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Mathematics 5325 Exam III Name: 3{. G\(ow
Summer 2015

1.(33 pts.) Use Fourier transform techniques to derive a formula for the solution to the initial value
problem: 10
u,—u_ +2u= f(x ) if —oo<x<o0, 0<t <00,

@

(x O)=0 if —oo<x<00,

ket w=u(xt) be a solution o (D -@ and take the Jourier transform & O with
fchCo‘l:‘('D % (aola\.ma t 'f\;se.o\

Fy 8 - 1,00 + 2u(0)6) = F(F0)6).
Then the prepecties of Fouvier transforms gives
F (g, = Gl b5+ 26 F( - £)6) = £(5.0).
ffn(:wdrwuam% mﬁ vation wifh Vos‘nd: $o x (in the Fouvier trvansform ) and A Geventiation
with \(cs?w{: to -h acwcs
Q“) %‘;’(.“(ﬁt%) + Gz-\'?at)} (u(')'h))(;) = ?(‘;'e) )
Tis is & Sivsk ovder ; li near o\i@ev‘m{:ial Ctthon ‘n the _MA.CPEVLAW& vavialle + with
PWW Z. An "m{'ea\(a*.ima facker s .
S?&WU: _ S(;’lzb)alk t7'+ ;’l+)i'

MVM" D\“?’ (*) 'Hw m-(ez\m‘tm% 'fo.&ov' aM\ comlvtmn3 texms 8:\12.5 7_ 1t
r3 ( £ jﬂ ( 6) (;) = e %3‘(‘*( t%)’r (2o g JF(w( *”)3)‘ feby.
'Ivnkebﬂh eltl.s % :.

J“(%k-j' ‘*('r“))(i)"‘ 5 T-f(s,f)d.fr + ).
A?P\:j “3 the witial condition ® 4o fhe pre.vwws cqfuo*\en leads 4o
o & ’%(ww )\ = U B ) c(s)» = <B).

=0 o

Thorfore 2 b 2 a t .
(30 3‘@(-&\)(3)-.—. j'%S eq‘ﬂ’r’f(‘}/r')o\fr -:f e:r-% 'it(:—f) f(; rdv.
0 o




cale) -3
Awln evc\wg T 1w the Feurier bronshorm th/ jf'(ca“)(;) _ \r_;—;_e 4-«.) with,

t-q = i-&, o %uivdewﬂﬂ a= ;—i::‘:), 4o 3’\\/&
M = -5lk-)
4¢-1) — -
- Fas© Jor= >
Su\:s{—,ﬁuﬁn% Has W Qi) ?r:\m.ts ) _ —(—):_.
Fuo\@y= (e *F o=t NI (£ (")) .
) = ), JZ& )

The. comvalubion properby of Fourter dransforms, F(£)a1Fg1s) = L=F(Sx))

then impli g
3"([\.(-"&»(5) =§ e (\Im } T
6 2
£ P St 04
e 44&-7)
[ e i

Inh:l&wzlub'(‘l«o ovder of Iw&e%faﬁms (ruo-\l that the Fouvier transorm is an
Znh%n\ ovey —oo<><<04) B;AAS . ot

-

¥ (“(‘»*")50\ = 3‘( SJD ———c ;é;ﬂ * 5(m)dr )(3).

o NwE-T)
Af\% the Mial(uncés Yheovem for Fowrier Transforms 4o oltain

3
kS .
or..e" -

= ([&== 6‘—(;’?’*4’—"‘-j dr .
w(x/b)= So(\j—'T_—q-“(. = (I D) .

erﬁ%m econwclukion ?\ro(x\wb As an in{'cbﬂd y (%#&)(_;c) - 5 w%(x—j)%)olj )

We "\Mb .b o Tt-'bt - Q( _:’)
4k-1)
M(_",b): S S —:e"'—'_.___::"—- € ‘S: ('j ,'t‘) dv dr \

oo Var-m

Equivelently ) terchanging the ovder of inkequakions, we woy express the

So\w‘::.w\ as

o b “g‘-ﬁf R
Wﬁ)'—'—j S e*D e f(yM)drdy

TooZo VARE-D




2.(33 pts.) Consider the eigenvalue problem 0] ® @

*) X"(x)+2X (x)=0, X'(0)=0=X"(1)-X(1).

(a) Find an equation that characterizes the positive eigenvalues of (¥).

(b) Show graphically from the equation in part (a) that there is an infinite sequence of positive eigenvalues for
(.

(c) Approximate to eight decimal places the first three positive eigenvalues of (*).

(d) Is zero an eigenvalue of (*)? Support your answet.

(e) Are there any negative eigenvalues of (*)? Support your answer.

(f) Write the eigenfunction(s) corresponding to each eigenvalue of (*).

