Mathematics 325 Final Exam Name: 'j?r’, Gn,w
Fall 2000

7 11 problems are of equal value. I choose to have my test be worth
rcircle one) 200 points / 300 points.

1. (a) Find the general solution in the xy-plane of

(%) - -
yux xuy o.

(b) Sketch and name some characteristic curves of (%).

2. ta) Classify the partial differential equation

(+) - =
uxx qut + Qutt 0]

as elliptic, parabolic, or hyperbolic.

(b) If it is possible, derive the general solution to (+) in the xt-
plane.

(c) Find the solution to (+) in the upper xt-halfplane which satisfies
the initial conditions

2x 2 2x
e

ul(x,0) = x + 4x and ut(x,O) = (x-2)e + 4x for - < x < .

3. Let ¢ be an absolutely integrable function on (~o,®). Use Fourier
transform methods to find a solution to

Uy —u + 3u = 0 in ~o < x €< ®w 0 < t < o,
which satisfies the initial condition
ulx,0) = @¢ix) for -0 ¢ x < oo.
Aﬁ

4. Consider an infinite string with linear density p = 1 and tension

T = 1, initially occupying the position of the x—axis. At time t = O
and at general horizontal position x, the string is displaced vertically

a2 e

by an amount e " and released with velocity axe .
(a) Find the vertical displacement of the string as a function of
position x and time t, and simplify your formula as much as possible.
(b) Sketch profiles of the vertical displacement function at times
t =1, t =2, and t = 3.

S. The material in a spherical shell with inner radius 1 and outer
radius 2 has a steady-state temperature distribution. The material is
held at 100 degrees Centigrade on its inner boundary. On its outer
boundary, the temperature distribution of the material staisfies u. = -r

where y is a positive constant.
(a) Find the temperature distribution function for the material.
(b) What are the hottest and coldest temperatures in the material?
(c) Is it possible to choose ) so that the temperature on the outer
boundary is 20 degrees Centigrade? Support your answer.




6. (a) Find a solution to

VEU =0 in the cube C: 0 < x < 1, 0 <y <1, 0K z < 1,
A~ubject to the boundary conditions

uix,y,1) = sin(nx)sins(ny) for 0 £ x €1, 0 <y <1,
and u = 0 on the other five faces of the cube C.

(b) State the maximum/minimum principle for harmonic functions, and

use it to show that the problem in part (a) has only one solution.

7. (a) Find a solution to

(1) Upp Ut Eut = 0 in O < x < n, O < t < oo
satisfying
(2) ux(o,t) =0 = ux(n,t) for t =2 O,
3) u(x,0) =0 for O = x < nm,
(4) ut(x,O) = xa for O £ x < 7.
(b) If u = ulx,t) satisfies (1)-(2), show that its energy
' n
_ 2 2
E(t) = EJ‘ Cu, “(x,t) + u "~ (x,t)1dx
o

is decreasing on 0 £ t < .

(c) Is there only one solution to the problem in part (a)? Why or why

not?
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