Mathematics 3304

Fall 2014

Final Exam

Your Printed Name: 9{. G(ow

Your Instructor’s Name:

Your Section (or Class Meeting Days and Time):

*

. Do not open this exam until you are instructed to begin.

All cell phones and other electronic devices must be turned off or completely silenced (i.e. not
on vibrate) for the duration of the exam.

. You are not allowed to use a calculator on this exam.

The final exam consists of this cover page, 9 pages of problems containing 9 numbered
problems, and a short table of Laplace transform formulas.

Once the exam begins, you will have 120 minutes to complete your solutions.
Show all relevant work. No credit will be awarded for unsupported answers and partial credit
depends upon the work you show. In particular, work must be shown for all integration, partial

fraction, and matrix computations.

You may use the back of any page for extra scratch paper, but if you would like it to be graded,
clearly indicate in the space of the original problem where the work is to be found.

The symbol [22] at the beginning of a problem indicates the point value of that problem is 22.
The maximum possible score on this exam is 220.

problem | 2 3 4 5 6 7 8 91 Sum
points
earned
maximum | oo\ 2| 22| 220 22| 33| 33| 22| 22| 220
points




1.[22] Find the explicit solution the differential equation L + \/; y'=t.
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2.[22] Solve the initial value problem % y' -—;2; y=tcos(t), y(7)= —7—;—— :
The DE is linear and of fivst ovder . Novmali zina we have

OF) ~3~——3—£cos(4:)

"‘” ‘3"‘”‘ ~2.n(k) + -
Ah~k%{wh\d?§a—6bfls = Jf& ® _62'L ’J t’-‘

Nuﬂ:([;lxam«b oth sides of (k) b& the ud:eara-\:ma {ockor 3..,(45

’og 1&3—@5&). L

But the LHS of this [ast DE is exack ( ) (;3 —z’kv Thevefove
( ,zy)/ = codt).

Inl-e%ra«{:ina both sides, we obtan
= J@S(‘k)o{:‘: = sinf) + ¢ .
“'*U“F‘v"‘?s lao‘ch sihes Ly Y we isolate y:
@)= Esintb)+ ct.
We need +o cheese the ar(att\fag constant ¢ so the mitial condition is
sakisfied -
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3. Two 1000 liter tanks contain well-stirred salt water solutions. Tank 1 initially contains 800 liters of
water and 20 grams of dissolved salt and Tank 2 contains 1000 liters of water and 80 grams of
dissolved salt. Salt water with a concentration of % grams per liter of salt enters Tank 1 at a rate of 4
liters per hour. Fresh water enters Tank 2 at a rate of 7 liters per hour. Solution flows from Tank 2
into Tank 1 through a connecting pipe at a rate of 10 liters per hour. Through a different connecting
pipe, 14 liters of solution per hour flows out of Tank 1, of which 3 liters per hour flows into Tank 2
and the remaining 11 liters per hour flows completely out of the system.

(a) [18] Setup, BUT DO NOT SOLVE, an initial value problem which models the amount of salt in
each tank at all future times.

(b) [4] Determine the amount of salt in each tank at equilibrium, that is, the amount of salt in each
tank after a very long time.

i 7L @93 Let Q) denote the numbev of grawms
(%\@k}@—’ (h\) (L) of sd:b w Tank | ab time £ hours.
Vo) =8ooL V,()= leoolk Let Q(U dencte the number of grams
6‘2(0):10% Qo) = 903 0§ 50»1'\7 nTank 2 ot time ¢ Llowrs
‘ ’ W& aﬂ\:, ‘ﬂ\& mec‘yle,
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to each tank.
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Note that 14 L/ he of sdudion s ﬂow'ma ‘wto Tank 1 and 14 L/ew of sdution is ﬂw‘mz
suk of Tank L so the vdume of solution tn Tank L is constant : V‘(:(-)= V'(o)-.: gool. .
A similar am‘bs'ts shows V &)= V ©) = teool.. W(b‘ﬁre , the IVP moldiﬂa the Sbs"em 1s
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4. [22] Solve the differential equation *y"—31/'+4y=¢"In(¢) on the interval > 0.

The JE s & second ovdex linear non\uomozeueeus Euler equabion. We let y M 5
K‘m —lf'v" - 3%3’4 ty =0 to obbain m(m-)-3m+ $=0. Sim?lifa‘m%) ;
o= W\z—‘f”\ +4 <= (m—z)z So MmT2 with, mul{nr‘m{-j twe .
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"wm?afe, gk(t\ = ¢ £ ¢ tint).

