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1. Consider the mechanical system shown below.
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(a) Obtain the transfer function of the system assuming that the external variable 7 is the input, and
the angle 0 is the output. Assume that the spring with the spring constant k is stretched due to the
gravity prior to the application of the torque 7. (15pts)

(b) Obtain either the torque/force-voltage or the torque/force-current analog of the system.  (10pts)

2. The angular position of the shaft of a motor is controlled by the system shown below.
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The angular position of the motor shaft is detected by a variable resistor which provides a voltage v,
proportional to the angle, such that v, = K,0. Draw the most detailed block diagram of the system,
where v; is the input, and 6 is the output. Show all the variables Vi, i, Vo, %o, 1, Vf, if, T, and 0 as well
as the displacement(s) associated with the mass-spring components on the block diagram. (25pts)

. For the block diagram given below, determine the transfer function either by block-diagram reduction or
by Mason’s formula. Show your work clearly. (25pts)
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. A control system is represented by

where u, x, and y are the input, the state, and the output variables, respectively. Determine y(t) for
t>0; when z(0) = [0 0]7, and u(t) =1 for t > 0. (25pts)
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1. Consider the mechanical system shown below.
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(a) Obtain the transfer function of the system assuming that the external variable 7 is the input, and

the angle 6 is the output. Assume that the spring with the spring constant k is stretched due to the
gravity prior to the application of the torque 7.

Solution:
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7 radius = r \\\\\
First, we separate the rotational sys- By Y By v
. K
tem from the translational system by ﬂ - m:)_}%]; %
representing the internal force. 7 T 6 6
fr
3 . / d
Second, we identify the linearly inde-
pendent rotations and displacements fr
in the mechanical systems and mark ] .
them. § X
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Third, we write the differential equations describing the the rotational motion from the mechan-

ical system.
0=7—B16; — K(6; — 6)
JO =rf, — Bab — K (6 — 6y).
Then, we write the differential equations describing the the translational motion.
0= —fr - k(z1 — z2)
miy = —k(zy — x1).
From the connection, we also know that

I = r.

Next, we obtain the transfer function by taking the Laplace transforms of the above equations

under zero initial conditions. After some manipulations, we get

(B1s + K)O1(s) — KO(s) = T(s),
(Js* + Bas™+ K)O(s) — KOy (s) = rF.(s),
and
kX1(s) — kX2(s) = —F,(s),
(ms® + k) Xa(s) — kX1(s) =0
with

Xl(s) = T@(S),

(1.1)
(1.2)

(1.3)
(1.4)

(1.5)

where ©1, ©, X1, X», F;, and T are the Laplace transforms of 8, 6, Z1, T2, fr, and 7, respectively.

From Equations (1.3) and (1.4), we get
1
Xa(s) = —@Fr(s),
and
ms? + k
mks?

X9 = - ( ) FGo).

Solving for F; in terms of © from the last equation along with Equation (1.5), we get

R = - (o) Xato) = - () rote)

ms? + k ms? + k
We solve for ©; by using Equation (1.1) to obtain
K 1
= - —T(s).
@1(8) Bis + K@(S) + Bis+ K (s)
Finally, substituting ©; and F, in Equation (1.2), we get
K 1 mkr?s?
2 _ = —
(Js*+ Bas+ K)O(s) — K (Bls n K@(s) + Bst KT(s)) (m32 n k) O(s),
or
K? mkr2s? K
2 K) — - .
((Js + Bys+ K) Bt K + me Tk (s) Bsgt KT(s)
Therefore,
O(s) K(ms? + k)

T(s) ((Js2 + Bys+ K)(Bis+ K) — Kz) (ms2 + k) + mkr2s? (Bls + K) ’

where © and T are the Laplace transforms of § and 7, respectively.

et e S S —
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(b) Obtain either the torque/force-voltage or the torque/force-current analog of the system.

Solution: For the torque-voltage analog of a rotational mechanical system, there will be a loop
charge associated with each rotational variable, and an input torque will be associated with a
voltage source. The stiffness constant, the rotational damping-constant, and the inertia will be
associated with the reciprocal of capacitance, the resistance, and the inductance, respectively.
The elements between two rotational variables of the mechanical system will be between the
corresponding loop variables of the torque-voltage analog. The elements that are connected to
fixed frames and the elements that are always measured with respect to a fixed frame, such as
the_ inertia and the external torque, will be on the non-common portions of the loops.

