Mathemat1cs 325 Exam III Name : 9‘( Gr‘ow

: \, Summer 2002 {1 pt.)
W
3.(26 pts.?) In the following problem, you may USE the following facts
WITHOUT PROOF. The operater Tf = - is hermitian on
2

V={f C[0,11 ¢+ f(O) = 0 = F7{(1) 3>,
equipped with the standard irmnmer product
1

<f,g> = J?(x)g(x)dx .

0
. e 2 . .

The eigenvalues of T on V are ln = (n + }/2) n and the eigenfunctions
are Xn(x) = sin((n + 1/2)ax) (n = 0,1,2,...).

(a) Why is5 xn }ﬁll an orthogonal set of functions on 10,137

(b) Show that the generalized Fourier series representation of
@ix) = x(2-x) on 0,13 with respect ta ¢ X_ 3> . is

32sin(in + 1/2)max)
Ppix) ™~

n=0 (2n + 1?3 3

(c) Write the sum of the first three terms of the above generalized
Fourier geries for ¢. Sketch the graph of this sum on [0,1]1, and on the
same coordinate axes, sketch the graph of .

(d) Does the generalized Fourier series of ¢ converge to ¢ uniformly
on (0,117 Why?

(e) Does the generalized Fourier series of ¢ converge to ¢ in the mean
sguare sense on [0,117 Why?

(f) Poes the generalized Fourier series of ¢ converge to ¢ pointwise
an {0,117 Why?
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{g) Use the results above to help evaluate the sum -
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(h} Use the results above to help evaluate the sum Z
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4. (246 pts.) Find a solution to u - u = 0 far 0 < x <1, 0 < t < ¢,

tt KX
which satisfies u(Q,t) = 0, ux(l,t) = 0 for t 2 0, and uix,0) = x{g2-x),
ut(x,O) = 0 for O = x £ 1. tHint: You may find some of the results of

problem 3 useful.)

Bonus (10 pts.): How many solutions are there to the problem in part
(a)?7 Give reasons for your answer.
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S5.(26 pts.) The material in a spherical shell with inner radius 1 and
outer radius 2 has a steady-state temperature distribution, The material
is held at 100 degrees Centigrade on its inner boundary. On its outer
boundary, the temperature distribution of the material satisfies u_ = -
where » 1s a positive constant.

(a) Find the temperature distribution function for the material.

(b} What are the hattest and coldest temperatures in the material?

(c) Is it possible to choose y so that the temperature on the outer
boundary is 20 degrees (Centigrade? Support your answer,
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Mathematics 323 Take-Home Portien of Exam III Name: '.DY. wa’

Summer 2002 (1 pt.)
1.(10 pts.) (a) Let n be a nonnegative integer. Show that the operator
T given by
1 d af na
Tf{r) = — —Ar—) - — flr) (0 < r = 1)
r dr dr rE

ig hermitian on the vector space

Vg = (T e CZ¢0,11 : F(1) = 0, f and f’ bounded on (0,17 3

equipped with the inner product
1

(%) <f,g> = j ferygir)rdr.

O
{b) Are the eigenvalues of T an V

real numbers?

B

B
(d) Are the eigenfunctiocns of T on V

{c) Are the eigenvalues of T on V_ positive?

B’ corresponding teo distinct
eigenvaluses, orthoggnal on (0,1) relative to the inner product (%)7?

{Please give reasons for your answers to {(b)-(d).)

2.{10 pts.) Use separation of variables toc solve the variable density
vibrating string problem:
1

Ugp — w0 0= 0 for ¢ < x <1, 0 < t <

2
(1 + x)
ui{0,t) = 0 = uli,t) for O £ £t < o,

uix,0) = (1 - x)ll + X and ut(x,O) = Q for ¢ € x = 1.



Mathematics 325 Take-Home Portion of Exam III Name: yY Qmw

Summer 20082 (1 pt)
1.(10 pts.) {a) Let n be a nornnegative integer. Show that the operator
T given by
1 d df nE
Tfir) = — —Adr—) = — Fir} (0O < r 2 1)
r dr dr =)
is hermitian on the vector space
VB = { f e 88(0,1] : (1) = 0, f and f* bounded on (0,13 3}
equipped with the inner product
i
(%) <f,g> = I firigirirdr.
Q
(b) Are the eigenvalues of T on vB real numbers?

(c) Are the eigenvalues of T on vB positive?

(d) Are the eigenfuncticns of T on V¥ corresponding to distinct

E!
eigenvalues, orthogonal on (0,1} relative to the inner product (#)7

(Please give reasons for your answers to (bB)-(d).}

2.(10 pts.} Use separation of variables to solve the variable density
vibrating string problem:

i

5 Myy — U 0 F 0 for O < x < 1, O < t < ¢,

(1 + x}
u(O,t) = 0 = u(l,t’ for 0 = t < wm,

uix,0) = x(1 — x}Jl + x and ut(x,O) = 0 for O = x = 1.
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