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1. D¢ not open this exam until you are instructed to begin.

o

3. ¥ou are not allowed to use a calculator on this exam.

4. TThe final exam consists of this cover page, 10 pages of problems containing 10 numbered problems, and a
shart table of Laplace transform formulas.

5. Once the exam begins, you will have 120 minutes to complete your solutions.

6. Show all relevant work. No credit will be awarded for unsupported answers and partial credit depends
upon the work you show. In particular, work must be shown on integration, partial fraction, and matrix

computations.

7. Youmay use the back of any page for extra scratch paper, but if you would like it to be graded, clearly

indicate in the space of the original problem where the work is to be found.

o0

maximum possible score on this exam is 200.

All cell phones and other electronic devices must be turned off or completely silenced (i.e. not on
vibrate) for the duration of the exam.

The symbol [20] at the beginning of a problem indicates the point value of that problem is 20. The

problem 1 2 3 4 5 6 7 8 91 10| Sum
points
earned
maximum
points 14 20 21 21 20 21 21 21 21 20 200




1.{14] Determine the longest interval in which the initial value problem

T Y0=0 (=2

is guaranteed to have a unique twice differentiable solution. Do not attempt to find the solution,

n"+y =1+

We ficst norwalize fhe DE S0 we can agqhy the ea@.s’eew_e.-n_uei%.-.euw theerens fov
Seeomd-ovder [neay nbial velue ?ro\rlcms:

= ,l = .
R A== A
This is & the Sovm J”.{- Fﬂ;)j'.kal(&,a: 3(_-{;)) 3@,)-:3‘)\3@,,)::3' wheve tn'-'-l
= L { .
and g = '{% ) 4®=0, and o= £ ey

Since F’ ai“am\ 06 ave Conkinuous fw‘f’h‘“‘ on 4he nbevval I:(o,q
Caw"a.ini.m‘ Hhe Few& +,=1 , Jhe existence ~ uniqueness theorem 3mms
that the VP Wil hare & wnigue bwice - diffeventiable solutinn tnroughok

T = (o, 2.) A This s 4he lonse_;\; nterval since P is discowtinuous af O and

3_ s ohscovkmum.s ot 0o and 2. 50 O and 2 Cannet bclma o -Ha.elnl:crw.\ ]




-ty £(1-y) Method T2 Seqartion of Variabes

2.[20] Find the general solution of y' = =
& 7 P +1 £* ¢

Jince the DE is of the 'form JI-_-_ ?@)&Lb) ) s (ﬂ'rst-ovder) &?a\fq.l’le.
wf;'u“’?)‘ 3’:' %; the PE is C@Mi‘f&lbl'd'/ 4o :d‘_'i . :("_f_j'__ ) a..s:‘u-m‘ma
- (TN |
Ahak Y £1. Iw{"a”ﬁf*‘ﬁ bodh sides BiaU-s -y ¥
O\' - ...{.?-i‘-’-t =
c - %li-v\ = S -l—.-—g-U = l++}
vaa.mb\wa 31ve_s
c= M-yl & Inde = {li-y|J15E)
and @-?emﬂhdhhlb both sides \aielols fhe 1Mfltc.it solution
K = J1-9|d 4%+

wheve K= ec is an LL?I'EY‘Mj Pos'vl:iVe. Constant. R"“"‘”‘""ﬁ‘“?f “%“.‘“7

i 5 pundS M .

+ K ::l"':)v

pp———

JETk
i yids the_explicit solukion

1 b
\a({'«) T

g

whete b is an M.[?iﬁmrj constant. Nete that with b=o Hhis recovers
Jhe selukion n(,b):( ot we lost when we divided ‘wabuﬂln Lj -y
in the intial Si-efs of the solutien.

WMI. L inear Fivst-0 ﬂl.&r BLM-Hm

We can vewite the original DE wm the form
[cont.)



/ t _t
4 = X
'3 £ J +*41

PWL m"g%wulmz ‘;bo{or is

£ . >
L) S “'t {onat -;_S -——-—-Mf':) LBl 0) y
;A,. = e e =e ¥T et = Eny

'ﬂw(éwe.l Mul'l:if\jha. 'Hwou?)(n the DE bJ the 1nfe?r4&na fackor 'Bielcls
o s oy e
Observe Hhat the loﬂ, member of this last %uabm 6 exact because
Xt[ﬂ;{—t\ 3} (-hh\u + .I.G:h\ (w)j U:%ﬂ'j * '5(454-!\3 Thus @) is
fl.- [@?ﬂ)’j] = {:(ﬁz’h\z.
Tu ah.«.z \Wﬁn sudes froo\.ums
/ 2 ’l/:, 2. t ‘/"
u,mj = (et = L @)= LAY

and s
‘Lb(‘b)—- | + C—U’«-\-t) \

where ¢ 15 an a-\rba.’cmra Constant .




3. (@) [6] According to Newton's law of cooling, the temperature z of an object changes with time at a rate
proportional to the difference between its temperature and that of its surroundings 7, . Write, BUT DO NOT
SOLVE, a differential equation that expresses Newton's law of cooling.

