Mathematics 325 Final Exam Name: PDv. Gv‘ow
Summer 2014

1.(25 pts.) (aj Show that u(x,y) = (x+y)’ is a solution of yu, —xu, =3(y—x)(x+y)" inthe
xy—plane. '
(b) Find the general solution of yu, —xu, = 3( y- x) (x + y)2 in the xy —plane.

2.(25 pts.) Classify the partial differential equation u_, +4u,, —4u,, +25u =0 as elliptic, parabolic, or
hyperbolic and find the general solution in the xy — plane, if possible.

3.(25 pts.) A homogeneous solid material occupies the region in a unit cube. In the interior of the cube,
heat exchange takes place according to Fourier's law - the flow is from hot to cold regions and the
velocity of the flow is proportional to the temperature gradient. On the faces of the cube, heat exchange
takes place according to Newton's law of cooling - the normal component of the heat flux is proportional
to the temperature difference. Assume that the cube is initially uniformly at temperature 100 degrees
Celsius and is surrounded by a medium of constant temperature 20 degrees Celsius. Write - no proof or
derivation is necessary - the partial differential equation and initial/boundary conditions that completely

govern the temperature u(x, y,z,¢) at position (, y,z) and time ¢ in the cube.

. 4.(25 pts.) Use Fourier transform methods to find a formula for the solution to %, —ku,_, = f (x,?) in the

upper half-plane —o0 < x <0, 0 <7 <0, subject to the initial condition #(x,0)=0 if —o < x < 0.

5.25pts.) (a) Show that the Fourier series of the function f(x)=1-x’ with respect to the orthogonal
set of functions ® = {qp,, (x)=cos ((2n+l) zx/ 2) :n=0,12, } on the interval [0,1] is given by

i 32(-1)" cos ((Zn +1)7x/ 2)

n=0 (2n + 1)3 T

(b) Discuss the convergence, or lack thereof, for the Fourier series of f with respect to @ on [O,l].

Justify your answers for each of the three types of convergence - uniform, I, and pointwise - using the
theorems at the end of this exam. - v

6.(25 pts.) Solve u,,—ux,‘:O on 0<x<l, 0<f<oo, subject to u,(0,£)=0=u(Lt) if +>0 and
u(x,0)=1-x*, u,(x,0)=0 if 0<x<1. Youmay find the results of problem 5 useful.

7.(25 pts.) Solve the Poisson equation V?u =1 in the spherical shell 1<7 <3, giventhat =0 on r=1
and % =0 on r=3. Youmay find useful the fact that the three-dimensional Laplacian in spherical

1 8( ,0u 1 0 Ou 1 ou
l . t - VZ — 2 —_— |+ —_— m' t—=—= -
potar coordmates 18V u = 5 5, (r 6r] r? sin(g) O¢ (S @ o ) r*sin’(¢) 06”

8.(25 pts.) Solve u,~u, ~u, =0 for 0<x<z, 0<y<mz, 0<t<oo, given that for all times # >0 the
solution satisfies homogeneous Neumann boundary conditions: —g—::— =0 for x=0,x=7x, y=0,

and y = 7z, and the initial condition u(x, y,0) = cos’(x)cos’*(y) for 0<x<z, 0<y<m.




A Brief Table of Fourier Transforms

f(x)

1 if -b<x<b,
0 otherwise.

1 if c<x<d,
0 otherwise.

1

x+a®

x if 0<x<b,
2b—x if b<x<2b,
0

otherwise.

(a>0)

e ™ if x>0,
0 otherwise.

e” ifb<x<e,
0 otherwise.

e if —b<x<b,
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Fourier Series Convergence Theorems

Consider the eigenvalue problem

(1) X"(x)+AX(x)=0ina<x<b
with any symmetric boundary conditions of the form
@ {Oﬁf @+BfB)+nf(@)+6,f'(B)=0

: % f(@)+B,f(B)+7,1'(@)+8,f'(6)=0 ) o
and let ® = {XI,XZ,X_,,,...} be the complete orthogonal set of eigenfunctions for (1)-(2). Let f be
any absolutely integrable function defined on a <x <5 . Consider the Fourier series for f with
respect to @:

S 4., (x)

n=1

where

(/2 X,)

4, =<Xn’Xn> (n=1,23,..).

Theorem 2. (Uniform Convergence) If ’
() f(x),f'(x), and f"(x) exist and are continuous for @< x<h and
(i) f satisfies the given symmetric boundary conditions,

then the Fourier series of f converges uniformly to f on [a,5].

Theorem 3. (L’ —Convergence) If
&

JIf () e <oo

a

then the Fourier series of f convergesto f in the mean-square sense in (a.b).

Theorem 4. (Pointwise Convergence of Classical Fourier Series)

(@) If f isa continuous functionon a<x<» and f'is piecewise continuous on a<x<b,thenthe
classical Fourier series (full, sine, or cosine) at x converges pointwise to f (x) in the open interval
a<x<b.

(ii) If f is a piecewise continuous function on a<x <5 and f'is piecewise continuous on
a<x<b, then the classical Fourier series (full, sine, or cosine) converges pointwise at every point x
in (—0,00). The sum of the Fourier series is

24,)(,, (x)= f(f);f(xu)
forall x in the open interval (a,b).

Theorem 4 0. If f is a function of period 2/ on the real line for which S and f' are piecewise

)+ fx
continuous, then the classical full Fourier series converges to ( ) 5 ( ) forevery real x.
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."_‘_ + #cos(;x)"' i—_cos(zgﬂr -}‘_Cos('Lx)cos(m) Z E 4. cos(}x Cs(my) .

—0 mTo

24 Mafm. we &\wu choese c = +; 20, = ; )
Mé’(@ /

8{:
solves (0-©-@-®-6)-©.

Copn™ 1_; cz,,_'l and all other C m=©
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