
Mathematics 3 1 5 Final Exam, Part I1 Name: pv. 
Spring 2006 (1 ~ t . 1  

This portion of the 200 point final examination is "open book"; that is, you may freely use your two 
textbooks for this class: Rudin's Principles of Mathematical Analysis and Royden's Real Analysis. 
Work any three problems of your choosing, subject to the constraints that at least one problem must be 
chosen from Group A and at least one problem must be chosen Erom Group B. Please CIRCLE the 
numbers of the problems on this portion whose solutions you wish me to grade. 

Group A. 

4.(33 pts.) Let a(x) denote the fractional part of the real number x. For instance 
a(5/4)=.25, a(2)=0,  and a(n)=.1415926 ... 

(a) Compute the total variation of a on the interval [1,4]. 
(b) Show that the product of two bc t ions  of bounded variation on a closed bounded interval is of 

bounded variation on that interval. 
(c) Let f (x) = l/x and P(x) = a2 (x). Why is f Riemann-Stieltjes integrable with respect to P on 

the interval [1,4]? 
4 

(d) Evaluate the Riemann-Stieltj es integral 1 fdp. 
1 

5.(33 pts.) Let f be the 27r -periodic fimction defined on a fimdamental period by the formula 

2 n2 f (x )=x  -- if - 7 r i x < z .  
3 

Show, by rigorous argument, that 

defines a function which solves the diffusion equation u, = u, in the region t > 0 of the xt - plane and 

which satisfies the initial condition u(x, 0) = f (x) for - CQ < x < m. 

6.(33 pts.) (a) If k E Z and f (x) =elk", show that 

l N  1 " 
lim -C f (n) = - Jf(t)dt. 
N+m N 

n=l 2 n  -" 
(b) Show that (*) holds for every complex, continuous, 2 n  -periodic function f on W. 
(c) Does (*) hold for every complex, bounded, measurable, 27r - periodic function f on W? Prove 

your assertion. 

Group B. 

7.(33 pts.) Let f be a function defined and bounded on the unit square 

~ = ( ( x , t ) :  O<x<l ,  ~ < t < l J .  

Suppose that: 
(a) for each fixed t in (0,l) the function x I+ f (x ,  t) is measurable, 



af (b) at each (x, t) in S, .the partial derivative - exists, and 
at 

af (c) - is a bounded function in S. 
at 

d ' '?f 
Show that - J f (x, t)& = 1- (x, t)&. 

dt 0 0 at 

8.(33 pts.) Let E denote the set of real numbers in the interval [0,1] which possess a decimal expansion 
which contains no 2's and no 7's. For instance, the numbers 112 = .5, and 7/10 = .6999.. . belong to E, 

while the numbers 114 = .25 = 24999.. . and 1/& = .7071... do not. 
(a) Compute the Lebesgue measure of E. 
(b) Determine, with proof, whether E is a Bore1 set. 

9.(33 pts.) Let f be a function defined on the interval [0,:I] as follows: f (x) = 0 if x is a point of the 
Cantor ternary set and f (x) = l / k  if x is in one of the complementary intervals of the Cantor set with 

length 3-k. For example, f (1/3) = 0, f (1/2) = 1, and f (4/5) = 1/2. 
(a) Show that f is a measurable function. 

(b) Evaluate the Lebesgue integral j f ( x ) d r .  
0 
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