Rate of d'unae F w is (:v‘oferbiona( {o w-T 5o

) i—i—-" R (u.-T,) here & is a constank of ?roror{:iomfkb .

(b) [15] Suppose that the temperature of a mug of coffee obeys Newton's law of cooling. If the coffee has a
temperature of 100 degrees Celsius when freshly poured and in (3/ 2) hours later has cooled to 75 degrees

Celsius in a room at 25 degrees Celsius, find the coffee's temperature at all times £ >0,

We Mtx 4o solve the DE in (2) Sijcct o 4he conditions u(o)-:. 160 and
u(ﬂu(sjz.ﬂ = 75 Szrwo:bina variabes in the DE in(a) gives
= -é-'-l-*- = S l%\'b = kt+cC
Inw-T| = 5 ey
wheve C is an m(Libra,rb Constant . Exfonewudﬁua Yroduocs

|u,—-'T‘ol= e,hu'c = Aek-b

w‘w,fe, P\:e..c‘ But 'T‘o':-zf awd IA-(_‘b}? 25 n swr Case So

kRt
w@B = 25 + Ae .

' o
From dhe 5(\(5{: cevdition We have oo =u(®)= 25+ Ae so A =75,

The second condition 1mr1ie.$ 75 = u(ﬂ“@/z}) = 25+ 75’5'12“(3/") So

%: e‘kﬁ“@/z) oY %ﬁ'\la.\evﬂj /q‘h(g’-)z kkﬂ.(%) vo ll."—""l. ’Thu.s

-t
wik) = 25+ 75¢

S-',Y t>o. Here w is in Ae.afec_s Celsius and £ s in heurs.

Alternate So(d.ii:\ of the DE in ) using  figb-ovder linear 'l:eclfm&]}.ms_

Obsevve that the DE in @) cam be vewrilten as
[cont..)



du - ku -:-b.'l';
it

d “Rdb _bied
An Iw(:eamkiu% facter s p)= e‘)‘r&) b,._ 65 e’ht*'}z"

mf\\yna ﬂwougln the DE LU the in{'egfa;l:imj focter B{do\s

ke “kt -kt
7)) e %Ake w= -—k":e. .

- ke &t
Note thak é[e“"u} - J‘o_@ - ke w so the left mewber of (k)
at pes

—
—

ts exack . Hence @) is eqyi.wfa.\e.w’c to
A e:htu.x = -—k"\—'e-kt.

At o
Iw’ce%\m*iwa L:: sides of -aﬁ;:{a,s-‘: eﬁ(m-uen ?roo\uc.e_s

-kt
e u,'r-S-\?-‘Toe, Ak = Te + A

kt |
W\!wwfe P‘ s on a.fbi'blwﬁj constant: , M‘Ah?l':)‘nﬁ "H/Nauolt\ bn e 3‘\@.5

ud) = T + Aekt.

The vemainder of the sdukion to (b) follows as before. .



e g B 6D

4.21] Solve 2y"—2y =3t ~1 on the interval £ > 0 using variation of parameters.
Nhis is a Second-order »ov\homojmus Ewler eav.c.a.hian : a‘bljﬂ-l— \o'bj'-\- cy = far.
“The. %e,he.\’dl solubion 15yl = y B+ ylt) wheve y s the cae.nm.,\ soludion o
fhe asseciaked homesenwus -%uguen t"g"—-z‘j =0 and Yp is any ?awuc.uln.r
Solukion of the ueukomoseueeus eqywaiien Loy = £ %‘3"-7.3 =0 leads o
hu(m-l) -2 = O o ea‘{wiva-\e'\k\:j m—mez =0 which Facders: (m-2)(me)=0,

Ca\'\savwwuj m= 2 oY mz=~| 50 jc(:{;)___ e, b‘t-_l_ cz_b-'l wka@ C-iaM.A o, are
ax‘aib\fm‘j Constonks . Note Hhat

p -1
W(Qit")-—- t t_t\ =-l-2 =-3#0 ¥ *tro.
2t -t

The variakion of Ymamdzrs fovmula, 8iV¢,s a ?wbculax sdutien of Hre
V\M[tomoaene.ous e.c‘(uaﬂm of the Form

yoth) = uftly®) + uhyh = Futr+ £ w,®)

,WL\.E'(Q; : -1 1.) ) o
= "% _{-t(3-t = (-t e s e L
“ 5 "V«E"w - j -3 - 5( 3 Jde = Dath + wﬁz‘
a.ﬂvk

* - . " o
et e - §

Therefore yfo)= £ () + L)+ +( $-2) = the)- %‘ P L

The 6mexaj solukion em t >0 is

R

\ ;a(#) = clbz+ %{'1_{4‘ Ll - i;Jf .LJ.




5.[20] Find the general solution of y" — y' =5¢.

