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A %Yigonom&v[c Idenﬁ% Is a relation between ‘h\r{cj
Lunctions that holds at all values wheve each o

i N ~ - N { v r. \
“he ‘ET\S Funckions myolved (s definea .

The Fundamental Tvi q Tdentities

sec(t) 5 cos(E)
Reciprocal < csclt) = oy
kcojc 2 Jmlndi)
Quotient JJW 0- e

\Cok @—’) = COSGﬁ

sm(t)

(cos(-t) = cos(t)

Sin(-t)= = s

Even / %
0dd

(cos(®) + sin(t) = |

Pythagorean <

| + +omzeo) = Secldi)

LF cob(t) = csc (¥)

‘k/aV\(*tS B = 'k(l\f\(‘t)

C/Ot (—t) = ~ CO't('t)

Sec(-~t)

\ csel(-t)

= Sec(t)

= -csc(t)



You, Skou\o{ Me MoY1Z e, “H’\@ seven lOOXQOt “fundamen‘ka.(

‘lthS io‘lé’,w’dﬂ@s‘. ﬂ’\é %iv‘sl\: Tive boec‘» identidies *?o!low

O(lrecjdj from the definitions. The two boxed eveu\/odc{
iden{ﬂc(es\ ave aﬁ)axev\)c from fhe d(agmm below.

P(x,v) 0-1
32 ‘r\ COS(—'&) = x = cos(t)
E-’z —/ 5;7\(—{:3 = -!j = —-s;y\('t)
~y!
[
. O=-t
P(x-y

The rew\alnina Seven unboxed Fundamental tricj identities
Can easi\j be derived from the boxed identities

|

. The second cl,uojr/(ev{t Mevd:&a follows fvom fhe 4hivd VQC(PYOC«,(
\de)\{\*«j and the fivst %uoﬂent io\ew{ijrj:

|
cot G’/): l - ——— = cos(t) )
fan (k) sin (k) Sin(t)
Cos (t)

2. The second ?Uﬁaﬁorean (o\en’d’rj follows from the Jivst
rP\\j‘H’\(l%OYeCLﬂ 1&6%(’;“\'3 btd OUVidW\j -H“‘"OU\SL\ \)3 COSz@;):

cos(t) + sm't) _ 1

wosd)+ smE)=1 = -
cos(t) cos (1)

2 L

sinck) ) = ’___1___\ . 2 =
= | F (wsd:)) (COS@)) = 14 ()= sect)




3. The third eVevx/vo\ lc{ev&i‘rj Follows from the Sirst

Ctuot\ew\/ i dionk 1(3 and the fivel two even /oo\ck dentities :
n(-t) 4
fan(-p) = SNED o oIy,
cos (1) Cos(t)

The Sum and Diffevence Tdentities

cos(A-B) = cos(Aeos(B) + sm(A)sin(B)

cos(A+B) = cos(A)eos(B) — sin(A)sin(B)

5'm(A—B): sm(A)eos(B) — cos(A)sin(B)

S\V\(A + B} = S'\VI(A) (:os(B\ 4+ cos(A) S]n(B)

tan (A\ - hm(B\
| 4+ tan(A)fan(B)

+an (A—B) =

Yan (AJrB) _ rJ(om(A) + Yan(B)
| — fan (A Yan(B)




You showd memorize the fwo (ooxed sum identities
The vemaining sum and difference. tdentities can be
devived from 4he two boxed sum identitics and {he
boxed. Fundamental identities

1. The cosine difference "dev\bihj follows from the cosine
SUm i(ie,v\‘oi'l'«j and the even / odd identities :

cos(A-B)

I

cos (A+ (-8))
= Cos(A)cOs(—B} - SiV\<A\) s'w\<..3>
= cos(A)cos(B) + sm(P)sin(B)

2. The #ansey\’g Sum Io\mﬁ‘rtj follows §rom the Jangent
ctuo’oiewt identity and the sine and cosine sum identities:

fan(AsB) = s (A+B) _ sm(A)eos(B) + cos(A)sm(B)
cos(A+B) cos(A)cos(B) — sin(A)sin(B)
sin(®Ycos(B) + cos(A)sin(B)
_ cos(A)cos(B)
cos(A)cos @) — sin(AYsinm(B)
cos(h)cos(®)
sm(A) sin(B)
— ___ Cos(®) cos(B)
| o 3n®) | sinB)

Cos(A)  cos(B)
Fan(A) + 4an(B)

| — FanAMan(B)

Il




Troof of the cosine diffevence Lcienti{tit

Y

5 i | | S . \ ,
9'(? P‘ (Coscr,s'mc?) Construct ‘M\a\es .m Standavd.
\\\«‘ j Fosiﬁov\ with radian Mmeasuye s
P cY and 6 resFecﬁ\/e\:j . Relabel
[ 1y
(LY X

P {nj
“g V‘\‘EC@SS&*‘:’ , We may assume
02 (f usivxs the formala for
the distance between 4wo points

n 'H\e,?\cme we have

l

-0
SO
I

<x‘l-- xl\i‘*_ (31’3,) = (COSQ*-(;OS?)L_‘_ (Si“e—'s‘incr)z

cosl(e) — 2.cos(® )COS((’)) + cosz(cﬂ + sin(®)- zs}v(e)sim(cﬂnt sinz(cF)
s ©®) + sin'(®) 4 cos (9) 4 sintcfy - l(@s(@)cos(?)*- Sim(E)sin(f)
= 2 - l(Cos(G)cos\’cF)-F sn(e)sinig)) .

|9"Y Now rotate the +he X"Z coordinate.

