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Mathematics 325 Exam I1I1 Name: :D(. Qrow
Spring 2002 (2 pts.)

3.(26 pts.) Consider the 2n—-periodic function f given on one period by

fix) = xa 1f -n £ x < n.

(a) Calculate the full Fourier series of f on [-mn,n].

(b) Write the sum of the first three nonzero terms of the full Fourier
series of f and sketch the graph of this sum on [-n,nl. On the same
coordinate axes, sketch the graph of f.

(c) Does the full Fourier series of f comnverge to ¥ in the mean sguare
sense on [-m,m717 Why?

{d) Does the full Fourier series of f converge to f pointwise on
[—-m,m17 Why7

(e) Does the full Fourier series of f converge to f uniformly on
[-m.m1? Why?
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4.(26 pts.) Let u be the solution to the problem

Veu = 0 1in the disk D = ( (r38) : 0O < r < 2, -7 2868 < n 7,
u(esg) = 3sinteg) + 1 for - £ 8 < .
(a) Find the maximum value of u 1n
D=¢(r;6) : 0O<r <2, -n<86<mn?.

(b) Calculate the value of u at the aorigin.
(Hint: These problems can be answered without computing an explicit
formula for u as a function of r and &.)
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5.(26 pts.) Find the steady-state temperature distribution inside an
annular plate with inrer radius 1 and outer radius 2 if the outer edge
2 1is insulated and on the inmner edge r = 1 the temperature is

r =
(Hint: You should find the results of

maintained as 82 for ~m £ &8 < n.
problem 3 useful.)

1/1, m‘(ﬁm&w @Vzu.-:o " A={(«;e): “Y‘Z,fﬂ'-‘-0<1\'}l
® ». (2;0)=0 i -RE Q4T
3 u(i;e)-:e" 5@& ~wEB T,
we abao fave %WMAE conditions u(v;-ﬁ)?u(v;w)ux u,e(\(,-ﬂ')=u6(f;ﬂ) foo 12rer .

ulv;0)=R0) @), Mﬁt«? a -0 -0 ok WW

0= Yu = 3u y 12w g L>u = R(«)®(e)+ .Lg@,@Le)J, .L ReH@'16)
v+ YrIr vt 20

= R+ YR_(L) = ",@._(.6.-)- = A
T R»m @)

=« (2;0)= R®BE) , o=wlr;
- v —w)~ @ )
o—u(.'f "“)"“'(-Y ) Q('){—G( )= ) u(u.g

5°6) + X6k =0, 6tr)=6(), Or)- 0 | it

) ~u(r;®) = RE) {'@(4) -6

Ahws
YR + vR) - AREr) =0, R'(z)=0

N=0, @6l=4_ ,

/

A= n', Q)= awlnd)+hsn(no) (n=yzs )

" )

N . V4 ’ .
ik @ mibudion do o nadish preblem) R () + R )~ R () =0 s of B
ﬁ,“"‘, Qﬂ(r): r"( whot « 4 a eombant. Then Rn’(v)=xvx.'/ R_‘,’(v)-=o<(¢-:)v<"’

2 -2 -t 2 « 2
Ao Yalk-1)Y  Hrdr —nyr =0 = KEKNDtK-n =0 =5 o=+,

n-{ -"-'

.%n;l} e K (v)= cr“+al(." and) 0=R”/(2-) M«"}QJ = ne2 —nd 2 )




n —n

Ao d—; 02-2—“; ie. gn(v = w('“«l— 2r (‘«ﬂ:{bd—ww)
,% n=o Hw ﬂwau\qu polidion o r”K:(r)«eroEV):o ) MW
1,&.1‘,@‘ (rRen) = rRI+REI =0 = Rey=c = ROI=JSdv
chutr) i d . T 0=R@= S = RO =L (ap B acombent fotor )
oqd
ﬂwﬂo&qﬁ&;ﬂ to @-—@—@—@ o w(r;0) = I Rvg_y)@‘(g) =

n=o
N -n

404_ t (Y“.pz r )(anw(ne)-:flons«k(ne)), %.(, M/ﬁ chovae i{z MZ;&.A?
3,ii$|-ﬂ-,t,¢; 0 (3) wv Mﬁ«fuﬁ
0’= w(t;0)= a+ I (2 M)(aobo)t hsntne)) fov -6

&Mmﬂéw#a(d)/ ‘
)

n
> _ l’- . T 4(=1) erlno) 604' A -F<6<T
3 n 2

ol

S .

e 428, 4 e, e fo e
Z ,
\u("ﬁ)’

(.

T f: 4—(—()“%@9)(rn+ :"r"’)

3
n= n"( [+ ,_:.n




Mathematics 325
Winter 2002

- Two Take-Home Problems for Exam III
1.(10 pts.) (a) Let n be a nonnegative integer. Show that the operator
T given by
14 df n°
Tf(r) = - —(r—) - — f(x) (0 < ¥ = 1)
r dr dr r2
is hermitian on the wvector space
vy - { £ec?(0,1] : £(1) - 0, f and £’ bounded on (0,1] ]
equipped with the inner product
1
(*) <f,g> = Jf(r)g(r)rdr.
0

(b) Are the eigenvalues of T on VB real numbers?
(c) Are the eigenvalues of T on VB positive?
(d) Are the eigenfunctions of T on VB’ corresponding to distinct

eigenvalues, orthogonal on (0,1) relative to the inner product (*)?
(Please give reasons for your answers to (b)-(d) .)

.(10 pts.) Use separation of variables to solve the variable density
vibrating string problem:

1

u - u = 0 for 0 <« x <1, 0 < t < ®,
tt XX

(1 + x)
u(o,t) = 0 = u(l,t) for 0

ul(x,0) = x(1 - x)Jl + X and ut(x,o)
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for 0 = x = 1.




