.

Next, as p — 0 this ODE resembles w” = Z(t:gl)w, whose (well-behaved)

solution is like p¢*T.
Thus we look for w of the form

w(p) = p e u(p).
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We compute

w' = ple Plpv’ + (L+1 - p)],

w' = ple ? {pu" + 200 +1 - plv' + [-20 =2+ p+ L}

Then (x%) becomes
pv" +2(0+1—p)v' + [po—2(+1)]jv =0.

Now we try to write

v(p) = e, V()= ket W (p) =D k(k — 1)erpt 2
k=0 k=0

k=0
Inserting this into the ODE yields

Z {k(k + L)egrr + 2(€ + 1)(k + Vg1 — 2keg + [po — 2(£ + 1)]eg, } ¥ = 0.

Thus we should take
Chi1 = mii;;ﬁg)ck, co arbitrary.
Now if pg = 2(k* + £ + 1) for some k* € {0} UN, then cg«11 = cgrio =
-=0.

(If po is not of this form it turns out that the solution is badly behaved.)

In this case we call n := k* + ¢ + 1 the principle quantum number.

We denote the degree n — £ — 1 polynomial solution by v’ (p) (called a
Laguerre polynomial).

Then

_ An

up(r) = wh(p) = p e Pl (p),  p=car = /Ly

n n K

w ay(r) = rfe" o (ear),

where we can unravel the constants in

e? 2 An K — h2
depmRED ! T 2me

2n = po =

to compute \,. In particular:
Conclusion. The determinate energies of the hydrogen atom are

A= —[(32)°25] L forneN,

4mweg/ 2R21n?

and for each n there are 2n? (orthogonal) eigenvectors

qu,:tm(Tv 0, ¢) = aal;(’r)bfl:m(‘ga ¢)’
where £ € {0,1,...,n—1}, m €{0,...,¢}.
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11.3 Electromagnetism

In classical electromagnetism, the electric field E(t,z) € R® and mag-
netic field B(t,z) € R? have the following interpretation: the force on a
particle with charge ¢ and velocity v is

F =q(E+vxB),

while the behavior of E, B is determined by Maxwell’s equations:

1 )
V-E=_p (Gauss’s law)
V-B=0
VxE+0B=0 (Faraday’s law)

V X B — pupeoOE = poJ, (Ampere’s law, with Maxwell’s correction)

where p = p(t,x) € R is the charge density, J = J(t,r) € R? is the current
density, g is the permittivity of vacuum, and pg is the permeability of
vacuum.

Using Gauss’s law and Ampere’s law we can also deduce the continuity
equation for p and J:

Consider a region of space in which there is no charge or current (p, J =
0). Note

V x (V X E) =V x (—8,53) = —8t<v X B) = —8t(u050%—€) = —/L()anttE

and
Vx(VxE)=-AE+V(V-E)=-AEFE.

Rearranging yields
,uoeo&gtE —AE =0.

Similarly (computing V x (V x B) we find
/L()E()attB — AB =0.

Conclusion. In regions of spacetime with no charge or current, the com-

ponents of ¥ and B satisfy the wave equation, with speed of propagation

equal to ¢ = \/Pﬁ (which happens to be the speed of light in vacuum).
One can also study Maxwell’s equations using the potential formula-

tion.
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Lemma 11.3.1 (Helmholtz Theorem). If G is a (sufficiently nice, decaying)
vector field then
G=-Vg+VxH

for some scalar field g and vector field H.

Corollary. If V-G = 0 then G = V x H and if V x G = 0 then
G = —Vg.
We apply these results to ¥ and B. In particular, V - B = 0 implies

B =V x A for some magnetic potential A.
Combining this with Faraday’s law yields V x (E 4+ 0;A) = 0, so that
E+ 0;A=—-VV for some electric potential V.
Plugging this into Gauss’s law yields
~AV=V-E+9V-A=2Lp+9V-A

(Note if ;B = 0 then 9;A = 0 and this reduces to Coulomb’s law from
electrostatics.)
Using Ampere’s law and B =V x A yields

V x (V X A) + /,L()E()at[atA + VV] = /,L()J
= uoeoOuA — AA + V[V A+ Mo&o@tV] = podJ.

Thus, given p and J the equations for A and V are:

AV -9V -A=1p

()
o0 A — AA + V(V A+ /L()E()atV) = podJ.

This looks horrible.
Key observation. (gauge invariance) Let A\(¢,x) be a scalar function.
If we define
A=A+V), V=V-§8\

then A and V yield the same fields E, B. Indeed,
VxA=VxA+0=B,

KA+VV = QA+ RVAN+VV — VA=A +VV = —F.

Thus we have some freedom in how we choose A, V', which may simplify (x).
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Example 1. If we choose A to satisfy the Coulomb gauge condition
V-A=0,
then (x) becomes

,U()soattA —AA = ,qu — ,LL(]EOatVV.

