Mathematics 3235 Final Exam Summer 2001

This examination consists of six problems of equal value. You have
the option of making this exam count either 200 or 300 points, Befare
turning in this exam paper, please indicate clearly vour selection below.

I want this examination to count points. Name:_:E{Lgapyg

You may find the following integral -useful on this exam:
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1. Find the solution to XUy - tuK = 0 in the xt-plane which satisfies
the auxiliary condition u(x,x) = 1E><L+ for —o» < x ¢ @w. Bketch some

characteristic curves of the partial differential egquation.

2. Classify the partial differential equation
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as hyperbolic, elliptic, parabelic, or none of these. Find the general
solution in the xt—-plane, if possible.
3. Consider a thin metal rod of lemgth 1, insulated along its sides but
not at its ends, which initially is at temperature 25. Suddenly both

ends are plunged into a bath of temperature 0.

{a) Write the partial differential equation, boundary conditions, and
initial condition that govern the temperature of the rod.

(b) Find a formula for the temperature ul(x,t) of the rod at position x
in [O,1] ard at time t > G,

4. Let ¢ be an absolutely integrable function on - < x < w. lse
Fourier transform methods to splve

u, - U + 2tu = 0 for —w < x < mw, O < t < m,
subject to uix,0) = gix} for - < x < .
5. Consider an infinite string with linear density o = 1 apmd tension
T = 1, initially occupying the position of the x—axis. At time t = 0 and
at gemneral horizontal position x, the string is displaced vertigcally by

i 2%
an amount — —— and released with vertical velocity
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(a) Write the partial differential eguation and initial conditions
that govern the moticn of the string.

(h) Find the wvertical displacement of the string as a function of
position x and time t, and simplify your formula as much as possible.

(c) Show that the string moves as a standing wave to the right along
the x—axis by sketching the profiles of the solution at the instants
t = 1, 2, and 3. What is the speed of this standing wave?

(d) If inmstead, the string is initially displaced vertically by an
amount fix) and released with vertical velocity gix}! at a general
horizontal postition x, find the most general conditions an f and g that
will produce a standing wave which moves to the right along the x-axis.

1 . .
(Pipase assume that f and g are CE and C functions, respectively, on the
real line.)



6. Let h be a piecewise smooth Za-periodic function on the real line.
Consider the Dirichlet problem for the exterior of the unit disk:

Vau = Q for r > 1,
uil:ag)y = hia) for -n £ @ 7 n,
u bounded as r — w.
(a) Use separation of variables to show that for r » 1, the sclutiaon

can be expressed as
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(n = 0,%1,%2,...).

(b) Assuming the validity of part {a), show that the solution can be
expressed in the form
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r -1 h(g)
ulr;e) = f de
=531 c
- 1 - Zrcos(e-¢) + v
for r > 1.
{(c) Assuming the validity of parts (a) and (b}, find the solutiocn to

the praoblem if h ig definmed on a fundamental period by hig) = 0 if

-n £ @ < O and h(@} =1 if 0 £ @ < n. (For full credit, you must

evaluate any infinite sumi{s) or integrali{s}) in your answer.)



A Brief Table of Fourier Transforms
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Conuersence 'ﬂwO*’ems

X“ 4+ ALY = 0 in (a, b) with any symmetric BC. (N

Now let f(x) be any function defined on 2 = x = b. Consider the Fourier series
for the problem (1) with any given boundary conditions that are symmetric. We
now state a convergence theorem for each of the three modes of convergence.
They are partly proved in the next section.

Theorem 2. Uniform Convergence The Fourier series 2 4, X, (x) converges
to f(x) uniformly on [a, b] provided that
() f1x), f(x), and f“{x) exist and are continuous for @ = x < b and

(i1} f(x) satisfies the given boundary conditions.

Theorem 3. L2 Convergence The Fourier series converges to f(x) in the
mean-square sense in {a, b} provided only that f(x) is any function for which

b
f L7112 dx 1s finite. (8)

Theorem 4. Pointwise Convergence of Classical Fourier Seties
(1} The classica! Fourier series (full or sine or cosine) converges to f{x)
pointwise on (a, b), provided that f(x) is a continuous function on

a = x = band f(x) is piecewise continuous on a < x = b,
(i1} More generally, if f(x)itselfis only piecewise continuousong = x =< b
and f'(x) is also piecewise continuous on a < x = b, then the classical
Fourier series converges at every point x (—® < x < ). The sum 15

S ALK ) =L H) +f(x-)] foralla<x<b  (9)

The sum is L[ foxelx +) + foru{x —)] for all — o < x < o, where f4(x) is
the extended function {periodic, odd periodic, or even periodic).

Theorem 4w, If f{x)is a function of period 2/ on the line for which f(x) and
f*(x) are piecewise continuous, then the classical full Fourter series converges to
LS +) + flx—)] for —= < x < oo,
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