Mathematics 325 Exam I Name: T(. Gv‘ow
Summer 2004

1.(25 pts.) Consider a function of the form W = Bt+2Ax +D

u(x,t) = Ax* + Bxt +Ct* + Dx + Et + F
where A, B, C, D, E, and F are constants.
(a) What is the most general form of u if it solves U, —u, =0 inthe xt—plane? (Note: The correct

answer will involve three arbitrary constants.)
(b) Find the solution of u, ~u_ =0 that satisfies u(x,0)=3x" forall —o<x <o,
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2.(25 pts.) Consider the partial differential equation

*) (y+Du, +2xyu, =0.
(a) Find the characteristic curves of (*).

(b) Write the general solution of (*).

(¢) Find the solution of (*) that satisfies the condition #(0, y) = ye” for y>0.
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3.(25 pts.) Consider the partial differential equation / d ’“)’ 3’ * %

*) Up =AU, +3u,, +2u, —2u, =0.

(a) Classify the order and type (nonlinear, linear, homogeneous inhomogeneous, elliptic,
- hyperbolic, parabolic) of (*).

(b) Find, if possible, the general solution of (*) in the xy —plane.

Lo (@) Gk) s a,l scc.uo(-:ow(or/ linea.v‘l homoacneou;‘ f.d.c.

3

BL4AC = (4 - 40)0) = 4 > 0. Heafwe (¥ is[hj,«(.,l;c.

Ao
A

} _ 93,493,,3;{:) (2 _32Y2_2
(L) kx" 4‘0\)‘3 + 314"’ = (Qx" ax)j 3.’1 had o 3’ ox aj)u.
1
- -gy - ?-!—a—L é—! - 39\' )V
w {5 3x+y Jhew X 31w + 61%( 5 31

v _ bv_g_ PAR ) Y
“"9\ %y ¥ Ny 31—% ag 31

RN S, + 2 2 - 2 _
jM”; x ; b'l ond y ag+a-l’ W;’;‘;j- 2%‘
2 .32 = ~22 4) i wivnled fo
aoJ\ = 33 1,40 (),wl»b.
;’i,
—22 - P M _
(z ag)“" (zl)“’ : 3'1(9‘; —-3—3-..0.

Gptucig 2 wibe w, v e 38 i Do sbibinn s M

1&:!&4&»?44 b W= 6(3)e1’ Bt w= _;’-‘; o u=Jc(;)¢14(5

e UC,(G)Ag ¥ c('oJ Ferfo
’ for

whore f ok g an C‘-fmtz-;wﬁ@ skl pesl voricld.

usy) = f(3x+g)e +alwyy | *




(')

4.(25 pts.) A long string with density p =2 and tension T =8 initially occupies the x—axis. The
string is then plucked and begins to oscillate vertically. If the initial vertical displacement and

vertical velocity of the string at position x are

L > and sin(x), respectively, find the vertical
+x

displacement of the string as a function of the position x for all times ¢ > 0. (Note: You may use
appropriate formulas to solve this problem; you need not develop the solution “from scratch”.)

c=%

/ =>cT2
| ()“-bt-T“xx:O = Zu&-8uxx=0 = uy-4u =0

w(x,0) = —— = T(#‘) and  w (40) = sinfx) = Yo

I+ x*

Ba A 'Mcml-a{"s ‘ermula.

x4ct
wot) = L[ gb-ch+ gberet]+ L [ Foudg
X"'(,t x*’L‘E
= 4 ! + | + _Lj Sm(g)a\s
7-{ (4 (x-2t)* 4 éuzt)"] 4+ et
xt2t
= 1 ! + \ T - 4 m(;)
g 1+ (x -2t)* 1+ (x +2t) t
x-2t
— 25m(x) s (2t)
- | —_— ] - —[Cn(x+z'b)- cn(x»z-e)]
T ) [+ (et2b)” +
£y = A ¢ ! J 4+ .L;‘;‘(,);,;\(z)a)
w®) = [+ (x-2b) I+ (ctat) 2




. Bonus (25 pts.): A homogeneous body occupying the solid region
R={()c,y,z)esR3 A<yt 22 SIOO}
is completely insulated and its initial temperature at position (x, y,z) in R is given by
50
(a) Write (without proof) the partial differential equation and initial/boundary conditions governing

the temperature u(x, y,z,¢) at position (x,y,z) in R attime ¢> 0.
(b) Find the steady-state temperature that the body reaches after a long time.
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