B J B
The next figure shows the torque- '\/\1/\/ — T ’\/\2/\/
voltage analog of the rotational sys- Dl K
tem, where the loops are identified + L 1K &
) T _ - rfr
by the angles. C) Pl CD
_____ N U

For the force-voltage analog of a translational mechanical system, there will be a loop charge
associated with each displacement variable (or a loop current associated with each velocity
variable), and an input force will be associated with a voltage source. The spring constant,
the damping constant, and the mass will be associated with the reciprocal of capacitance, the
resistance, and the inductance, respectively. The elements between two displacement variables
of the mechanical system will be between the corresponding loop variables of the force-voltage
analog. The elements that are connected to fixed frames and the elements that are always
measured with respect to a fixed frame, such as the mass and the external force, will be on the
non-common portions of the loops.

The next figure shows the force- P ) - .
voltage analog of the translational %
system, where the loops are identi- fr CD T % m
fied by the displacements. ol .

In order to merge the rotational and
the translational analogs, we need to
match the voltage supply represent- e I .
ing the internal force variable f.. To ’ : 5
preserve the angle 6 representation,
we scale the voltage-supply value of e | roa
the force-voltage analog as shownin L =7 ] 77 i
the next figure.
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The next figure shows the J By

torque/force-voltage  analog  of LIV ) P

the mechanical system, where the - i

loops are identified by the angles ™ VK o Wk ™
and the displacements. i eui|i o=rey |l rag
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For the torque-current analog of a rotational mechanical system, there will be a node flux associ-
ated with each rotational variable, and an input torque will be associated with a current source.
The stiffness constant, the rotational damping-constant, and the inertia will be associated with
the reciprocal of inductance, the conductance, and the capacitance, respectively. The elements
between two rotational variables of the mechanical system will be between the corresponding
node variables of the torque-current analog. The elements that are connected to fixed frames
and the elements that are always measured with respect to a fixed frame, such as the inertia
and the external torque, will be connected to the ground.

The next figure shows the torque- o fl‘ogo’(\ 2

current analog of the rotational sys-

tem, where the nodes are identified T (D /B — 1/B2 fr
by the angles.

For the force-current analog of a translational mechanical system, there will be a node flux asso-
ciated with each displacement variable (or a node voltage associated with each velocity variable),
and an input force will be associated with a current source. The spring constant, the damping
constant, and the mass will be associated with the reciprocal of inductance, the conductance,
and the capacitance, respectively. The elements between two displacement variables of the me-
chanical system will be between the corresponding node variables of the force-current analog.
The elements that are connected to fixed frames and the elements that are always measured
with respect to a fixed frame, such as the mass and the external force, will be connected to the
ground.

z A
The next figure shows the force- d ¢
current analog of the translational
system, where the nodes are identi- fr ™
fied by the displacements.

rey 1/k rTQ

In order to merge the rotational and

the translational analogs, we need to

match the current supply represent-

ing the internal force variable f.. To

preserve the angle 6 representation, rfr
we scale the current-supply value of

the force-current analog as shown in

the next figure.

m

The next figure shows the o1 f%/%\ o=m ’ioﬁo’\ iy
torque/force-current  analog  of
the mechanical system, where the <D 18y ; \/Bs -
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2. The angular position of the shaft of a motor is controlled by the system shown below.
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The angular position of the motor shaft is detected by a variable resistor which provides a voltage v,
proportional to the angle, such that v, = K,0. Draw the most detailed block diagram of the system,
where v; is the input, and 6 is the output. Show all the variables Vi, Ui, Vo, lo, %, Vf, if, T, and 6 as well
as the displacement(s) associated with the mass-spring components on the block diagram.

Solution: To determine the block diagram of the system, we first separate it into simpler components.

Since the input variable is v;, we
write ¢; in terms v;, such that

5(s) = (o), "

since the operational amplifier is as-
sumed to be ideal.

5| -
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For an ideal operational amplifier,

i(t) = = (1:(t) +4o(t)).

io

Again for an ideal operational am-
plifier,

t
op(t) = %/ i(r) dr,

or )
Vi(s) = a](s).

vs
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Ry age Law, where
vy i! dif(t) )
Li——= + Ryif(t) =
s—q + Rris(t) =vs(t), y . y
Lf Lys+ Ry
or
I1(s) = ———-Vy(s)
= f - Lfs + Rf AN
ia = constant
s r From the field controlled motor,
(. (t) = Kyif(t). k Ky .
The torque equation for 8 is
d20,,(t)
J m —
R R P N e e B

fr
#

/
s
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where f, is the internal tension of
the rope. So,

O(s) = 7183(:1"(3) —rFy(s)).

ff‘
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The disc with the inertia J changes
the rotational motion to transla-

tional motion, where

z1(t) = —r0(t).

