Mathematics 322 Midterm Exam Name::pﬁ GW?W
Spring 2001

1.(20 pts.) Let yl,...,yN be a fixed set of coordinates in a space VN .
and form the set of N2 quantities whose components in the xl,...,xN
coordinate system are given by
. ayk 6yk
T(i,j) = - ~ .
ax’ ax’

Determine completely the tensor character (or lack thereof) of the set of
quantities T(i,3).

2.(20 pts.) Let Rijkl be the components of a covariant tensor of rank
four in a three—-dimensional Riemannian space VB.

(a) How many components does the tensor have?

(b) If the tensor obeys the symmetry relations
Rijki = 7 Ryike Riskr = 7 Rigier Rigia = Reasse
how many independent components does the tensor possess?
(c) In addition to the symmetry relations in (b), if the tensor obeys
+ =
Riskr * Rikrs * Ringe = @
how many independent components does the tensor possess?
(It should be understood that you must support your answers to (b) and

(c) with reasons.)

3.(20 pts.) In spherical coordinates r,8,¢ in three dimensional
euclidean space, a vector field is such that the vector at each point
points toward the origin and has magnitude equal to twice the distance of
the point from the origin. Find the contravariant companents and
covariant components of this vector field in the spherical coordinate
system and in the rectangular cartesian system.

Note: You may find useful the following identities relating spherical and

rectangular cartesian coordinates:

y1 = rsin(g)cos(g), yE = rsin{g)sin(8), y3 = rcos(¢).

4. (20 pts.) Let V8 be a Riemarmian space with positive definite metric

tensor a .
mn

(a) If 8 denpntes the angle between the x1 and xE coordinate curves at
a point P in VE’ show that

Y-

cos(8) = ——— .

Ja1laaa B

(b) If the metric tensor in VE is given by

4 (x B (xE)E axtyBra - (xhHE - (xF)rB1
211 7 %22 T - » ®4p T %21 T =
where o = Lx2 + 22 - xHZrHE - «F - 21, find all points in Y,
where the coordinate curves are orthogonal. (Assume x1 > 0 and xE > 0 at

all points in VE')




5.(20 pts.) Let VE be the surface in three dimensional euclidean space

given by

y1 = xicos(xa), yE = xlsin(xe), ya's (xl)E/E

where 0 = xE < 8, O = xl < w, and equip VE with the metric tensor that
it inbherits as a surface in EB'
{a) Show that the metric tensor of VY, is given by

2
1.2 _ 1.2 _ _
3y X ), ag, = (x ), and alg = agy T O.
(b) Compute the Christoffel symbols of the first kind in VE'

=1+(

(c) Compute the conjugate to the metric tensor in VE“

(d) Compute the Christoffel symbols of the second kind in VE'

(2) Write (but do not solve) the differential equations that define
the geodesics in VE'

Bonus (10 pts.): Compute the geodesics in VE'