L @) S«.Y?ese, Ao ‘wm (;lr) S0y A= Q wheve %>o Then © becomes XO‘H-?X(:--O

. The %ev\efa‘ solubion of dhis DE  is E(¥)= ¢ ?x) + ¢ sin (%x) Then E'(<)= - ?c S\V(Px-)-l- \BC cot?x‘)
So uﬂ)\jma he BCs gives

o= X@)-~\5c o+&3¢ I = ¢ =0;

v @ 'X(_l) -X() = ?csm({&)-\— \b/'cosqs) (C“sq&)-\'fﬂﬂ({&)) =-cC (()5\\(‘5)-&&5({5))
‘Ikenfore w ovder Yo have a nonbrivial scukion to @-@-(3) when A= F 70, We must have
lqﬁo and Qs\ueﬁ- 605\5 =0, of ettwvdew{:‘g \'fau

‘§ .

(L\ GV@Y‘\MB‘H@ fwo cuvves y= '\‘Me and y= -'{; fovr <_»>o , we have :

Cluvlj , theve ave an nfinde number of nbesecion yoiw\:s & y= ’% with the branches o
Y= -\m% when @70. Trexdore fhere is an wmfinde Sequence of ?os'd:ive zlaenmlm
A= Q: (""—'l,z,‘a, ..} sakistym \::w(k,\“ () ) =

L) Twa order to afffbxlmake the -Y’w;’; Yhvee Voslﬁve schkiens 4o 0 =f(x) ='§M(x)+.)‘: s
We used solve e1wailen” wm the NUMSLY menu on the HP 49G caleulator with




the wndicated Seeds .
n | seek | Ba opproimation | Xz B ayproximation

[ 3 W 2.79838b0o4578 \ 7.830964 4122 = XT\

2 G 6. 1212504 6LL90 \31.4:6‘17072‘735 = X\,

9 9.31786L 46179 86.8226353998 = X,

(0\) When A=0 n CD/ dhe DE s X”(_")-:O with 3%&(&1 selukion X(X\:c‘x-\-c,_.
Thew X1¥)= c,, so “ﬂ‘jz“‘b the BCs gies
o= X/@)= Cl 9
&
o= T~ XO) = c - Ctey = ~-c, .
Therefore VY= 0 so there ave no nonbavial selutions Yo O-@(3) uwhen M=o,

That '\s,\ 2evo s not an eiac,v\\mlue o @-@'@j

- (8) Swppese A <o n @), sy A= Y wheve Y >0. Then @ becomes X"(w)-*&lx(,‘bq
® '\1'\2. 3@!\0(0«‘ So\uﬁeh b? {’Ws PE s ‘2(7-) = c‘cowx) -(.c,’sin"\(Yx) ,'\'M X’Qc )= chi”m*)"'\fc,_@’l'l@x)
So ﬂtﬂ\j‘wz +he BCs ‘61465 - ' |
O@X(_O) Yeeo +¥e = Ye, = C¢=0;
o 0
o@ ) -R(y = Ye sm&LY)PJ/cosKY) - (< wsWHf sih(0)) = ¢ (Vsiue\U)-cosW)),
’ll\aefon " ordey Yo ‘M&Ve Qa We(aokt\le 0\6%\/01% we must hove c#o M Y‘mgxcf)-'a»\(j)
' 3 Y = faull(Y)
e, tehl)= 4 Y%

)

b

From dhe ‘8“{:\5 , s aﬂwrew\' {heve s ome nkevsedtion tou& of \,‘—-\n&d) and y= ‘ {szo
l'\em\'l"mre, (s cxui:\j ehe. vw_x*we e.uac.nvdm 2= -‘{o of ©-@-0%).

&) The Squriunckions f O-©-Qae: | X n €)= Coslgx) Sor W= % (=12, )
Te= whll) for N




3.(34 pts.) (a) Find a solution to the damped wave equation

M u,—u, +2u,=0 in 0<x<z, 0<t<o,
satisfying

2)-(3) u,(0,1)=0=u,(7,t) for £20,
()] u(x,0)=0 for 0<x< 7,

and

®) ut(x,0)=—;—+%cos(2x) for 0<x<r.

2

(You may find useful the facts that y"+2y'+n’y =0 has general solution y, (¢)=¢, +c,e™ ifn=0,

y(t)=ce’ +cte” ifn=1, and y, (2,‘):e"’(c1 cos(t n’ —1)+c2 sin(t nz——l)) ifn=2,3,4,...)

(b) Show that the energy E ()= j [%uf (x,t)+%uf (x,t)} dx of a solution to (1)-(2)~(3) is a decreasing
0

function for 1> 0.

(c) Show that the solution to (1)-(2)-(3)-(4)-(5) is unique.

220 (4) We use 5‘\’“**;”\ o{: Va,ria.ues . We seek non’cr\via‘ sdudions 4o e l'wvuoaengms (’°““°"‘
ug dhe ‘?Youem ; e, (1) -() —C,')-(ﬂ/ of Yhe -fom u(_x;(:):X(A’\'&), SuLsh'l'uima wm Q) b;eus
Rt - BT + 2Z6TE) =0 so

/i n [/
(*) 'El_@. - —CT(‘(SH-ZTG’«)) = censtat = N .
X () T

Sx’vsk‘«kukinz )= K<) in @), (3), and (@) gives E()TH = 0 = BMTE) fov tzo
and 'Z(_x)’\"(q) = 0 for OSXET ’Tku.s’wowbdvhm'j g w \w-.‘\{es

G- BEENSH =0, XK@ =o= Em,
(9)~(10) T+ 2T+ 2T =0, Tey=0.

