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Math 5325 Exam I Name: T, Grew
Summer 2015

1.(20 pts.) Find the general solution of the first order partial differential equation

e'u, +xyu, =0.
e The chasackeristic euvves of “-(")‘J)“x"‘ L(’W)“‘;’-‘-O 544‘3’% % = %%‘-’;‘;-)) .
T owr case this becomes
dy | =y
S 6* .
Scsmw':iha Va.v?aueos, we have
dy _ oA
_91 = xe o in{'ea\m*z-b Va-fes
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Aorefove o chavackevistic  curves have fhe form Xu\g |+ (e =c
o €'j’t&‘\'0~‘ "*“j Y= A""f(’ Q‘*\)é") where A= % ec is an avL'.tmry constast .

Alomb a chavacteristic ewrve fhe sdution of e.xu):\— xjw\‘j:o is constant

u(x,y09) = w(, ye0) = w(-1,A) = £(A) .

» ohs.de peee CMSuyuuMy / ru.(x,\)) = f (3»{((7(-\'\)6 ))J is the %“"—“" sdution of the

PDE whae § is an wf&vb(adg C'- funckion of & S\'\B‘e veal variable ,



2.(20 pts.) On the lateral sides of a long thin rod, heat exchange takes place (obeying Newton’s
law of cooling — the heat flux is proportional to the temperature difference) with a medium of
constant temperature 7, . Within the rod, heat exchange takes place according to Fourier’s law —
the velocity of the heat flow is proportional to the temperature gradient and is in the direction of
decreasing temperature. Derive the equation satisfied by the temperature u (x, t) at position x

and time ¢ within the rod. (You may assume the rod is so thin that you may neglect its variation
in a cross section of the rod.)
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Consider the material occuwina-the veqon R of the ved between postions
and xiax. We consider the vod sufficiently Jhin dhat we may safely Mﬁled:
the variakion of the *mwdwe W over any cvoss section of theved. Denote
loj HR) the heat enefgy contained m R . Then

(() "% = Yot $lux of heat 'l’l'\rmalr\ a&,%&bdww\axj of 02
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SS ~Kw (Fraxt VAo + SS wa(x,t)dr + jS P (u(g.,-h) -T, )de
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where

~KTw for conduckive heat flow on euo\sl
V= velocihy of the heat flow = |

r\(u— ,)’KB for conveive hek $low on sides ,

and K and g ove pritive conskanks, The clemant of avea on fhe ends is
A= vdrd® (Tm assuming circudar cross seckions of vakins R avd T'm wsing polar
coovdinobes) ond on the (aheal wall Ao~ = RdOde. Pevfwmlna the \w&exm-\iw
w e last line of () gives
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&: @ (- mx(mx,txy 4+ B;(m\(\(u,gx,t)) " z,rajx p(n b To) de
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wkax
= KAy lerons) - w )+ Pf p(wat)-T,)de .
(Heve A and P are Yhe area and pevimeber, res‘»edivdj, of Hhe (uniforu) evoss seckions , )
On the other (w.m’\l Ihe heat n R s %'Nen bb
(3) HE) = SSS E (%, u(®p))dx
®

where E(i‘, w) s the heat energy 0\%5"\'3 fy&ncl:ien fov the material oecuw‘ma
®R . Differentiating (3) and assuming Swodtivness 4 E qves

@) AR d ( [(f £ weedz)= (ff & B ucm)de = [if Eaw a2
M- R 2 ‘ ) S& 3t R M s
Lo For novmal *mYo(Awo fanges and. h\»)‘)\e.w‘ mw\'aials ._E- T constank = ce where

e is the specific heat o the matevial and p s a\ev\srlb. SWbstitubing in @) and,
v.sima cv\‘mkica-\ coordingkes ¥,0 % sothe volume element is 45 = vardodn, we have

xiax 3w R Xrax

@) M 5 j‘ g pa(xvirdbde = p(’ )(m)S 2u (3,4)d
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15 s, do hee | = cﬁn‘\( L (2,%)dE .

