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1. Consider the mechanical system shown below.
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(a) Obtain the tranfer matrix of the system assuming that the external forces u; and uy are the inputs,
and the displacement y is the output. (15pts)

(b) Obtain either the force-voltage or the force-current analog of the system. (10pts)

2. The angular position of the shaft of a motor is controlled by the system shown below.
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The angular position of the motor shaft is detected by a variable resistor which provides a voltage v,
proportional to the angle, such that v, = —K,6,. Draw the most detailed block diagram of the system,
where v; is the input, and 6, is the output. Show all the variables v;, vo, vj, Va, Vb, ta, T, Om, and 6, on
the block diagram. (25pts)




3. For the block diagram given below, determine the transfer function either by block-diagram reduction or

by Mason’s formula. Show your work clearly.
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(25pts)

4. A control system is represented by

x(t)

[ o ]x(t) + [ » ]u(t),

[1 0 ]x(t)+[1]u(®).

y(t)

Determine y(t) for t > 0; when x(0) = [0 0 ]T, and u(t) =1 for t > 0.

(25pts)
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1. Consider the mechanical system shown below.
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(a) Obtain the tranfer matrix of the system assuming that the external forces u; and uy are the inputs,
and the displacement y is the output.

Solution:

First, we identify the linearly in-
dependent displacement locations in
the mechanical system and mark
them.

Then, we write the differential equations describing the motion from the mechanical system.
mij = u1 — k1 (y — y2)
maiz = uz — k1(y2 — y) — kay2 — bye.

Next, we obtain the transfer function by taking the Laplace transforms of the above equations
under zero initial conditions. After some manipulations, we get

(m132 + kl)Y(S) - k1Y2(S) = Ul(s),

and
—k1Y (s) + (mgs? + bs + ky + k2)Ya(s) = Ua(s),
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where Uy, Us, Y, and Y, are the Laplace transforms of g, ug, y, and ys, respectively. After
multiplying the second equation by k; and substituting k;Y2(s) from the first equation, we get

—k}Y (8) + (mas® + bs + ki + ka) (mas® + k1)Y (s) — Ur(s)) = k1Ua(s),
or
((mas® + bs + k1 + k2)(mys® + k1) — k2)Y (s) = (mas® + bs + k1 + ka)U1(s) + k1 Ua(s).
Therefore,

l U (s)
Y(s) = 2 ] |
(3) (m282 + bS + kl + kz)(m132 + kl) _ k% [ mas + bS + kl + k2 kl ] [ :I

(b) Obtain either the force-voltage or the force-current analog of the system.

Solution: For the force-voltage analog of a mechanical system, there will be a loop charge associ-

ated with each displacement variable (or a loop current associated with each velocity variable),
and an input force will be associated with a voltage source. The spring constant, the damping
constant, and the mass will be associated with the reciprocal of capacitance, the resistance, and
the inductance, respectively. The elements between two displacement variables of the mechan-
ical system will be between the corresponding loop variables of the force-voltage analog. The
elements that are connected to fixed frames and the elements that are always measured with
respect to a fixed frame, such as the mass and the external force, will be on the non-common
portions of the loops.

The next figure shows the force-

voltage analog of the mechanical sys-

tem, where the loops are identified w
with the displacements.

For the force-current analog of a mechanical system, there will be a node flux associated with
each displacement variable (or a node voltage associated with each velocity variable), and an
input force will be associated with a current source. The spring constant, the damping constant,
and the mass will be associated with the reciprocal of inductance, the conductance, and the
capacitance, respectively. The elements between two displacement variables of the mechanical
system will be between the corresponding node variables of the force-voltage analog. The ele-
ments that are connected to fixed frames and the elements that are always measured with respect
to a fixed frame, such as the mass and the external force, will be connected to the ground.

The next figure shows the force- y pIASY v2

current analog of the mechanical sys-

tem, where the nodes are identified u1 i p— R — 1/k2 /b
with the displacements.
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2. The angular position of the shaft of a motor is controlled by the system shown below.

vy
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N

The angular position of the motor shaft is detected by a variable resistor which provides a voltage v,
proportional to the angle, such that v, = —K,6,. Draw the most detailed block diagram of the system,
where v; is the input, and 6, is the output. Show all the variables v;, v,, vj, va, Vb, %a, T, O, and 6, on
the block diagram.

Solution: To determine the block diagram of the system, we first separate it into simpler components.

