Mathematics 325 Final Exam Name: :DT. Grow
Fall 2012

1.(33 pts.) Classify the following second order linear partial differential equations as elliptic, parabolic, or hyperbolic
and find the general solution whenever possible.

(@ wu,—4u,+5u,~-3u, =0 ) u,+u, —2u,,+u -u,=0

2.(33 pts.) A homogeneous solid material occupying the hollowed out cylinder
4 C={(x,y,z)eR3: 1<x*+y* <4, OSZSZ}

is completely insulated and its initial temperature at position (x, y,z) in C is 50/+Jx*+ " .

(a) Write, without proof or derivation, the partial differential equation and initial/boundary conditions that completely
govern the temperature u (x, ¥, Z, t) at position (x, ¥, z) in C and time £ 2>0.

(b) Use the divergence theorem to help show that the heat

H(t)= jﬁcpu (x,y,2,t)dV

of the material in C at time ¢ is a constant function of time. Here ¢ and o denote the specific heat and mass density,

respectively, of the material in C'.
(c) Compute the steady-state temperature that the material in C reaches after a long time.

3.(33 pts.) (a) Under appropriate hypotheses on a function g = g(x) defined on —o0 < x <o, show that

F(gx—a))(&)=£(£)e™ and g(jg(s)dsj(g):%f).

(b) Use Fourier transform methods to derive a formula for the solution to the nonhomogeneous wave equation

-0

u,~cu_=f(x,t) in —o<x<o, —0o<f<oo, subjectto u(x,0)=¢(x) and u,(x,0)=w(x) if —o<x<o0

You may find it useful to recall the identities cos(6)= (ew +e ) /2 and sin(@)= (eie —e™ ) /2¢.

4.(33 pts.) Solve the beam equation u, +u__ =0 if 0<x<1, 0<¢< o, subject to the boundary conditions
u(0,0)=u(l,t)=u_(0,¢)=u_(1,£)=0 if ¢>0, and the initial conditions u(x,0) = 2sin(zx)—3sin(57x)
and #,(x,0)=0 if 0<x<1. Youmay find useful the fact that the general solution to Yy =By =0is
y(x)= ¢, cosh(Bx)+c, sinh(Bx)+c; cos(fx)+c, sin(fx).

5.(34 pts.) (a) Find a solution to the heat equation #, —# =0 on 0<x<1, 0<? <00, subject to

u, (O,t) =0=u (l,t) if t20 and u (x,O) =1-x* if 0<x<1. Be sure to show convergence of any Fourier series

that you use to represent a function when solving this problem.
(b) Is the solution to the problem in part (a) unique? Justify your answer.

6.(34 pts.) (a) Find a solution to V1 =0 inthe cube C: 0<x <1, 0<y<1, 0<z<], subject to the
nonhomogeneous Dirichlet boundary condition u (>, y,1) = sin(7x)sin’ (7y) for 0<x<1, 0< y<1 and
homogeneous Dirichlet conditions on the other five faces of C. You may find the identity

sin® (4) = (3sin(4)—sin(34))/4 useful

(b) State the maximum/minimum principle for harmonic functions and use it to show that the problem in part (a) has only
one solution.




A Brief Table of Fourier Transforms
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1 if —b<x<b,
0 otherwise.
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Convergence Theorems

Consider the eigenvalue problem

2

) X"(x)+AX(x)=0 in a<x<b with boundary conditions that make T'= ——% symmetric

and let ® = { X, X,, X 3,...} be a complete orthogonal set of eigenfunctions for (1). Let / be any absolutely
integrable function defined on a <x<b. Consider the Fourier series for f with respectto @:

> 4%, (x)

n=1

where

4 =LK (n=1,2,3,.).

n < Xn , Xn >

Theorem 2. (Uniform Convergence) If
(i) f(x),f"(x), and f"(x) exist and are continuous for a <x<b and
(i1) f satisfies the given symmetric boundary conditions,

then the Fourier series of f converges uniformly to f on [a,b] .

Theorem 3. (L’ —Convergence) If
b
[lf (@) dr<oo
then the Fourier series of f converges to f in the mean-square sense in (a, b) .

Theorem 4. (Pointwise Convergence of Classical Fourier Series)
(1) If f is a continuous function on a < x<b and f'is piecewise continuous on a < x < b, then the

classical Fourier series (full, sine, or cosine) at x converges pointwise to f’ (x) in the open interval a<x<b.

(i) If 1 is a piecewise continuous function on a <x<b and f'is piecewise continuous on ¢ < x<b, then
the classical Fourier series (full, sine, or cosine) converges pointwise at every point x in (»—oo, oo) . The sum of
the Fourier series is

g4xxﬂ=f“”;“f)

for all x in the open interval (a,b).

Theorem 4 0. If f is a function of period 2/ on the real line for which f and f’ are piecewise continuous,

f)+1(x)

then the classical full Fourier series converges to

for every real x.
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2.(33 pts.) A homogeneous solid material occupying the hollowed out cylinder
C=={(x,y,z)eIR3 s 15t +yP <4, OSz.<_2}

is completely insulated and its initial temperature at position (x,y,z) in C is 50/ Jxi 4yt
(2) Write, without proof or derivation, the partial differential equation and initial/boundary conditions
that completely govern the temperature (x, y,z,t) at position (x,y,z) in C and time #>0.
(b) Use the divergence theorem to help show that the heat energy
H(t)= ”Icpu(x,y,z,t)dV
C

of the material in C at time ¢ is a constant function of time. Here ¢ and p denote the specific heat and

mass density, respectively, of the material in C.
(¢) Compute the steady-state temperature that the material in C reaches after a long time.
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4.(33 pts.) Solve the beam equation

o t
-+ b ) g
it =000 0<r<d, 0</ <o,
ibject to the boundary conditions

@-0-0-©

and the initial conditions

wO,0)=u(l,t)y=u_(0,N=wu(1,0)=0 it >0,
u(x,0) =2sin(zx)-3sin(Szx) and u (x, O)O if 0<x<l,
You may find useful the fact that the general solution to yW-ply=0is

y(..\') = ¢, cosh (ﬂ,\') +¢, sinh (,B\) +c, cos (,Bx) +c, sin(ﬂx) .
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6.(34 pis) (0 Find a solution to V=0 inthe cube (0 0e o] U vl Uz <l subgect o the
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