This is o thivd-ovder mn\!\omoamem lineay PE with constant coefficients . The
%@nw«l sdlukion is :j(;b)-:. tdc&b)—l—tjl;;b) wheve Ye is the 8e.nera.l solubion of the
associaked 'ﬁ.amesex;eau& eﬂvf.a.hea 3’”—- j’ :: o and Yo is any Tax‘ﬁcular S;(MELM
of the m'\‘“"”?'-m eévmbion- y=¢€ mn 5”’-5'-.—0 leads 4o ¥ -v=o0
which facters - v(¥*~-) =0 ov (- )=o . M@S:m ¥=0,Y=l, or =-1,
Hence 3c(:b) = ¢ + c,_e'b .l-cje:t wheve C,,C.“Mo\ & are Mbi{ra-rj constants .
TE 15 casiec 4o use the mahod of undefermined coefficients to find a ?ax-ﬁ—
ealar solukion . Since 3@)‘:5"!;, a tviad form fov Yp is
ypr = ¥ (Ab+B)
wheve, A and B ave constants 4o be debevinined and S 18 'Hn.e mdb?t\ab of (o)
as a veot of fhe chavactevstic %u&im -r=p. From the caleulation above
s=1. Therefore UPU:) = A+ Bt so 3F’= 2A6 4B, y. "= 28 and
yp =0 We want yp = Yo =5t = substitubing yields

it
o~ GAbsB) = St, 4 b Folluws fhok A= -5 and B=0. Tt i,

. £ -t 52 \
j‘pﬁ’k-‘ ‘%‘tz $o \9@")’—‘ G+ce +<:-36 - 'E'.t .

Albw nate HCH’W‘L -Far a ?d—Y‘h‘Cula.\f Solutien U-'sin,a Vaviatien o'F Parameters
A ?M"\HCMJM solutien 1s

. ¢ ;¢ hevi
3?(.5) = u.‘ﬂi)m@?}-l' u}@’):j,(&)-l' l%(,'b)j#) = 4. u|@) 4+ € u;‘(‘_(:) + e u?ﬂ:) wheve

“lﬁsv&é%) “1,"5%"%0\*; ond\ “3-'-5\_"_3“.?.0\}; Here we have

(Gow(v.\
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The vest of the solution as n the undelermined coefficients anleuletion -
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6. (a) [17] Solve the initial value problem y"+2y'+2y =cos (t)é'(t — 7:), y({)) =0,) (O) =1.
(b) {4] Which is greater, y(7/2) or y(37/2)? Justify your answer.

(=) Because of the Divac delka in the driver 33«)" @5(&)5({7'17) we
use the webhod of Lﬁlm tansforms. T 4= =yt s a selukion -um
y'® + 29 @)+ 298) = costhyS(b-m)
%o -l-a.km%r fre Lg,?lm fromsForm of Loﬂn sides ond usma (k) n dhe talle zwes

g ﬁ{\j‘(ﬂ _ 5‘3@") ’j@) + :L@f,{jk” - j@)).{- &x{j}") = {CM&)S('L'T)}G .

To evaluate fhe ﬁahi‘; membey OF the upud:im odee we. wse the definitien of Ihe

Lav\m 'b(ou\sfafm ;C{S }(_5) 5 Sb)e bo\;t and ‘Hne 9!%#\% et ‘J"j of
-H'\.c, Pivac olzlba. , S ’B\@)S@ (,)CU: 'B\,(_c.) far al Loum\u\ Twcmnse contineons

* (‘.‘?)c.s‘b lf ‘l:,o m ;
{““0\7‘5"5 &' Oh (:'”,“) . Le«": cttb)': { J n Jor 5%0,
s o ')c t<o,

L estobone)= § i B = S h 5 b = A = 95'@5 "
Sub-sh-l'uim% Huis vesult {:oﬂe,"‘hz'r Wr\‘h-l'l\& M‘-{’MJ conditions 3@’) =0, ‘3(") = l““:o
&) (jtelo\s

sEgpo -1 + 25Xl + 28l = -

RWVM% 3‘;\:&5
(Sz-b 25+ 7-)36{3}@) = | - e
oy -5
______.. _ e .. .
5({3}(53 GHY+ |

(¢ Y+

Taltiua the inverse LaT\au:e LransSorm of both sides and usin.a
(Con‘b.)



; _ b and Sovwdla 8 in the Laplace
Lormda T with Fls+) = P £ apla
vansform +~M¢ 31\’05

- I Y ¢ o, }
‘J@ = & { (5H1) 1 (Y +1

w, "1?-.-.
-% * - = v ©
(_l')) }3(1-;—-_)'-:‘- e/sfﬂ(%)'%(y"\& 5 (17\ e
| |
._31!/‘ ’ “ﬁ’. ’3“71. .."l\'/"
1 - s




7.(a) [18] Find the solution of

oy 0 if 0<t<nm,
VYT i mer,
satisfying y(O) =2, y'(O) = (.

M,e'\JnOcl T: La.‘;[a.ce, tvansforms
(b) [3] Write your solution as a piecewise defined function.