Because the input variable is v;, we
would write either v; or v, in terms
of v;, such that v

vj

Vo vj

O+

=

v;(t) = vi(t) + vo(t)-

Since the operational amplifier is as-
Ya sumed to be ideal, we get

R Vals)  _ Vi(s)
R+ 1/(Cs)  1/(Cs)’ " v
RCs +1 F—————

Vi

or

I Va(s) = (RCs + 1)Vj(s).
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The armature current of the motor
15 Wy T .
1 Lgs + Rg
I =—(V, - . -
o) = 155 Ra( a(8) = Vo(s)) .
From the armature-controlled mo-
tor, ia T
7(t) = Kaiq(t). Ko 7
The back-emf voltage of the motor
dfp, (t)
= K,
’Ub(t) b dt ) o P v

or
Vo(s) = (Kb5)Om(s).
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The torque equation for 6,, is

d26,,(t)
i Im d':z = 7(t) = Kpm (8m(t) —0o(t)),
K
Ta——)—D——E—)— or
Om 0o 1
Om(s) = g (T()+EmOo(s)).
The torque equation for 6, is
d20,(t)
7 Jo d:z = _Km (ao(t) - am(t))v
Knm O [ Em |
O 0, Ko
O,(s) = m@m(3)~

And, finally the given relationship

6o Vo

Vo(t) = —Kobo(t). o x

When we connect all the individual blocks together, we get the following block diagram.

| Jme? + Ko, Josd + Ku |




EE 231

3. For the block diagram given below, determine the transfer function either by block-diagram reduction or
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by Mason’s formula. Show your work clearly.
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Solution: If we choose to use the block-diagram reduction, best approach is to reduce the block diagram

G3

step by step, until we obtain the transfer function.

Gy

Gs
146G, + G2

G3

1—Gj

146G,

G2G3/(1 - G3)

1-(G2G3/(1 — G3))(G4/G3)

1-G3

G2Gs

(1+G1)G2G3/(1 — G3 — G2G4)

1— ((1 + G1)G2G3/(t — G3 — G2G4)) (1 — G3)/(G2Gs))
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* (1+G1)G2G3 Y
(1-G3 - G2Gy4) — (1+G1)(1 = G3)

If we choose to use Mason’s formula, we need to draw the signal flow graph of the block diagram.

[ Yoyl

In drawing the signal flow graph, the unity gains are subscribed for easy tracking of the gain expres-
sions. The forward path gains are

F; = 1113G113G214G315 = G1G2G3,

and
Fy = 1112191813G214G3ls = G2Gs.

The loop gains are

Ly = 1,G11317 = Gy,

Ly = 1519181317 =1,

L3 = 13G214G4ls = G2Gy,
and

Ly = 14G3l = G3.

From the forward path and the loop gains, we determine the touching loops and the forward paths.

Touching Loops Loops on Forward Paths
Ly | Ly | L3 | Ly Ly | Ly | L3 | Ly

L|lv| v iv]|x Rlv v iv]|v
L v iv]|x BRlv|iviv]|v
Ls v]v
| v
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Therefore,
A=1-(Ly+ Lo+ L3+ Ls) + (L1Lg + Lo Ls)
= 1= ((G1) + (1) + (G2G4) + (G3)) + ((G1)(G3) + (1)(G3))
= —G1 — G2G4 — G1Gs,
and
A1 = Alpary=L4=L=0 = 1,
Ay = AlL1=L2=L3=L4=0 =1
So,
Y(s) _ 1 XZ:Fz'Ai _ (G1G2G3)(1) + (G2 G3)(1)
Uls) A% —G1 - G2G4 + G1G3
or

Y (s) _ G1G2G3 + G2G3
U(S) —G1 — GoG4 + G1G3 ’

4. A control system is represented by

)= Ty g x4 | ) o,
y®) =[1 0]x(t)+[1]u(®).

Determine y(t) for t > 0; when x(0) = [0 0 ]T, and u(t) =1 for ¢t > 0.

Solution: The general solution to the state-space representation of a system described by
x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)
is obtained from

t
x(t) = eAtx(O) +/ eA(t_T)Bu(T) dr,
0

where

et = £ [(sI - A)7](2).

Here, I is the appropriately dimensioned identity matrix. In our case,

A=[“i _g], B:[_i], c=[10], D=[1],



EE 231 Exam#1 Solutions Fall 2002 9/9

x(0)=[0 0 ]T, and u(t) =1 for t > 0. As a result, the initial-condition term in the solution of
and the first term in the y equation are identically zero. So,

v=c AT Bu(r) dr + Du(®)
=11 o) e fer-ate-n | @110
o6l 1) oo e
v fa ([ ]) Jeen [ 4]
o[ a8 e[ e

=

. Ly
:/0[1 0 ] Ls-l[

+1 1
)4 ](t_T) 1:;1[ 12]@—7) [~1]d7+1
:/Ot[gs—l[sil](t—r) O][_i]dr+1

=/0t£;1[si1](t—-7)d'r+l

t
= / 6_(t_T) dr + 1
0

()

y(t) =2—etfort > 0.




