LY

B4}

Mathematics 325 Exam HI Name: _Pr. Grow
Summer 2004

NOTE: On the first problem of this exam you are required to show ALL the details of the solution
of the appropriate eigenvalue problem. On all subsequent problems of this exam, you may omit

the details of any eigenvalue computations; a correct statement of the associated eigenvalues and
eigenfunctions will suffice.

1.(25 pts.) Consider the equation
u,~u,=0 for O<x<land —w<t<w
with the boundary conditions '
u,(0,t)=0and u(l,))=0 fort20.
(a) What is the name of the method that should be used to solve this problem? -

(b) Use this method to arrive at an associated eigenvalue problem.
(c) What are the eigenvalues for this problem?

(d) Show that the corresponding eigenfunctions are cos((n+1)zx) where n=0,1,2,...
(e) Write a formal series expansion for a solution to this problem.

(@) [ Sepavation of Varidbles
) woty= ZC)TE) (noctrvial)  leads fo T@WEE - EWT) =0 and
Ty = 0 = ETW . Heee T _ o _ N, Thonfore

T——————

T (>
W g‘”(::nkX@:; =0, K'(o):o/ X(h=0| is -Ke.c.'aenulu ,m»lJcm.

()- (dy Case A>0, sy A= jb' wheve 630 .

B 4fTz0 2 Kl=eooputqix) wh Boos —pesior pain
o= X’fo) = Fc‘ = c":o . o= X(l) = glcp(P) =§J~.=F_@'”)E = Q'H' t)u-

(n=o,1,8,.0) . Efacnw-‘ucs : X“= F:'; (“"'{)?l" (w=o11,..)

Etdc-ﬁmkm X 6) = cos(@'g)‘lk)

(se A=0: Kz = ZE()=cx+c, . 0=X'('0)='C-, ak O=E(l) = €,

Ne sentrivial So[kﬂms! so O is mt an dach\’*‘h'--
Case A <0, sy A:-?" wheye B>o.
‘- ?t&':o = Ex)= c'aua(fx)-r ¢ sk (Pr) ash X(x)-_-?»c,ﬂf(rx)brid
o=X{o)=pe, = ¢, =0. 0=X(1) = enh(p) = ¢ =0,
Thre are no nentrivial d«{ams! so fare ave ne lﬂaﬁ‘we eiau&lus.
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(e) _':'1+ A‘n-l;: 0 arbc'-!rdy Constants
S

e

T+ =0 = Te= fopeynts 4 b sifpege

wbt) = AT sdaes Ke problem for mach n=0,1,2, ..
B.(.) lnwtrﬂj and flmaacun‘z ,

‘:(n,t) = Z:: [ qna,((u.bﬂt) + Lﬁ-’-(@{)w&)] Cp(e-}.i)ﬂ-x)

M=o
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is a formal sevies cxpucim for a sdution o Hs fr.”cm.
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2.(25 pts.) Solve u,~u_=0 for 0<x <7 and 0 <t <, with the boundary conditions #,(0,) =0 and
u (7,£)=0 for ¢ 20, and the initial condition u(x,0) =cos’(x) for 0<x< x.

i) = TE) (norbriviel) M D -O-@) Jeaks b TEX) - 50 Ty= 0 =
132 = Elﬂ - - ,o T&)= Y ti= 0.
% " T Nad FTOrTRI=0 ok TOTE)=0. Pous

x”(x)u‘g(,) o, Xe)=0 , Eir)z=o is + ascsciaed a‘aemfa-(-e
fﬂHcm. '#Q, Cdaeuv&‘u.u are ’\n= e and fhe emsrul;-a cfam{uudfﬁs
ave X“(x) = eos(wx) ,ukerg LETH R RS T;‘E-;H— )."1;('6]:0 =5

- -n - -t
Tn(‘t) = 6&{; = e ¢ . Thus wixt) = a, + Z: a cninx)e /DIVG.S

”-:l

O -©-0. We seek coeficents 88,4, ... So @ s m‘tsﬁal;. ie. for all oLxXE X,

_&4 “kw(b‘) = c.s"(;:) = w(x0) = a_ + dlar(y)-l-a’”(ﬂ‘).l- %m(g,g,)q-., .

Ba B"Sred:im, a=1zq anh &l other a=o. Thes

wixé) = .?L_ + Jicos(zx)e.

selves @-®-G-@ .



3.(25 pts.) Consider the constant function ¢(x)=1 on the closed mterval [0,1].
(a) Show that the Fourier sine series of ¢ on [0,1] is
4 2‘“: sin((k+1zx)
rim 2%+l
4 (b) Does the Fourier sine series of ¢ converge to ¢ in the mean square sense on [0,1]? Support your
answer with appropriate reasons.
(c) For which x in [0,1] does the Fourier sine serics of ¢ converge pointwise to ¢(x)? Support your
answer with appropriate reasons.
4 (d) Does the Fourier sine series of ¢ converge to ¢ uniformly on [0,1]? Support your answer with
appropriate reasons.

