Mathematics 6215 Homework Set 4 Name: D¥. Gmw

Due Date:

@Let f and g be real functions in I?(0,1) with j f(x)dx=0. Show that
( [ f(x)g(x)dx] < ( [7 (x)dx}( [g’ (x)dx—[ [ g(x)de ] .

@ Let E < (—0,0) be measurable with m(E) <o and let {c,}  be any real sequence. Show that

lim | cos®(nx +c, )dx = m(E) :

n—>00 = 2

(Hints: You might find the Riemann-Lebesgue lemma and the identity 2cos®(4) =1+ cos(24) useful.)

@ Let {f,}” bea convergent sequence of functions in I7(0,1) for some p e[l,0), say
l7-1,
(a) Show that { fn} need not converge pointwise to fa.e. on (0,1).

P—)Oas n—ow.

(b) Show that there is a subsequence { I, }:_1 which converges pointwise to fa.e. on (0,1).

(Hints: (a) Write n=2"+k where 0<% <2",and let f, be the characteristic function of the interval
(k27" ,(k+1)27™). (b) Examine the proof of the Riesz-Fischer theorem.)

Determine which of the following sequences defined on the integers are the Fourier coefficients of a
function in Z*(0,1). Justify your answers.

(=1 . =
(a) a"”1+|n| © cn—sm(Zn)( V2 1)

|
l2

1 1
b, = (d) d,=—= if [n|=2" for some integer m>0;
J(r+2)n(n]+2) Jl g

(b)
d, =0 otherwise.

Notation and Definitions: Let H denote the vector space of 1-periodic functions f on R with the
property that the restriction of fto (0,1) belongs to Z7(0,1). For f e H, define

nfn=(ﬂf<x>r dx}

and

}(n) =< f,e, >= j f@)e>™dx  (n=0,+1,%2,...).

If f and g belong to H, define their convolution by




(f*&)®)=[f(MeE-ydy (xeR).

@ (a) Show that the restriction mapping f + f | o o”) onto (Z2(0,1), ”0”2) :

(b) Show that if fand gbelongto H , then so does f*g. (Don’t forget to check measurability of
f*gon (—w,00).)

(©) If fe Hand neZ, show that (f *e )(x) = ]A’(n)en (x)for all x € (—oo,0).

LetfeH.

(a) Find the Fourier coefficients of the translate f, of f.

(b) Express the norm, ||f; — f |, in terms of the Fourier coefficients of f and the number ¢.

is an isometry from (H,|

(c) Show that liminf ﬂf’t;fu >0 unless fis constant almost everywhere.
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