C°W‘Y“.m3 (=) and (5) we have
R+Ax x4 Ax

@) c,()A S %(a,t)o\z- - KA(“x (xrax,t)- U-x(x)t))- Pj f‘(“t"‘("):ro )A% ’
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( Here K is the eovamuv;}j of Yhe material occu‘uo'm?r 0% , /u is the swrface

Conductance, ¢ i Jfkcs‘:u':ﬁc L‘“t/ () 1s the deusihj , A is the cvoss sechional
avea P is the ?eflm&ev o a eross seckion , and T, 15 the ambient

{¢Myefw‘wlc o{‘ ‘“\e Mium sv.ﬂouw)«'m% ‘“M, Ye(k. \




(40 pts.) Classify the type (parabolic, hyperbolic, elliptic) of each of the following second
order linear partial differential equations and, whenever possible, find the general solution in the
xy —plane.

() u,—4u,, +3u, =sin(x+y)

(b) wu, +2u,, +3u, —2u, +24u, +5u=0

© u,+u,—2u +u,—u, =0

oy g (o’\ 'BZ.—A‘-AC:' 61-)1— ﬁ{t)(;) - 4- >0, T‘«e ?'DE e (,a.] ?s‘\a?cvulc‘,
Yy BAnc= (2)-40)®) = -0 <0,

Te PE i (b) is |elliptic

G’) Bz"‘"AQ: (’7—;—-— 4000 = O. ’“!\e, PPE n (c) s SE“(G'LO\;"l‘

e Selukion o the TDE in (a) - We, write o PDE eev«-lvde{\k to fhat in (@) :

EX ,4a.+3b) = sin(xt
(bx wy oy nlety)

C,k-) 2 -—blxl—gs W"Sl\\(_ﬂj).

The sub'bcs-‘ma\ c"\«‘mje of V&v‘xa\lﬂ\es '{“ a lnmaevlpu‘\'u PPE is

::-(g;x - o(:)):-[(-?bx -(')3} = 3x4y
\L =—($x - \(5) =~[(—l)x —(‘)3] = X4y .
TE v is a smeoth fundion of fwo varidles x and Y and we pedform the
above WMJC og vavy 419\&5 / ‘H«en -er dm'm fw\e, %Nes

g-y- = N2g 3 v d = BDV + 2¥
™o ¥ aAax o M %
oV = IV NOT PAR ) = oV 4 v,
aj F é) 615% 3% avL
) a 1.
That § is, a5 "Y“‘&m %;( = 35 -1 ““\ '°§+ 'a"vL‘ Sw\'s*l’mfma these
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(—z.g.'&(zg-s w = sin(1)

M\ - -Lg;
%'L(—b?’ - 15\1(1'3
Iu’mavahn% with ns‘:wh 4o 'L kololina 4 Lexed gives

ow -Lsi = L )
. g Esh)dy = e+ l8)

; IV\"E%VA'M% aubw'm , buk His +ime wilh vespedt to g’\mouiua 1 {;M/ PN,\W
Therefore
w= g3+ f6) + g0
wka«e 'S: a.v\o\ ¢3 ave w\é’mx\j Cz"‘fmoﬁms 6‘? e Siﬁﬁle Vea] Va.Y(aLl% . Henc.e,

15 g b b F("/‘j) = #(3,%*\-‘))005()&* 9)+ § (3= Yy) + 3(%"!7)4\

1s the 3&#\«41 sdubion o (@) n the XJ—r[ane .

TER O Solwbion of the PDE in (¢): We write o PPE eclulwim[: do that w (c)

S d
N S ?-) + (-——— w =0
(S;-""a;‘S,* 7RIS
2 2 2 _2\u 4 (%x—%’)\&?-o.
x A\ ax ¥

’f\«e, s%es-\-ea\ c‘mﬂ%e § wa;au% " a ?M«Lo‘ic PE 13
3 ,—_—(Qn‘ - K:ﬂ :-—((-:i)x —0)51 = x*t)
“L: oAx ¥ ({3 :(t)x.‘-@)\j - %_3 .




