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If fand g are aLsoL&elj wbegrable. funckions on fhe veal line (-00,00)
 then their eonvolukion Froo\w,{: =‘f%ee3 1s Hhe funchion on (-00,00) defined

by 0

(Feq)t) = J § (b -
-

This is the "caeneml “ Aefinition of cmwluﬁm_woo\ubbw appeats nekurally =
SuLje,ots like siaaml o.mljs‘;s and, Pa,rﬁal differential eqyuaitms . However, in
Math 204 we ave interested n soluima witial valwe ?ralvlems forward\
in time fom t=0, In such ?rouems it is cusbmar:j 4o assume Huab

f@)= 0 = 3(_’5) fer t<o. With this mssu»?%im) He definition

of {he convolukion ?roolud: sim?liﬁ'e.s as Follows:

6 t oo

(?kg\@:) = S R’c-ﬂﬁw + j?(&-ﬂgtr)olq“ + S&:%m&r

% ZCvo since

-~ o Zeve since O
~<0 t-T< é
[ £ ] when T >4,
(Fratt) = j Fe-mymdr
o
define the

The boxed formda s the way that Boyee and Di'Prima
eonvolsckion ?roolud\? -S:ifca ) see (2) o §. 34 . This formala is valid
hen 'S: and, %a,re mei’b\j ?iu:ewiﬁ continuous funclions on e.vera

bounded, tekerval [0, AY -



EX 15 (Similar to 5'3,‘). 35’0) CO""YMA'C- the convoludion ?roM of £ =t “"‘A
9 = t*.
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Shokiom:  (Fag)lb) = | FE-mMgrIde
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Challonge ookt L kL = mm?

fov uonneaaki\lc twkeqers mondn
(mh-l'l) l,

the Convoludion Theovem ( b6 o 18 34'5"") If §and % ave
functions that are of ex‘;onm(:ia-l order o \:o,oo)

?Ee.cewisz Continuous
M ek - &kl
(Su- Pp- 347-8 fov a rf-o's: )

Ex 2.& (Sin&lax do #4,85 on P 55'0) Use the convolution theovem +o compule
%{Fiﬁﬁk(ﬁ) i St and zat’c)‘—’kl. ‘Then chedc yowr werk
L"d “’ﬁn?j the vesult of zm?lei )



go(.w':w; Bb '{‘fw conVolw':im -thore,ml

L] feqler = L4 Fledd ate
= 3';{ Lo 2] ¢t

= _ Y= ]
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Same .

usrub Yhe vesult f Bxl,
‘afz{ ;kra\'(,s)" & \ILs) 1%— __? ,._\%

Ex 3| (Swmiler o &4, &; on - 360) UUse the comvelickion fheovem
comfmke i{ 'r'e abr} (s).
S dukion : Frem the Aekinition of' -H'\L econvoludion [,rob.w‘b ,
t
(Fa cb)_(,’c) = SO S:Gc-ﬂob(:t%’t’ }

-t -
we S5ee J((MJ" \( Te;b fobr is the C’“VOL“{';-GH trocl.uo‘t o's:
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Ex 4‘ (F;M,l Exam, Fall 2006 ; sim(!:r $o H2zt, 7- 351) Selve the
nbegrel eqpakion  Y(t) + [@-mymide = 1.
o

No_-tf: Swuch an elvmfism is called "ih.{eﬁm-‘" because the unkvown -_ch,{m

U a‘:?eo.fs inside an 'tvﬂ'eﬁm«l in the

S‘olw{ian . We, wse. La.?h.ce
t

Hhak So (k -7)ydr

furdore, we ove asked to

ewihm .

branstorms  and con\-‘olu;‘:\'vus. Obsevve fivst
\s the convolukion of FE)= t with y&) .

solve

4 £ bry® =1

Talv.mb e Lmr\wa tyansform of both sides , we have

24 gt + LAragto - #ftle

A

‘;;q.j}(s) ¥ ‘i{*LLs)i{t)k(S) = +

\

Koo + £ = 3

Fhiyler + Rlyher = 3
Ll =

£ = = .
{'3}’@0 3 d

Wb&fe,. a(t)': L {—Es:\} -_-_lcesd:)S



E)g 5-l (Sim'(‘a.f to &IS'/!'IJ 9 en P.BSI) Find a Famy\,[a, -Fov Hn.e. Sotud:ian
o the WP
* Vi 4y = fE) @=1, yer=o=y"
) J J ’ yer=1, yer =o=y),
in dems of the comvohkion product. Assume fhat § is piecewise conbinuous
and, of e,x‘)onmﬁa.\ order on [_01 o) , bub ofherwise s an w’b;bfd!j function

a———

Selution - We uwse the Lw?lu.e, Lransform mebhod . We lveam bfj {a-lcma fhe
Laylaoe transform of both sides of the Adiffevential eq/uahen Gk -

Ly + +y}e = Lrale = Fo
S8l Y- 448 -syr-yr+ +(s2isko)- ) = Fe»

(534— 45){.&‘3}(5) = s+ 4 + F®
i

Lyhe) = =t Fo
5 (%) s(5%4)

qudmb he inverse Laplace Lransform we debain

'al’d)'= ;ﬁ"{. __‘;_} ﬂi@ .

1¢ called the ‘E\(ansfc;x Sunchion |

No%e e Function He) = ——
s (5*%4)
of' 'H‘te, m?uft —ov&?wb 535{'em cle.scnbed bj () .

Therefove,
g = |+ Fxh)



lﬂb —Hw; c«mVolw‘x—w 'H/te«em (?7.34-5'-(,)') here

o ele 2 A _."_'fi._._#__s_.F *
hé) = & { H@)}' L { 5(5‘4—4)} ?i { $ stk £ "l"?'#m(ﬁ)'.
ey

Consuyuznﬁj ) usiwﬁ the definikion o the convolubion ?roo\.w;b}

b
Schtr = Smbte-r)or,

we. thL B
\E}@v): | + -‘-4_50'?@')[1 - c,os(?-(f—'r'))}df )

Notes: This fomda allows us o express the “od:fwbn 9y®) of the
ihrw‘:-ou‘b‘;wb 535{1-" () ™ terms of M“inf“’t “ 'S:(:b). Such {Bmub.s
are used in control Yvolglems Yo prodwe o desired ow];ub lvd aﬁbushnﬂ
the i-“f“k 167 aﬁroridaejj .

g_hd(mga 'P'folvlg_m: Find o formda n Jevms of the eenvoludion Tvaolu.e-{ fw the
solubien 1o the nitial value ?«oL‘em

(Jede ) 3” ¥ ‘9314- Cb = -F(-l;) , 2(9)-; Yo ) :,'(,O)-.:y')

where ‘_v, ¢, Ye, and y, are a.v'ﬁ-brax:s ;owﬁl'a.n’cs with 4c > b?- and
where the 'm‘mf £ s ?iecewise conbinuous and of a:?oue.n{:iqj order
on [O,oﬂ. What is the tramsber funchion HE) of the S:js‘cem

\Mooleleo\ kj @E-,\s)?