_1
4 (e) Use the results above to help find the sum of the series Z (k ) 1
.['aU +

4 (f) Use the results above to help find the sum of the series Z

o (2k + 1)2
(&) qlx) ~ i: L 90"("17)‘) wheve b L P, smlarr)> Z'.I ?6‘)5;,@.",()1‘ -
n=) Lsm(wen) smbnny) (=4 ) ‘
{ l " o £ ok i oves
P, Y DRUREE G vt (aied ) I “2emnpmt 2 -2(-) 42 -
’ 509""( ) M7 nw WIT 4 EF waakH ica
o @heiyw
(") ~ 4 Z fw-((?-bﬂ)ix\
T T 2ker

Lb) SM J' CF(F)JK = | < o0 / Tknn.u\ 3 &usum-f‘u:" ‘l"b Fourier sine series connq‘s
fo g i Femean-square Sonce o [o/1].

(¢) Since tf(*)'-'—l and T’M:o axe Contduous om [0)1]  Theovem 4G) ensures that
$e Fowvier sineg series of 7 converyes rowtwise H T(ss for all 0<x<l. At Hhe
MM x=0 amd xz| p He Fouwrier sine series clurlJ corwcr’cs to 0, which is
not ey.l b P9 =1 HRere .

of

() No, fhe Fourier sine scfi:smsﬂ not converye Mi"“"lj b ¢ 01], becawse uniform
Convergence i-nflies podetwise Converyence o [6)(] and *e Fourier sine series is nob
poituise convelgert fo @lx) ok all x 2 [o)1]. (See part (1)
€} Tahe x=i tn the ey 1= gfx) 12: w""’ Sor all ocx <y,

{
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s 1= £TT BV g 77 o
h-=o 2’L+‘ .". l‘-'-'-o 2k
L o o)
So Z = =| T
h=9 Zk"'l +

(‘f ) We arrlz Farseval's rdcn('r‘j
z: IN j pomrx)d = Jcrtx)»\»

=1

-k '%‘,M(M cr(x) =/ on [0,l]. 'ﬁu j-‘eus




4,(25 pts.) Consider a metal rod of length 1, insulated along its sides but not at its ends, which is
initially at temperature 100. Suddenly both ends are plunged into a bath of temperature zero.

(a) Write the partial differential equation, boundary conditions, and initial condition that model the
temperature of the rod.

(b) What is the name of the method that should be used to solve this problem?

(c) Use this method to find a formula for the temperature 4 = u(x,¢) at position x in [0,1] and time
t>0. (Hint: You may find the results of problem 3 useful.)

@
(«) ub-lluxx:o for o4x<l, o< b«

u(O,{:)go ?u(.,e) for b’,o}

w(%0) = Joo  for o <x=y

LL) Scfmﬁh'm of V&riab\es.
(¢) uxt) =BE)TE) (rontvivial) W O-@-G) leads fo T(tﬂ*)'kX?x)T(t):o

= l".?.!. x X% =N and KM =0 = XOTE) . Teehre
kT E()

TU4NE=z0, B01=0,EG)20 is Ko eigenualue problem. We kave

eiamwluzs: /\n = (n-rr)"
("""':’7’ e )
efjmww: x“(r-) = shintx)

’ -k)"h - 3
Tn-f'k)\h']:\:o = T“(:b) - e A ehnﬂ.b-
= kit
'ﬂms 7:’.. Lns.;.(u-;rx)g solves CD-@-@, To solve @ we heed
ne g

00
100 = ulx,0) = D . Lnim@mc] for o4x<
n=|

F'-m rnuem 3) jloo = %-E.Z M ;.l" sl |,

k=0 2t
= § n= is ev = foo ‘ ns “r
Thardhere bﬂ__o f nzsk en ad b = " ¢ 2hty o old.
‘ﬂkﬂ 3,
k@)

o0
Wby = P TT #lGmtiix)
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Bonus(25 pts.): (a) State (without proof) the maximum/minimum principle for solutions to Laplace’s
equation.
(b) Use the maximum/minimum principle to show that there is at most one solution to
u,+u,=xy intheregion x* +y° <1
satisfying
u(x,y)=1 at all points on the boundary x* +y* =1.

o (&) If uzulny) is a selution 4o w,* u”= O in & open L-u.-v\u\maim

D of-l‘wrlauc and W is continuos o D =DV then

max u09y) = max wley) and min Wboy) = min wley)
(y)eD (54)e2D e (oy)e3D

s (9 Sw”»se He rr.blcm had two sdukions w=u,0rg) ok wrulry). Thow
V(n,j)-: u,(z‘,‘g) ~wlxy) iS5 A sdution do

Voo + Vj'») =z o o D x’n,"ﬂ
Fohs
%&3 V(K,c,) =0 ow D: x'?\,"'sl .

‘B;) e maxiusam / WinLmam rﬁ«:.r\c ,

O = Wmex V("/‘J) T MmAX V("f‘j) ""& 0= min v(""ﬂ = min V("f‘ﬂ.
#4)63D (x97€D () €3D ¢19)€D
Cmseal(wuﬂj v(x,-,) =0 fur all Gry) € D x"+;"'él . ’ﬂwh‘s,

u‘("‘;‘j) = u,{*,‘)) Fov all X"{-’Lﬁl .
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