We use Variakion of parameters fo find a particular sdukion o fhe nonhontogeneous

uation. |
51 'bz 'bLMb) 2 —_ -€3 ‘# o) on 't 70 .
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Cons%umﬂj , fhe «3evwa.‘ sdibion on the intevval €>0 s
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where < and ¢ ave a,flvi'tmrj constants .




5.[22] Find the general solution of the differential equation 3 —16y = cos (1).
The DE is fourth ovder , ‘iv\eaxI and mhomogmems with censtant coefficiets. We
. 4 er s
le-[; b-_:eﬂ' “‘y\ 36)-]53 =0 '{'o oH’AM\ vy -ib =0. s‘my‘tfbma,

0= Y-lt = (¥~ 4)(vz+ 4) = (r-2r+2)(+4),

So ’(kc (eo’o:s oave 2—)-2.) 7.;',/ and -2c¢. Consex}wewug,

wt -2t L
ypl) = ce v ce F %ms(z£)+ c+5m( ).

WQ, wse H\ﬂ M‘H\%\ & wnAe;bef minao\ Coeg'ic"eyd;s ‘(’o f{no\ a fa.(ﬂc.ula.r‘ Solwl'ion 4o
4he nonhvmo%enews ea](unklon. Since %d;) = cos(t) and this is not a sdution +o the
hoMexbeueous cwuw\ien’ a trial form is vP(’_c)-= A cos{t )+ Bsind) wheve A and B

ave constants 4o be debeyimined. Then
37/‘“‘ - Ashi)+ Beosth) 3‘,”6'/)=—Acos(t)~35in@)/ yp b = Asinte)-Beod)
and ﬁ' Vig) = Acost)+Bsint). We wank
3‘5\ - b v‘, = Cos(t)
so substibuts no «6&10\5
Acus(el4 Bsinik) — b ( Acosttit Bsin)) = costt)

o -5 Acostt) — I5Bsinlk) = 4-costy) + O-sinlt)

fherefore -15A=l and -15B=0 s0 37(“: -fgcw(-b).
The %mm\ sdution 1s
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6. (a) [4] Express the function
[t if 0<t<l,

g(t)_{l if 1<t <o,

in terms of the unit step function.

(b) [25] Solve the initial value problem y"+y=r¢—u, (¢)(1~1), y(0)=0= y’(O) .

(c) [4] Evaluate the solution to part (b) at the two points ¢t =z /4 and t = 7.

(®  gt)= t-@-w@)e Lup) -—-—E—(’o—«)w@]-

off ,u;h\,\ on switch
ot 1 at 4

U\ We use the LaP‘o.ce transform method +o sdve the IVP. Takina the LQ(L‘%
transfom of both sides of the DE and using fineasity plus Formdas 6, 2, and 8 in
fhe Lafla,ce Ayansform 4able oatves
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'
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7.[33] Solve the initial value problem y'(t)+2y(t)=IZsin(t——f)y(f)df, y(0)=1.

t 0 t
Since ({*3}(&) = S 'Fﬁ'«-'r)g@')ol'r’ , We Yecognize Sls‘m@"i)g(ﬂ&s as the convolutien
0 (o
Yroca\vwk of FE&)= 2sint) and 8(”: j(-b) . Kewr(ﬁv\% the iuﬁe%ro—dige(ewual &V.a.ﬁon,

we have
Y ) + 2yl) = (2snky)E) .

Takm% the LaY\a.ce bransform of both sides of this ecvm:('ian and usina [Tnearity

and Formalas b and & in the Laplace transform talle yields
Sﬁ{ﬂ(su zf{j}(s) = .z;C{sim«g}(s,
s £yl - ye) + aXfy}6) = 15(5‘"@’\(5 ¥yl
(se)Efer -1 = 2 | b
Reavianging ives

((S-(-z)(sz-l—l) - 7.> i{j}(j) = $z+l
(53+25'-+ s+ Z =7 i{j}(s) - Sk
SD\vinﬁ $or ai{\)\-@) taie,\ls

% 2 2 A B
+ s+ - St
gt{‘J Sr2dys S (s+ 2s41)  S(s+1)