USIV\B the chain vule as in f*rk @), we find that as epevators
& - 2 4 2 a.vw‘ 2 ) 2
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e, O @me gmm  omma
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sulfsmukinz these expressions in @k leads o

( 3'1 fé ""L’“% av{% 3 [7;/%1—(%~%).}w=o

Kk 4 22 o,
C ,\, >3
This lost uvwhm s Ycaﬂj an ODE wm fhe T \Acfcmhnk variable i siwce there are

no derivatives with vespet to Ve seek exvomential solubions . w= e v
f ("’ > >

w\wc, ' g \sa,Cens{'a-n'& 'ﬂMM -’—“i‘l’—re"w& é "’fe'(' So S'J'fﬁ'l’wl'ma tv

@:«,{;} %cves 4 v e"‘q— -Lre'l" o ——->2v(?-v‘+0f'€ =0 So V‘-—-;_w Y=0

“ safe w = 61“' 4 and w, = 6’1’ ave Lwlea:l{b ma‘cruw\wt) sdubions o (al&k.k)
The 3@\&&1 sdudion of (@) l$

w= ¢E)-1+ c(g)e’

The 3@\««4 sdution of the PDE () cmse?u.ewﬂj is
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4.(20 pts.) A homogenous body occupying the solid region D is completely insulated. The
initial temperature at a general point (x,y,z) in D is given by a prescribed continuous function

@ =@(x,y,z). Derive an expression (in terms of ¢ ) for the constant steady-state temperature
reached by the body after a long time.

’ﬂ\t(ms\e.nt) ‘l:&mye{w‘w(e, w= u(’;f‘-t) of the vua:l?eﬂo.l e ros;'l:«‘on ; inD A«MQ
Yime t3o0 sakisfies the wnekial / bw.m\prj volue Yro\'\em

W@ = kTuEe)  F ReD and bao,

wlz o) = g% § %eD,
wu(Zt)=o i XedD and tzo,

Since the s\as\'em 15 closed (ie. the bowndmtk, of D is insulaked and there
Afe no sowvces or Sinks of heat 'm]))) b ean be shown Fhat the fotal
heat ehergy of the makevial occu?b'm?j Dis constant : Heoy= HE) fvall tzo, ¥ |

We assume that fhe Eransient {'am?erw—*wc dends foward a conmstant

steady-stake temperatwre : Lim W(X L) = constant = U Trerefore
J o Lo

Yim | ({ @ Wit

E2e00

cgg;g ()4 < Sgg epulF W = Hiny = fim W)=
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¥ The 4ot energy of the maberial occwm’ma D at tmet s wl'ud‘y aiveu
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He = [(f E(%, wo)ds

D
Whef& E‘-’-‘ E (-)'Z/ M.) s 'ch &herw olens“‘a fma‘ﬁm af Poﬁ:('n'on = nD
a,nA -}mfy,(du(e w, ince %—E '-.'=' c,() for ‘d-YJe '{:m)oe.ra"m’e. Y-U.at,s/

4 is covenient fo use
Hy = (S cpu(s )%
D

o aj)ffoimdce ﬁ #). Note that

%‘H - ;”*&(Sgyg o&w@,m'i\ - @ cpuy EPF = Gt)'(,[gvzu(xft)ol}?.

T‘mfefwe/ the otivuam -Hwomm and 'Hw komﬂomus Newumann Z.C, ?:QIJS

%‘ - oe&gggv-(vw) = c’(’KSS R.Iu(xb)de = W{ odr =o,
D D P

ﬂwlris/ HE) = Ho for all t20.




Distibubion & Secoes v Exam T

Range Groduate Lellov Gude Undetraduake Loler Gade
87 - foo A A
73- 86 B B
bo =72 C B
50-59 C C
o - 49 F D

nuwher of exams: 16
Wmeon 58.3
median * 59,5
Standard deviakion: 20.9