(@) We vewrite the DE as \a o ‘Tj = -8 uﬂ(_'b) ’Fa.luna fhe Lwr[a.cg Hvans -
-fo‘(m oF both sides 8“"—5
-Ts
s f{j}(ﬁ) —-s5ye) - -3@) + ‘?Sq%}(su = =i & __

L gwmulq,s G 3 and | og Hhe L&Y[O-ce ‘l;ra.nsg'ovm ‘I'A—LIG- Aﬂ;(snna He
mdao.‘ Cono\ﬂ'.'\.ms j(_o) =2 amd 3 (p} =0 and Y e.wtmanna 3:v¢,5

-Rs
i (5, = .2-2-— el e bd —L?-—-'- .
G {3} 549 s(s™1)
The foxbiw\ Lrackion o\cwwxos'cuou Pfocea\s as follows:
12 = A4 BstC = 8= A(s"-l-q)-l— (Bs+c)s .
5(5"—\-‘[\ S 5%

Take s=o +o fmo\ A e = A(q)

Take s= 3, 4o §ind BandC: 8= (3:B+C)(3i) = -9B + 3C{ % B=-2 C=
Su%%t}ukma n ) am\ ‘btkwﬁ Hhe therse Ld-f(m:e 'LVMsfom B.e,lg\s

laéb):f/{s-l-‘i} Jﬁ{"/' -?'—'—3-5—}

s*q

3@:) = 2c05(3t) — uxﬂs)[ 2 - zcos(s(-l:-n‘))ll
i
['73 Cormulas 4 , ond 8 of the Ld.\al:we. LransSerm table

A =2,

. o i +t<«w
(b) Using the Ocfinition of the wit shep funckion 1ux(®) = {2 % o,
we have |

2¢05(3¢) §  ozt<w,

1M—z+z k-w) f x<t,

3@) =




N@H‘DA.I; Solve -Hr\e ‘VP on O% t< R a.nJ_ wse unh“u‘i{_j
‘I'D e,x{;e.v‘\.a\_ —Hne, Solw‘biOn 4o WE t < .

(«) Tf 3:;4_0'3 20 on 0¢t<w then 3=ert leads +o ¥ +9 =0
SO ¢ = + 3L, HQM bﬁ:): C,lCOS(}"l't)-l—C.tsin(}t) 5 -H«,e, ﬁene(ad solution
of the PE on ost<w. Aplying the witial condibions yields

2= \a('o) = cias(0)+c%siw(o) =<,

Ct.n,cl
o= l‘j’('o) = "3C—|$fv‘l@’b)+' 3C}<‘.O$@‘\:)] —_ —3clg‘m@)+ 3(;?’(:55(_0) - 3 (;L .
t=o

Thus EL@?) = 2005(3%) i} or:l:<1r] Nobe Fhak [im 3B = 2e05(3m) = -2

t
ww\ Lim \j(@',] = {j,m -(gsiw(}b) = -{sin Cﬁvr) =0 . %(bfo\fe, on T<t<oa
bon N

o mask e the VP 974 ay = —18, y)=-2, yn =o. The guen
soludion of the vxon\enmoswe,ows DE iT Y=y yp where y  is the
Samexad sdwkion of j”-l' Gy=0 - ie, 3&5)-: ¢ cos3OIT Gsin(3t) lej Jhe
(Lomrw‘mbfon ahove — and Y is any '\mxhcdwr solubion of 3"‘4,5;3 =18,
Noking Hhat 981 = -18, Yhe, motnod of wndetermined coeficients suggests

j?@)iA wheve K 1s a constant Yo be dekermined . Then j\’/:o=j\;/
/

50 \j? +qn?=~18 Mr\i&s 9A =18 andh Cem"‘}“muj A = -2, therefore
yte) = ¢ osE+esin(b) ~2 1§ W< £ <0, Arrl:jima the wiial cen&‘»{:ims)
~2. :JQT) = Clbos@‘_lf)-l- C&Sif\-@ﬂ) -2 = - C’—| -2 So C.I:' o)-

4
0 = )= -Begirlaty oo = ~3cpintm)t e = -3¢,

- tor

Thues \U(‘k) =-2. on T« =t<oo,

U-") 36:):{ 2c0s(3%) f  o0<4t<w,

-2 i'S: Wit <w,




-1 =2 1 :
8.f21] Solve the initial value problem x _[ 5 SJX X(O) (0] Method T @ Matvix wmethod..

let A= ‘.' . “Then X =Re® i R2AR leads o V"E}?g P\‘E—fvg

2 -5
So Y \s an esae'vwalu.e. or? A a,m\ ‘E s a Cav‘resvcwdav:j &\smv’ea"ov' of A . then

o= \A"TT\: \-‘tv --z.\ "(Y*SKY-H)-I—*{-— v rbve +9 -—(r+3)