Example 2. If we choose A to satisfy the Lorentz gauge condition
V-A= —/Loe’fo@tv,

then (x) becomes
{ pogoluV — AV = %P»
poc0n A — AA = poJ.

Once again we get the (inhomogeneous) wave equation, with speed of prop-
agation equal to c.

It is generally accepted that the laws of physics should be invariant under
space translation, space rotation, and time translation.

The laws of Newtonian physics (and its descendants) are also invariant
under Galilean transformations, such as

(t,z1,x2,23) — (t, 1 — vt,z2,23) for v € R.

The laws of electromagnetism are not. Instead, they are invariant under
Lorentz transformations, such as

t — (vay/c?) x1 — vt
V1= (0/c)? /1~ (v/c)?

(These arise when one takes as an axiom that the speed of light is the
same for any inertial observer.)

Einstein’s insight was that the laws of mechanics should be modified
to be invariant under Lorentz transformations. (This led to the theory of
relativity.)

(t, 1,22, 23) > < ,:cg,:c3>, veR, v <e

11.4 Elementary Particles

The QM model improves the classical model at microscopic length scales.
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Relativity substitutes Galilean invariance with Lorentz invariance, which
improves the classical mechanics model at high velocities.

The QM model still respects Galilean invariance.

The modification of QM to a model that respects Lorentz invariance is
known as relativistic quantum mechanics.

Classical mechanics: (Lagrangian version) If P is a particle of (rest)
mass m in the presence of a potential V', we define the Lagrangian by

L(z,v) = 3mv-v — V().

The momentum is given by p = V,L(z, %) and p = —VV () is the Euler—
Lagrange equation for the functional [ L(z(t),#(t)) dt. The energy is given
by

H=p-i—L(z,3) = 55lp[* + V(2).

Relativistic mechanics: (for free particle, i.e. V' = 0) Define the

Lagrangian by
L(z,v) = —mc?\/1 — |v|2/c2.
e analogue of arc length integral, but with Lorentz invariance

e constant mc? chosen to recover classical mechanics if [v] < ¢ (cf.
Taylor expansion)

The momentum is
_ 2\ m
p - va(:I:7 x) - \/W?
and p = 0 is the Euler-Lagrange equation for the functional [ L(z(t),z(t)) dt.
The energy is given by

H=p i— L(z,2) = c\/|p|? + m2c2.

Quantisation: To get the “quantum version” we make the following
replacements:
thoy = H, p= —ihV.

Formally this becomes
ihdy = c\/(—ihV) - (—ihV) + m2c2 = e/ —h2A + m2c2.

Squaring both sides:

—h20y = A(—h2A + m2).
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Thus we derive the Klein—Gordon equation

c%att\lf — AV + m;CQ U = 0. (KG)

Evidently squaring loses something vital, because KG does not accurately
model the electron.

(However, it can be used to accurately model “spinless pions”.)

Dirac equation. The idea of Dirac was to use an equation of the form

thoy U = HU,
where H was a first order differential operator satisfying
H? = 02[— R2A + mQCZ]. (%)
Writing
H = —ich(0q 01 + a0y + a3d3) + mc2f

one finds

H? = —6277,2[2 afaf + (OquQ + 042041)81(92 + (a1a3 + a3a1)8183 + (a2a3 + Oégag)agag)]
j=1

—ic’hm[(ca1 B + Bar)0r + (2B + Baa)ds + (asB + Bas)ds] + mPc* B2
Imposing (*), one finds the following conditions need to be satisfied:

ajop + apag = 0 (j 7& k:),
akﬁ + /BCWC = 07

af=1, =1

While this is impossible to achieve if a;, 8 € C, it is possible if they are
matrices!

This is now a purely algebraic problem, a solution to which is given by
the following 4 x 4 matrices:

o 0 O'j . 12 0
aj_(%’ 0 ) B_<0 —12)’

where I3 is the 2 x 2 identity matrix and o; are the 2 x 2 Pauli matrices
are defined by

(01 (0 —i (1 0
TT=\10) 27\ i o) 7 \o -1 )
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Note that for the PDE to make sense, we must have ¥ : R x R3 — C*.
We arrive at the Dirac equation for a free particle of mass m:

3
ih0,¥ = —ihe Y 0;0;¥ + m?B¥. (D)
j=1

An alternate form is follows. Defining the Dirac matrices

0 o
Y =5, 7-:6@-:( ]) (j=1,2,3)
J J —Uj 0
and noting 4% = I, we can multiply (D) on the left by 3 and arrive at the
following:

3
ih[i%@‘l’ + Zwam] =me¥,  U:RxR3—Ch
j=1

(This is often written more succinctly as ihy*0,¥ = mc¥, but we have not
introduced relativistic tensor notation or the Einstein summation conven-
tion.)

The Dirac equation provides one of the best models for certain types of
elementary particles (including electrons, quarks, ...).
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