Mathematics 6215 Homework Set 1 Name: Dy Grev\l

Due Date:

Solve the following problems which appeared on the Spring 2013 Math 315 Final Exam.

In each of the following, compute the Lebesgue integral of f over the set £ or show that f* is not
integrable over E. The symbol A represents the set of algebraic numbers, Q stands for the set of rational
numbers, and P denotes the Cantor ternary set. Please justify the steps in your computations.

(-1 if xeP,

3 if xe[0,1]\ P,
2 if xe[-1,0\Q,
-4 if xe[-1,0]nQ.

@@ f(x)=

cos(x) if xeA,

b - =[0,1
®) J@=)1 if xe[0,1\A. E=[0]

X

( (x) = x* if xe@Q, P

©) Jx)= e_|x|sin(x) if xeR\Q. =)
=, sin (7x)

@ f(x)=. E=[0,7]

n=1 n

@ Let f be the function defined on the interval [0,1] as follows: f(x)=0 if x is a point of the Cantor
ternary set and f(x)=1/k if x isin one of the complementary open intervals of the Cantor set with length
37* . For example, f(1/3)=0, f(1/2)=1, and f(4/5)=1/2.

(a) Show that f is a Lebesgue measurable function.

(b) Evaluate I f(x)dx.
[0.1]

)
In the following problems, let || /], =[”f(x)]pdx] ’ for 1< p<oo and fel”(R).
R

(a) Give an example of a sequence < fn> of measurable functions on R with the following properties:
£, (x) = f(x) pointwise on R, | f,]

(b If { fn} is a sequence of measurable functions which converges to f pointwise on R and

I] an » — M < o0, what can you conclude about ” f ” ;7 Justify this conclusion with a proof.
(o) If { fn} is a sequence of measurable functions which converges to f* pointwise on R and
|f,,”Ll ——)“f”L, < oo, show that f,,—f"L, —0.

S M < forall n>1, and an ~f||L. does not converge to 0 as n — oo,




(a) Let f be Lebesgue integrable on R. Show that
I

m({xeR:‘f(x)‘Zl})S 2
(b) Let f be a measurable function on R with the property that there is a positive number C such that

forall A>0.

m({xeR:|f(x)[Zﬂ})s% for all 1> 0.

Is it true that f e L' (R)? Justify your answer.
(c) Generalize the results of (a) and (b) to L”(R) where 1< p <o,
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