2  “5-v E
An e,iswea\:«ov R oo A ccww{am\in.a bo v=-3 sabidfies (Av-rl') =0

50 Yn;(-a 5 : 3)“\2\____ r\ oc eqpivdently { b{'lgof "
TheveSore k -k so0 ‘k;\ & ] {"X C"“‘“‘b““‘*‘) -)-;m(t)___[ }e}b

s ene sohwtion Yo X 3= =Ax. To oL-l;un a second\ lme«ﬂn mAe.YotJ.eM; v

Ahis cose of the Ye,fao&ed veal etsa\walm Y=-3 We Asume RE)= 'ﬁ-l:e + L
Su)asjc\{'uhwa tn BzAX leads to the system
A-vDR=0
{ (A- ¢D)X = =% .
We have alreml:j soved the first ec](mhm of the s:)s(-em and found = -3, T= [1
Sub;h{whmb into the second, ecl(w-hm of the suyskem yields

A

}1‘= 'Q'-;,"' Y - For Cenvenience we take zQ-,_=c

A'/

Q‘X ‘Z'Q' "( So
‘(ﬂ‘\ [/'/J . Tl\Wo}we. fhe. Seuwwl Solution 65_‘ 2 AR s

@)_ C[] +’ ( Pi}b;ﬂ"“’ ‘j/z‘};3b) w‘w(e C‘GM,O\ (‘._L_a.\(e, a.szbfdxj cwsl's, |

"

M = Xe)=c, m + ci:\ implies <=0 ¢z 2. ’fhusE@‘ 2te H %["]

solve,s the 1n1h‘a\ Va.lwe Prole.




Method T :  Substitubion Methed .
Cou.vlea\ Susl'em of' SCAIG.T PEs:

We wewrite the Pfoue.m as o

%, = -—x‘—lxz ) ®xEY=1,
@?) *x‘: = le --5'x_‘_ ) xi(o) =0 .
Sol\fms the -fifs‘: eat(\uﬂm of (%) fov g taEe.l,o\s

('1‘) X_Lt:. "-‘.-2'(%‘/-&- xl\.
3&&{@3 4ais exrre,sslen for x, the second u](uﬂ-ﬁm ok () , we have.

4 /
-'-‘i(x,’-l-x') = 2%+ %(x. + X.) .

Sim?\:f\s‘ma and fea:rﬁmalmﬁ gives

""(x‘”.{— XII) - +xl + S'(xr-} x'\
v "
%) o = X%, -I-Gx‘/-%- 9%, .

1f "‘|G‘=)""(’:‘"b in (k) then o= v bvyrq = ¥3) 50 ¥=-3

s a voob with M’Ci?\id{-u fwo. Hence

-3t -3¢
(Eﬁ x@) = ce + cte

15 the caem\fw\ sokion of (k) where ¢ and ¢ are Mthﬂ-l) constants,
Note that the First iviial comdition n G4 im‘»he.s

~3() ~3@)
\ = x (@)= ce +ge = c .

I
Emr\o:)’ms the first %Mﬁeﬂ of () and the initial conditions ]Woaluc.e.s
X‘/(o) = —x'(c)—Zx,-Lo) = = —Q.Lo) = ~i 5
ond d.iffe.re,nuwbina (Cl) ab§ve,5
(cowb.)



-3t AT 1
x@)-—3ce3+6(3’ce 4+ e )

Tl‘we?m’e

/ 4 -— -
-1 =X @) = -3¢+ &~ 30+ ¢ $o ¢ =2,

Thus (ti\) =aie—\0\.$

- -3t
)r.‘(-_b) = e,ab 4 2."',63
t -3t 3t
-3 - -
x(i;)- -3¢ 4—2( -3te + e )-: - ——Lbe.
U,simb (1) fhen 08\&5

- -3& -
x @) = 1(6 -v%e;{’*— e +2-t6 ) = z{;e%.

M —I‘." _35]

}‘(j:) -l’ e
R -3t { -3t l
x ) = 2% e " ‘) + e l )
1 o

Mé‘“floelm: ’ﬂ'\e La.?[a,c.e 'bransga\rm meuftoo\.

oY

We vewrite the VP as a coupled system of seday DEs:

)(‘ = -xl -2%2 9 7‘ (9) ‘

)

x = 2.><\-5’><__,— 3 x(©)= 0.

7

(eont.)



Talfdwa the La.?\ou:c dransform of eadh equation n (%) ‘aive_s

i
{ Si{",}@) —%) = - f{x&(s) "Zf’{"z_k’)
Lty - 2@ = 2484 y -5 &= L6
s Lmle) Q- o )
and '(e,awmnﬁing , We have
Lo + 28ty =
{ -2 i{"t\{f) + (5*'5);6{",}(5) =0.
So\u;na -Hn,q, secmo\ ecvmﬂon o§ -Hn.e \a.s{: 63s\'cm fosr ;ﬁ{x,}[s) ?i\res
Lrlo = 322 L
and Sulrs'\'i*u&ina into the fist %mﬁen aie.lcls
(5*‘)(,?_‘:_2 ﬁx;\-(s) + ?-x{"zs{‘) =1,
. 2.
$§W\Y\.i§tj]n3 and. fc.wﬁramalna ?foms
(SH)(S-\- 5‘)&%,‘{5) + 4‘2{",&(}) = 2.
(SHbs + DLy = 2

2
Pindey = 2 = 2
{ ¢ s bs+9 (5+3)*

Takima Jhe wverse Lﬂ-flaae. dransform and wsing formulas 7 and 2 n the
La?\ace, Pransform table , we have

~3tp- -3t
-| Ry -2 ‘{J—}:’ 2te ’
‘L _x_}L-L) _ L {, (s+3)"} =%* s*

Then x,;@;) = -6 be:}b-t- Ze_,?t so sulvsjci{'uﬂn% nte the second e:i(ua;htm
of @y leads o

( Cew‘b.)



