Mathematics 5325 Final Exam Name: DY, G‘\(O\o\)
Summer 2015

1.(28 pts.) (a) Show that u(x,y)=e" is a particular solution to the nonhomogeneous first order partial
differential equation e*u, +xyu, = (xye“" - 1) e’.

(b) Find the general solution of eu, +xyu, = (xye"‘ - 1) e’.

2.(28 pts.) Classify the type (parabolic, hyperbolic, or elliptic) of the second order pattial differential
equation u, —4u , +3u,, = cos (x+ y) and, if possible, find the general solution in the xy —plane.

3.(28 pts.) Solve u,—u_ =0 in the upper half-plane —oo < x <0, 0< ¢ <o, subject to the initial condition
u(x,0)=x" if —o0<x<oo. You may find the following identities useful:

ZT pze“’zdp-—— ]2 e"”zdp =\/;, T p3e”’2dp= ]'ope"”zdp=0.

4.(29 pts.) In this problem, you may find useful the fact that the Laplacian of u in spherical coordinates is
given by

., 10 ,0u 1 o/ . oOu 1 du
Vus——\r'—l+5———|sho— |+ 55775
r*or\ 0Or) r°singog Op) r'sin” @00
A spherical wave is a solution of the three-dimensional wave equation of the form u=u (r,t) , independent of
the spherical coordinates ¢ and 6; here r denotes the distance from the origin.

(a) Show that a spherical wave satisfies the partial differential equation u, = ¢’ (u” +%u,) .
¥

(b) Make the change of variables v(r,t)=ru(r,t) in the partial differential equation in (a) and show that v
satisfies the partial differential equation v, —c’v,, =0.

(c) Find the spherical wave u =u(r,t) satisfying the initial conditions u(r,0)=7r" and

u, (,0)=4cr’ forall r>0. (Hint: Use part (b).)

5.(29 pts.) Use Fourier transform techniques to derive a formula for the solution to the initial value
problem:

uﬂ—un=f(x,t) if —oo<x<oo, 0<t<m,
u(x,0)=0 and u,(x,0)=0 if —w<x<,

6.(29 pts.) (a) Find a solution to the damped wave equation

1) u,—u_ +2u,=0 in O0<x<z, 0<t<oo,
satisfying

2)-3) u,(0,)=0=u,(x,t) for £20,
@-(5) u(x,0)=0 and u (x,0)=x" for 0<x<z.

(b) Show that the energy E(t)= I B—uf (x, t)—l—%ui (x,t)i] dx of a solution to (1)-(2)-(3) is a decreasing
0
function for 1> 0.




A Brief Table of Fourier Transforms

— —ifxd
S (x) 76z [ F e e
A 1 if -b<x<b, \/zsin(bé’)
" |0 otherwise. T £
B 1 if c<x<d, gk _ it
' 10 otherwise. iE N
-al¢]
Te
c. x* +a? (a>0) \/; p
x if 0<x<b
’ _ —ibf __-2ibf
D. 1{2b-x if b<x<2b, 1+262J_e
0 otherwise. § N2
B e” if x> 0, 1
) otherwise. (a+ if)\/ﬂ
F e” if b<x<e, et _ jla-ié)p
' 0 otherwise. ( a—i 5) \/_2_7{
G e” if —-b<x<b, J'_z:sin(b(g—a))
. 0 otherwise. T 3
. 0 otherwise. i( £ a) \/5;
L e (a > 0) _\/%_;_ o4
0 if (£|>a,
sin ( ) 1 If l a
I (a>0)

\/% if |¢]<a.
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