By Section 4.2. y +the ei%anvdues and daev-g'u,ud:iev\s of the Newnmann ]muem (b)-G)-(8)

ave N =w and X (= s(nx) where n=0,423,... Sst{:Mna A=A = " in (9)-(10) Bﬂus
C1Y-(2) T @+ 2T 0+ nT8)=0, T.e) =0 (n=0,42 ...).

-2t -t -t -t g :

By the- gjven wseful facks, T(¥)= ct cz.e’z/ TH=qe vgbe, and THI= e (Cs_(:os(b e

CBS\V\UZE\;:’> ‘\-F nea, AT?\3;“3 the ’w\o'.'ad Comuavw QZ)/ we ‘M»Ve,, u.f to a constant

[Re 'fukor/ that 'E,EL)= l-éZb) T‘«’«,:{é—tl M\O\ _\:\(',h)‘—: C;bs\n('tf:\{:-\) \§ nz 2. ij




'Hw 5w‘,e,r‘>os'v\'f\on ?V3w?\e J a '?orm«.\ So\ufww to (‘)-("3'(3)'(‘.") s
o0

ey T AEGTS) = AG-E4) + At + L Acostrre sinlolw=1)

K=o nw=2
where Ko\ B, ... are asbibrary constants. Then ifferentiating the. forma
Sdudion 'berm-{ob—-\'erm leads Yo

- = = 4 z T
\&_tb“b) = lee"'t_‘_ A‘“S("‘)Q'k)et + ﬂ A“Cosé\v.)e, [,l;;;:: COS(‘EJ—VT: )— S (-L[;\-.:; )] .
n=9

To 5d§3§3 dhe hwkouoaeﬁeous Low‘o\ﬂ& condition (5 )/ we must (wle

5) 00
2A, + Aestd + 2 A,;[n"-\ cos(mc)  f  oxsT,
NW=2.

X -‘;’4— -}icos(z#) = u‘t("-,o) =

By wspection, 2A, = i, GA=L1, and all other A,=o0. ”f’k‘ws a. solutien 4o

-2 =t
() 2)-3)-&)-5) is 1 w(xt) = l“‘(\—— '3 i°) + ;}—_3_—('»5(2-:)6 S"W\(’bf';)‘\.

"
o

(ol () Leb w=ubb) s&\;{v ()-(2)-3) and covsder E) =j [-;—_uibz\tv)f Lzu,f (x,k)]ol;. Then

Al " A oSl
% - S %a(_“i“* e+ tu;' b‘/t)]f"x = 3 [uéx,b)u%@ﬂ*- u, (¢) um(nﬂ'f)]& =
5) - o -

) *
, )l -~ () BYx = | u (4 6)| w,, (&) -u G |
fo w4 M So“t’" HocT AT So y o) )t ]

X o \)3(}){3) —zu‘bb:,t) Lb(\)

x
= ..Q_S u:(_%,é)o\x < 0 . Therfore E'-‘E(‘_b) s a o\.ewwS'\“a Funckion fex t2o0.

o

V(xt) Were ansther sdudion o (1)-(2)-03)-4)-&) and let W)= o)

(o) () Suppose u=
g&' ‘wlb «). Then W is continuous and solves

Vit whee wEwbE) is Hhe sdution
()-()-(3)-¢) ad (5°): W (%®) =0 f o sx27, By parb(l), Hhe enegy funcion
Ed)= g:{-'iw:@,t)-\—%‘w:(x/b)lix & w s Achwlnb on 05t<m, so for tzo
o< By < E©) = S":H_ w:(x,o)-\-l_;‘w:(_x,o)lo\x =0 by @ ad(5"). T vaniding Hheovem
then Img“es W, (6) = o=W, (% b) # o0& x<T, 05 <o, and hence W (%)= coustasd .

Bt (@) imolies the constant is zevo and cansu](umﬂv]v(xﬁ) =ufxt) in the 51«'.? 08 x<T, 08t<0t ,




A Brief Table of Fourier Transforms

/(%)

1 if —b<x<b,
0 otherwise.

1 if e<x<d,
0 otherwise.

1
— (a>0)

otherwise.
e ™ if x>0,
0 otherwise.
e” if b<x<ec,
0 otherwise.

e€” if -b<x<b,
otherwise.

[we)

i

®

if c<x<d,

0 otherwise.

i (a>0)

5
B

(a>0)

x“+a

x if 0<x<b,
2b—x if b<x<2b,
0

e—icf _ e—idf

iEN27
\/E e
2 a

—1+2e -

&\ar

1

(a+i¢f)\/_2_7';

e(a—ig)c _ e(a—if)b

(a=ig)N2r

\/Z sin(b(£ - )
T E—a
eic(a—r:) _ eid(a—f)

i(¢-a)2r

_1 e
\2a
0 if |f2a,

\/% if |¢<a.
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wmean @ 91.8

median s 51
Standard deviakion: 15.6
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