~wa s 2% .
Sim‘a\i’} mq amd veavr ing gives
™% /ﬂﬁus{
\ WX k& = x, ) .

As wn Method T Hais s eai(mlvq.lew!: fo
X‘(',b) 7-{72-;3‘: 4 é:st
[xe “ \
x,&)

]
2te

2x@) ~ 5(2bS )

-3t
+ e

—
S

<31 |
2te
i

R

f]




9.121] Find the general solution of the system ¥ =2x+3y-7, ¥y =—x-2y+5. Me'“w‘\ T: Mainx mdlﬂoi

let X = ");X ) A= {_:’ i_\} omd, %d’d = Y;}. “Then Hhe Sns\-em can
TE s duwly [ineayr and nm\nomogenms

Le rewrilen as X ’= AR '%'(:U .
with %&hoﬂu‘ sdubion R(t) = ?c'b(;b) 4 %‘f(j:) wheve 3?‘_ is dhe 3meﬁd solutien

of the associaked komosonm sbslrcm *
dien of the uomlrwmoscneau.s sjs’mm.
R = AR so we seek e.;sehva.lms v and e.iée.nVe,clors'E of A.

0= d.e{'.(A-—-r'I) = \z—r ? \ = (r¥2)r-2)4 3 = Y -1 ==+ se v=11,

-l -2-v
An eiamwor 'E o§ A cowesfom\ina Yov= | sakiskies (A—i-‘.!)t—-'a , e,
h|“‘3k,_'—'°z Thas l’»lf-'%l?bs'o

2-t 3 h‘ _\° of wivalodl

['l -2-1‘“‘2,:\ "L)x < J 'Mo,no\un&wh
k1 [k, . sy, vt [\ Y ¢ pes
ik { o) R[] Gty 7 o= K= []6" sbo o

k- .
Awn eiauu&p\r R&A covres?ov\o\ina o v=-1 safisSies (A "(")'I)'E =0, ey
Mo Cedund ant

¢y 3 (B ° s h i equivelent to
T A

Hence & =Vl:‘\= L\: .\ = hlt\ “Thus = _kb-)cr,t = [’ll}ét sdves 7= AR,
v |

.3eb s o -3l £ 11t
Since w(;m’ _i(})).;_ \ 3:(7 ,g*'\"' 2 4o, xc(%l—-c'LXc +cz{_l\e .
Becawse g = {_;} is @ constank veckor , the method of wndebermined coef -
Licients with ‘S?r(fa):‘E , o constant eckor, s the easier method for me_,.j

\

‘cAR and '>'<”P is any rarkiculaur sefu—
X = -Eert in * =A% leads +o

o acticwlar soludion Yo 3“""—' Asz*%-&' Then _gP,= s so su.lys(u'l'uhna 8-“(&5

e[k 1) s A= ] o A= 2T

(COV\‘b »)



R 2 3 7 -1
xr._._'E-.: "_‘ -z‘“';\ = {3X o Thetefore X = 3?‘_&)4-?‘,(_-!:) =

C.!"-T}e;b + cz{it‘l;h 4 I’;} s the Emaﬂd sohwkien of 73‘=A3'<’+E€o),
Thabis, -

-t

)= -3qe +ce -
b -t

b(b)-_- ¢e - ce +3

55[\!@3 the SjS’rem-) heve , ond < are av‘ol-lamg constants,

AU&\'W&%& M@H‘OA 'S:ovf o~ 'PMHCAM So\w!:\m u.SM% Vwﬂa)non of ?d-f&me"g.rs X

A ?w\:icdax sukion 15 given "-j X ?@;) %aj ?(S)a(sw\s wheve

—X‘-@) s & fu-no\a.mm’raj matvix for %'=AX Tn our case, the wevk
~t
above shows thab §L*/)= \:3"&&) ﬂ"”} = [-3;:; e’-b] . Hence

-&

q ®= 2 & = L & -ét\' s
dhet ﬁ’o 4@ b z{- & -3’ R
t t s S £ 4 [
-t — _ _L ™ e -7 _ } e..s -
S}C }(S\%{})o\.s = Sjbo z[ ¢* 36‘}[ S,Sd-‘ = S \, J’X‘b =K»—A‘-g,+’\ + ;‘{’

" 36t ét -2 ¢ -1
Thetefore ?@=¥m{@ - ,
P -4¢° e - || -4 3]

’ﬂw solwkien is finis‘r\w\ ‘n the same \Jda as d-LWe )



M@H‘-OA ]I . S\ALS*A‘"W on MQ»‘H*WA . To 50\\!2. the Sjs-l-e,w\
3= 2x¥3y-T,
{ 3‘: - —234'5')

(%)

| Sowe the second ecvu&m of GK) for %t

H’) X = —31—23 +5
and substitube irkothe first %mim of () -

(‘jl""fj* 5‘)1 = z(—\a'—zj-ts) + 33 -7 .