4. Oxes L?j an ans\e. with vadian
R measuye . In H\e new CODYd_(:-'
a(ws(o-Q))szn(g_ \

= hotes P‘ = Pl (1,0) and

Plz PZ(C%(Q-?)) S‘ﬂ(é*(f))' As

P.(1,0)

befove,/ using the distance fovmula
we have

S 2 2 2
?‘?1 = ((Zos(e—cf)-ﬂ + (51»\(9—?)-0\)

= (',osz(e-—cf) - lcos(e-?ﬂ [+ sinz(e—so) = 2- :Lcos(e—?) '



Eavka\;iv\% the fwo ex\;(essions for ;PT’E— «3‘@\0\5

1-2@5(9—?\ = 2.—1(@05(6)Ces(<f 1+ st

N~
A
s
>
=
=4
=%
—

ONd Sle\i)('j\ n% wes

cos(6-9) = eos(e)ws(cf) +sin(6)sin(¢) .

Pfoog og 'H\e, cosine Sum \d\cvc{w\—b .

cos(@+¢) = cos(8~ )
cos(6)es @)+ 5in(8)sini-p) (by cosine difference )

—

— (105(9)(:05(?\ - s'm(e)sin(?} O"‘j cvzvx/oc\0\>

onog og -H\Q, Sine. suw iden‘oi‘rwz

St © = “/1 a.V\o\ ? = '{‘, " H'\L cosine Cugfexc,noe \L&Qw‘g\'{'\\j +o
obtain

(k) cos(T-t) = cos(T)eos )+ sin(IL)sin(t)

1l

o-cos(t) + 1-sinlt)
sin(t),

]

Thus  sin 7{_9) = cos(lg_._ ’—)‘,:_re)\ (take t=Z p in (%))

= eos(8). (k%)
TheveSove
sin(9+?) = cos(E- 6 - ) (-to.kc += 6+ n (k))
= cos(‘{—e‘)cos(cg)+ sin "—‘i-e)sin(@ (53 cosme. difference )

= sin@)cos(g)+ cos(Olsinkg)  (by (K1 and (kx))



TDowbie = Ana\\c Tdenbities

sn(2A) = 2 sin(A)cos(A)

cos(2A) = cos(A) = sm(A)

= lcosz(AX -

N

| - 2sin(A)

+o.n(2,A3 _ '_Z’ttk'\(A)
[ — tan’(A)

These (denbities are s?ec(w\ cases of the sum dentities and
need neb be memovized . Fov exm?le:

sin(2h) = sm(AtA) = sin(A)eos(A) + cos()sin(A) = 2sin(A)ens(A .

cosah) = s(AA) = cos(B)ees(®) =~ sin()siqA) = cos(A) - sin ()

= cos(B)~ (1 -ws®) = 2eos”(N) -1 .

Fan(2A) = Jan (A+A) = fon@) ¢ fanl®) - 24an(A) '
[ — +An(A)+M(A) | — fan(A)




Produnckt Tdentities

CO$(A>COS(B> - %K'MS(A-BB-‘- cos (A-{'B)]
sin(A) sin(8) = ';_‘\i tos(B-BY) = cos(A+B 5}
sin(A) cos (B) =

‘E[ sin(A—-BB + sin(A‘\'B)l

These identities can easﬂj be derived Fvom the sum and

difference idenkities and need not be memori zed . For exom\]p\e
/

(w\o\in% Yhe Cosine swm and difference identities gives

cos(A~B) = cos(A)eos(B) + sin(A)sin(B)
+  cos(A+B) =

cos(A)cos ) — SiM(A)sin(B)

g

CoS (A—B} g c,os(A+ B} = 2.cos(A)cos(B) .

AMM% Yhe sine sum and At

Hexev\ce, '\o\en’cities) wWe (M‘LV&
Si\f\(P\"B> = $\\V\(_A)(‘,05LBX - COS(A)S‘IV\(BB
A+ S A+B\ s

————

sin(A)eos(®) +  CoslA) sin(B)

SEV\(A—B\-(- Sin(Pd"B\ = 2.51n(/\3005(8§ )



Half - An\o\\e Tdentities

sin [B) = t\/ i

2

[ 1+ cos(A)
CoS(é;:) + | + cos

"

- ot g ——

Z

[ | = cos(A)
+ -
B | + cos (A)
| - cos(A)
SiV\U\)

il

fan @:\

I

. sin(A)
| 4+ cos (A)

—

These 1dentities can 6&5{\‘3 be devived from the oLOu.Uevans\e_

dentities . For e,xme\e,,

cos(20) = cos(8) - sin(8) = 2cos(8) - |

i A
$0 | + cos(26) _ s,

—

¢ 2

Ta,\c'm% 0= A/2 n this last \G\CWHJ(U and e_xﬁvacﬁmé veo’cs%‘wes

+(1+ces(f\) = ws(A) .
- 2.
Also

- cs(A)
()« 20 2 [e=

cos(Afz) 4 [1r e
'

I+ cos(A)




Further Produckt L denbities

cos(w) + cos(v) = 1,@05(‘_;___\)005(&;\/5

Sin) + sinly) = 2 sin(WY\eos(UV)
\ 2

/
cosw) = ces(v)= :Ls\n(&_t\i)sin&‘.’:&\)
ir2

These 1dentities can be derivead us‘m% Hie Fre\:iows Fvoo\uct

identities . For exam?\e) considey

() cos (W) cos(B) = l-l{ws(ﬂ—B) + wS(A+G>]-

Set u= A-B and v= A+B. Then wtv=2A and u-v=-28
So S\dys’o'ntwicin?) w @) %\Ves

9\605(%1)005(‘*"’ = cos(w)4+ cos(v).

2