-~

But then
Sefling s=-1 céive,s 2=-C,
dhe known values A=

ye) = 93"{ - (—:—H)} -1~ 282 L) =

by formulas 2 and 7 in he Loglace bransform table

-t
1—-2te

Syl = A(sh\z + Bs(st) + Cs. Sa{ﬁua szo gves 1= A,
Se&iua s=|\ cbivzs 2=4A +2B4+C and soH"t\u{ima
Land C=-2, We have 2= 242B so B=0. Therefove
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8.[22] Solve the system X' = (1 5 ]x , subject to the initial condition x(()) = (1] )

Let A { Z.k M.,?@)Jieft m i"l‘—‘A? leads to fﬁ:AE) the

6€3envdue %M‘Hen for the mabrix A, The ei%emla,\ues v of A sakisfy

o=dek(A-rI)= l" Y 'f\ = )z 4 = YBrall = (4T

2-v

Dexdove v= 4 with mulkiplicly fwo. An igenvector & o A covvesponding do =4
. - -4 -4 k, _ ° or 2k.’4k_b’—'-o
satisfies (A—‘i'I)'E =0 ov [ 2-4\lk ] [ k -2k =0

No'kice,M -Hte, Fird: eal’uw\:iov\ of the last s:,shm is 2 dimes the secend etv.«n*.[en/ $o

‘I"'\e ‘R\’St ion s Yea‘u.ndavr(,. Cons Mwﬂjl the solukien og the sds{rem s k‘-; 1&}

Wh«&(& k‘& is &Yb;‘tfag . .E = [i‘] - {zt_yz kz(l-}‘ ’rakc hl=' for convenience,
|
2
Thuns ')'{“’(-L): ‘Eeﬁz E‘]eﬂ solves /= A%,
2 1Y vt heve R i and v av;
A sece'\ﬂ\ solukion ha.S the f"m % B’) ‘\;6 + A wWheve 1% €
Constants . Sw‘vs(:i&wkimz 3= n X= AR leads fo
{ A-+DR =0,

k2

A - T’I\?: = E .

We know that v=4 and k= [ﬂ sove 4he fist equation from previous work
- -4. x‘ _

Puxefore the second uvmi-'mn becomes (A- 4131.'-' R or ["' t ‘“},\ = [28 )

2-4 |

Tis is e%ulvalewl’ to {21' —4&;: 2 As Lb?ﬂe’ the fivst a‘ua:l:ien Ts twice the sewnA}
~2hl=1.
I

so jL (+28 (ulte(e A, s mr[m’a(o.fﬂ solves (A - -4DYL =%, Ta.km3 =0 fo convmeme |
we find 1= & \ { ‘l Conset‘(uew’c\:j, XY = [ ]-be +[ -Pt s a seeond sdidion

‘L

f X=A%. The %ev\ez(a.( sdution is Xt = X "&«)+C—>< (t) To sa!nsfb the mitial

CDM‘{;‘O“ ’ [,}" X() = C (0) +c x (o) [‘-)4— cz[;] so ¢= | and e=-|.
Ths, the solution 4o +ue IVPis _ |

. #[] 4t I-2%| 4¢
%) = 43012 = [T]e"t- (m’“ * u"’ ): (:—t}”
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9.[22] Let A= 3 o and g(¢)=| = |. Given that ¥(r)=| 3 | 82 fundamental matrix for
—e e 3e

the system x' = Ax, find the general solution of the nonhomogeneous system x' = 4x + g( )
- - "t -t f
The Sehe(a‘ slukion +o R'=ARX s xﬂ:\ = CE('\‘«) c = cl[l]e + < {3] find

a ‘pwhm‘ax solution o§ 2= AR + %&) we use the variation of Yamme{cfs fovmula, «

X(’O) _&D@)J@(S)%smls |
e SV L (b b _1_{36" ]
?(5)-_- [es 36—} - &k ;E(’s){_\‘/u(‘s) q:l(s) 2 ,éS es
t

'ﬂw, zana(al schwtion 0§ §,= AX + 37&) is

—

x=;<-}\‘-l-;‘,"

oY . +
X @) = c‘m;% ctme + ?-te[} Q’e ¥ & H

e ——

whete ¢, and ¢, are arbetly




A SHORT TABLE OF LAPLACE TRANSFORMS

f@ L{f(1)}=F(s)
1
1. & —
s—a
2. ¢ M p=0,1,2,3...
A
. b
3. sin(bt) ERYe
4. cos(bt) Szibz
5. (f*g)(1) F(s)G(s)
6. () s"F(s)=s" £ (0)=...— £ (0)
7. " f(@) F(s—c)
8 u(t)f(t—c) e “F(s)