$€w1\1?31v13 and. fwro.uﬁing %Ea\cks
-3“ -2.3’ = —ij—-‘rj +10 4 3\3 -7

oY
(ﬁ) 5,1 - \j - —3.
'Tk& %q,n@fd WW‘V\ s 3 = \Jc('_'b) + 9F('b) N’L&\fc UC-

Solmtion o? Yhe associated hvmosmeous eti(uwuon

3? S a.md Yd.::‘loulm( So\ud'ion og' ‘H‘te, nonhomoae,nm gp,,_wh,g“ .
/“MM 3@?\:6 m 3”-5 =0 lea.a\s -\'o o= Yz-l = é(“)(."'-l't)

Em‘)[ojmj the methed, bF undeteymined
a candidate Sor a

is the jenerwl
y'-y=o o4

so yd)=ce ¥ ca_;b-
coefficients Yo find o Yuﬁwlax' sdubion
?ur'o;w&ou( sowkion s 3‘,@:) = A where Ads a constant +o

be determmed. . Then 3\,' =0 = 3‘,” $0 Su.lv{ﬁjm‘;;m% wto @) we have
so K=23.

. S.Jpsbih&:n% "

_ ,
_3—3?-’3‘,:& o~ A .

Hence i;(.bl =i3<_G=) * *3?35) :(cl'&t+ ce + 3

1) laie\o\.s
‘ -t -t
x&)= -4 &) "'ng’)*-f = ~ (c‘et—- ce )- z(clet-t— ce +3) +5
t -t
ov \x('&) = -3ce - ce - | where ¢ )<, are awbittary conb




10.[20] Solve the initial value problem #y"+y' =1+ ¢ _12)2 , y(1)=0,y (1)=3.

Method T : Reduckion of ovder.
) Le’c W= 3,- Then u.’=‘- ‘31, so -Hr\e, PE s %ui\falen{: to ‘Hne :F;‘rsl;— ovder
| 4+ ({;-2.)—1 Normlizi-\a’wr, have.

1) 30 an %Le?vw‘ina fa&w s r, - e

linear DE  tuw + w =

4P d L - J— ]
d w + tu.- o + b(b—z)

—

Sreut

5 ST MO Hulkiphying the normelized DE by e ontegorting

’Fw[or frodms o DE whose [t mewbev s exack .

SERDRSSM

(y'=) w= 1" % *

%&Abmhn% a—%ain TYOAms |
yei= S(! - 1—2—;) St

®
A Yax‘ha.!l 'frwﬁm duomfos'rﬁcn CDMYM*WHM Ffoc&w\s as Fnu,ows_
( I - R = | = AE-)+Bt.
® Ty v ke
(= A(—z.) se A= -2 .'

To fw\ Alse,’c t=0:

Ok B sb te2e 1T BL) s BT Y

(Con{-/.)
(“ ?‘tS. Yo L\Mt’f‘)

oY .
-+ b (8gis. 1o hece



®

@

[ Ths. }o here)
o Thefore 3‘*’1=H"‘ (= &

"/;. ‘/:. _c_t
\ & i ’Ka\b
o By e b el gl o e
A?Y{f)ihﬁ fhe wikial conditions y()=o0 and 310): 3 Bieus

o= 3(') = |+ 2 + J
5 - b(‘) l 'I (l —7-) l SD i . -

Thece§ore \3({0)-: b Zin) - L) -w for 0<t<a.

Method TC :  Transform indo an Euler ecvm:bion .

. R i ¢ } ; s @
Malbiplying throngh by + y' = |+ = by t yeld
honhomoaaneous Euler %uaﬂen :

'tz—a”-\' ‘l’«JI= t+ ——_ -

The general sdwkion s y& =y ‘«&Ht’l’(b) where Yy, s the aaneml
Slution of the associated homoljenew equation t"v"-l— -l;&' =0 and
3‘, is any Yaxkiculwr solution of the nanhomosweeus ec}uaﬂon. Now
y= £ in b"f%—tjr-o leads fo m(m~)+ m =0 o evwivdenﬂn
wzo, so m=o (mdbipldhy two). Consequently

yh= ¢+ chnlt|.

(5 s, to hete.)