The differential equations describing the the translational motion

are
0= —-fr - k:(:z:l - 132),
mfig = —k(x2 - .’131).
So,
Fo(s) = k(Xa2(s) — Xa(s)),
k
X2(S) = le(s)
zq z2 fr
ms:+k ﬂd—/ k

And, finally the given relationship

vo(t) = Ko0(2). ¢ Ik b=

When we connect all the individual blocks together, we get the following block diagram.
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3. For the block diagram given below, determine the transfer function either by block-diagram reduction or

by Mason’s formula. Show your work clearly.

Ge )(le
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“ G -+ Gy H—
f—p - Ga
Q—' Gs

Solution: If we choose to use the block-diagram reduction, best approach is to reduce the block diagram

step by step, until we obtain the transfer function.
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(1 — G2G4)Gs
G1Ga
u G1G2 Yy
1
= . 1 GaGa +Cs w
Ga
G3Gs
u GGz 14+Cs + (1 — G2G4)Gs ¥
1 - G2Ga 8 G1Ga
G4 + G3Gs
e G1G2 + G1G2Gs + (1 — G2G4)Ge v
1 — G2G4 + G1G2(Ga + G3Gs)

If we choose to use Mason’s formula, we need to draw the signal flow graph of the block diagram.
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In drawing the signal flow graph, the unity gains are subscribed for easy tracking of the gain expres-

sions. The forward path gains are
Fy = 1,1,G1G213G31415 = G1G2G3,
Fy = 111,G¢1715 = Gs,
F3 = 1;12G1G2lel7ls = G1Gs.
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The loop gains are
Ly = 1113G1G213G3G5(~110) = —~G1G2G3Gs,
L3 = 1112G1G213G419(~110) = —G1G2Gy,
L3 = G213G4ls = G2Gy.

From the forward path and the loop gains, we determine the touching loops and the forward paths.

Touching Loops Loops on Forward Paths
Ly | Ly | Ls Ly | Ly | Ls
Lylv | v |V F|lv | v
L, vV | Vv Rlv | iv | X
L3 v Flv |v
Therefore,
A=1-(Ly+ Ly + Ls)
=1 - ((-G1G2G3Gs5) + (—G1G2Gs) + (G2Gy))
=1+ G1G2G3Gs + G1G2G4 — G2Gy,
and
Ay = AIL1=L2=L3=0 =1,
A2 =Alp _1,-0=1-L3=1-G2Gy,
Az = A|L1=L2=L3=0 =1
So,
Y(s) _ 1 i Fia, = (G1G2Gs)(1) + (Go)(1 = GaGa) + (G1G2) (1)
U(s) A& 1+ G1G2G3Gs + G1G2G4 — G2Gy
or

Y (s) _ G1G2Gs + Gg(1 — G2Gy) + G1G2
U(s) T 14 G1G2G3Gs + G1G2G4 — G2Gy '

4. A control system is represented by
. -1 1 1
o0 =| Ty _y|et+ | g |u
yt)=[1 0]=(),

where u, x, and y are the input, the state, and the output variables, respectively. Determine y(t) for
t > 0; when x(0) = [ 0 O]T, and u(t) =1 for ¢t > 0.
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Solution: The general solution to the state-space representation of a system described by
x(t) = Az(t) + Bu(t)
y(t) = Cz(t) + Du(t)

is obtained from

t
z(t) = eAta:(O) + / eA(t'T)Bu(T) dr,
0

where

et =7 (s - A7) @)

Here, I is the appropriately dimensioned identity matrix. In our case,

-1 1 1
R
z(0)=[0 0 ]T, and u(t) = 1 for t > 0. As a result, the initial-condition term in the solution of z

is identically zero. So,

y(t) =CAteA(t—T)Bu(T)dT+Du(t) = [ 10 ]/()t£;1 [(SI—A)_I](t—T) [ (1) ] (1)d7‘

~[1 o]/otz:s‘l_(S[(l) (1)]—[—(1) —;D_l]“_”[é]dT
“ol [ ([ L)) en[b] @

-0 01 [ g [0 o] Jen o] o

=/Ot[1 0] c;l[s‘l“](t-ﬂ c’_l[w_}(t—ﬂ OJdT
0 c; [8+2}(t 7)

t 1 t =t
_ -1 _ — —(t—71) — —(t—7)
_/0 C; [s+1](t T)dT /0 e dr (e )T=0.

y(t)=1-e"tfort > 0.




