Mathematics 5222 Midterm Exam Name: JX. G'(ow
Spring 2015

This is a closed-book, closed-notes examination. You will have 75 minutes to complete your solutions
to the problems on this exam.

1.(20 pts.) In a space ¥, of dimension two, write out completely the following expressions and perform
any simplifications that can be made.

k k
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(a) 5(-1-)6 X (b) 5i (C) gi/‘ —'&'—a—x—/—
(The symbols &, and &/ denote Kronecker deltas.)
(d) If aj.xf =}’ is a system of » linear equations in the » unknowns x' and a= faj.{ # 0, verify that

a 4k
b

is the solution of the system. (Here 4’ denotes the cofactor of al))
a

2.(20 pts.) Write the transformation law for the components of the following under admissible
coordinate transformations.

(a) acovariant vector; (b) a contravariant vector;, (c) a mixed tensor of rank two.
(d) Write out explicitly the laws of transformation for the components of a contravariant vector in two-

dimensional euclidean space when S is the transformation from polar coordinates x',x* to rectangular

cartesian coordinates y',y* given by

where x' >0 and 0< x? <27,

3.(20 pts.) Let R, be the components of a covariant tensor of rank four in a two-dimensional

Riemannian space V.

(a) How many components does this tensor have?

(b) If the tensor obeys the symmetry relations Ry, =—R,, and R, =—R,, , how many distinct,
possibly nonvanishing components does the tensor possess?

(¢) Show that if the tensor obeys the symmetry law Ry, = Ry, in addition to the symmetry laws in

part (b), then it must obey the symmetry law Ry, + Ry, + Ry, =0 as well.

(Please support your answers to parts (a), (b), and (c¢) with reasons.)

4.(20 pts.) Let y', 3%,y denote rectangular cartesian coordinates in three-dimensional euclidean space

E,. Consider the surface ¥, in E, given by

y' =x cos(xz), 3y =x' sin(xz), y =X

where x' >0 and 0<x* <27. Inthe x',x” coordinate system, compute:
(a) the metric tensor for V,;

(b) the conjugate metric tensor for 7, ;
(¢) the nonvanishing Christoffel symbols of the second kind for V.




5.(20 pts.) Write the definitions of the covariant derivative of the following in a Riemannian space with
covariant metric tensor g,

(a) a contravariant vector; (b) a covariant tensor of rank two.
(c) Show that the covariant derivatives of the metric tensor, the Kronecker delta, and the conjugate
metric tensor vanish identically in the space.

Bonus (20 pts.): Let ¥, be a Riemannian space of dimension N with covariant metric tensor ;.
Define the divergence of a vector field on V), with (continuously differentiable) contravariant

components A' to be the scalar invariant div(4)=4';. Define the gradient of a (continuously

: . . . . 0
differentiable) scalar invariant  on ¥}, to be the covariant tensor grad (u)' = a—u,— Define the
e

Laplacian of a (twice continuously differentiable) scalar invariant # on V) to be the scalar invariant

A(u)=div(grad (u)).

(a) Write out explicit formulas for the actions of the gradient, divergence, and Laplacian operators in
terms of the metric tensor, the Christoffel symbols, and ordinary partial derivatives with respect to the
coordinates.

(b) Show that these formulas reduce to the usual definitions of the gradient, divergence, and

Laplacian operators with respect to rectangular cartesian coordinates y',...,y" in a euclidean space of

dimension N .
(¢) Compute the actions of the gradient, divergence, and Laplacian operators in cylindrical
coordinates in three-dimensional euclidean space. (Recall that the cartesian coordinates in E, are

related to cylindrical coordinates by the transformation formulas
y =x' cos(xz), y? =x' sin(xz), ¥ =x)
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