(5 pts. 4o here)
“ Y\ = fin (4]

Noke et W1, i) = | . \ Lo o b
We use voriakien & To!ame’mrs t fmd a Yax'h '

@

)= wiby®)+ afpy = 1owfld

where
® U-l"-s—ﬂo\k‘-‘-g M&{; = -S%Ibl(l-l-(::ﬂ&

(- -j(t S

bl . -
= -"tﬂMl‘b\’f ):%:; 4 j(‘ -\-,(b-t))&b
- —thitl+ ,%H«\ " 3(1 * Z*:. - Z‘-:—)alt
-
& IR RTp 2*.‘_’?‘. P b4 Lt LML-L\UZ’
and
® “;=5§Llo\;l:=j£'(%+b(lbﬂ:)-o\b= (l-l—-—!-—)o\b
W ‘\;I - L’o*?—)‘
o
T
@ = ¢ T + .
con%uevtus
yol) = -t\\ltﬂ%if bal bl - L dnfe-a| 4 Jm)¥| (\_ﬁ:[)
© = bt Ll - L[]

'Ike, Yest oE the solukion ?roce,eo\s os in Metod T .

5 i‘ffﬂ,‘z&k‘-ﬁiﬁ_;i‘h‘." .
( - ?‘b;, - 2—?{5. {ov j': 5‘-4‘}’ and 2 ots far
v P, tomctants ang IF‘L. for wiiking fah{,;m)
W



A SHORT TABLE OF LAPLACE TRANSFORMS

f® L{f ()} =F(s)
L N
s—a
2. ¢ S—n:—l n=0,1,2,3...
3. sin(bf) Szi ,
4. cos(bt) szib2
5. (/xg)(r) F(s)G(s)
6. /() §'F(s) =" £ (0) == f*7(0)
7. " f(0) F(s—¢)
8. u (1) f(1-c) e F(s)

9. §(t-c)

—-C5

e




Math 204 Final Exam "Master List" Scorecard, 2012 Fall Semester

200 149 | 98 Il 47 |
199 148 | 97 | 201 F 46
198 | 20 A 147 | 42 Cs % | > 45 1\
1971 (5a7,) 146 1 (121%) o5t (5847) 44
196 {1 ' 145 W 94 1 43 |
195 144 | 93 11} 42 |
194 143 11 92 Jut 4114
193 | 142 I 91 il 40
192 #) 141 1 20 JKT 1L 39 {1
191 1§ 404 8oy 38§
190 1 ] 0 1} 37|
189 1 138 1 87 1l 36
188 | 137 | 86 UH 35
187 | 136 1 85 LM 34
186 135 {1 841l 33
185 11 134 | 83 1. 32 1
184 133 82 Kl 31
183 4 132 81 || 30 |
182 § 131 U 80 [ 29
181 130 Ut 79 | 281
180 N 12910 78 1 27
179 128 77 14} 26
178 i 127 144 41 Vs 76 | 25
77y BB o6 newy T 4 1
176 § (120%%) 125 (el gy 23
175 1Hi{ 124 [\ 73 1 22
174 123 | 72§ 21
173 11l 122 71 1 20 1
1721 121 W 70 1§ 19
171 1l 120 W' 69 M 18
170 J11 [Tt o e 7
169 |t 118 i 67 16 118
168 | 117 it 66 11§ 15
167 (Y 116 1l 65 1l 14
166 | 115 Il 64 1| 13
165 LUT 114 {11} 63 111 12
164 § 113 1§ 62 11 11
163 § 112 {1 611 10
162 {t{l 111 § 60 | 9
161 [ 110 | 59 1 8
600 109 WA 581 7
159 11 o 108 {11} 57 11 6
158 1§ 107 LM 56§ 5
157 106 1 55 4
156 11§ 105 {11 541 3
1554l 104 I 53§ 2
154 §{t 103 14 52 1§ 1
153 102 1 51 0
152 1A 101t 50 Number taking final: 34-b&
151 M 100 11\ 49 1 Median: jo8.5
150 1} 99 i 48 (1 Mean:  143.2

Standard Deviation: 4}.8



Math 204 Final Exam, 2012 Fall Semester, Instructor &QW , Section M

200 149 08 47
199 148 07 16
198 147 | 9 45 |
197 146 05 a2
196 145 94 43
195 144 93 0
194 1A 143 & Cs - I Fs o
193 142 , 91 ; 40
192 {=&?i%) 141} iiﬁ.Gﬁo\ 90 {40;??0) 39
191 140 . 891 33
190 139 88 37
189 138 87 26
188 137 86 1} 35
187 136 85 | by
186 135 ‘ Y o
185 4 134 83 | 2
184 133 82 a1
183 132 81 30
182 131 80 2
181 130 79 8
180 129 78 27
179 128 77 6
178 1271 76 55
177 126 75 2
176 125 74 %
175 124 : 73 >
174 123 T 7 51
173 5 Bs 179 Vs - 2!
172 Qg5 1211 (1.47) 70 o
171 1 120 .. 8 18
170 119 68 17
169 118 67 161
168 117 66 3
167 Il 116 65 14
166 1 115 64 13
165 114 63 12
l64 ' 113 62 11
163 112 61 10
162 111 60 o
1611 110 59 :
e 109 58 ,
1591 108 57 :
158 107 { 56 s
157 106 55 1
156 | 105 54 ;
1551 104 53 >
1544 103 52 1
153 102 | 51 0
1521 1011 50 Number taking final;_27
ol 100 | 49 Median: | 4-{
1ol % 48 Mean; J2.5.1 _

Standard Deviation: 42.2.



