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Mathematics 325 - Types of Second-Order Equations Supplement to Sec. 1.6

The Hyperbolic Case
Consider
(1) [ai b aJ[yi+5 a}mo
ox  dy oy
in the plane —0 < x <0, —w < y <o, where af - fy #0. Let
6 = /Bx -ay, .
n=0x-~yy.

Then the general C” — solution to (1) in the plane is u = f(£)+ g(77) where f and g are arbitrary

— functions of a single real variable.

Proof: A simple computation shows that
_on=re g y= pn-o¢
ad - By ad — By
If v=v(x,y) is any C' - function in the plane, then
»_wx vy | [ o avj

8 ox OF Oy OF ad- Py
v vy 1 [aaer av]

877 ox on oy On aé‘—ﬁy
Consequently, (1) is equivalent to
| G0y,
on\ o9

Integrating with respect to 77 holding & fixed gives

Ou
a—é: =g (5 ) .
Integrating this last equation with respect to & holding » fixed gives

u=|¢,(EME+c,(n).
Thus u = f(£)+g(n) and, since » is a C* — function in the plane, it follows that f and g are

C? - functions of a single real variable.
Conversely, if u(x,y)= f(Bx—ay)+g(Sx—yy} where f and g are C* —functions of a single

real variable, then clearly » is a C* —function in the plane. Using the chain rule, one easily verifies that
u solves (1) in the plane.



Mathematics 325 Typés of Second-Order Equations Supplement to Sec. 1.6

The Parabolic Case
Consider
2

(2) aii-ﬁi u=0
x oy

in the plane —oo < x <%, —00 < y <o, where a®+ > >0. Let
é‘xﬁx—ay,
n=ax+ By

Then the general C? - solution to (2) in the plane is u =7/ (£)+g(£) where f and g are arbitrary

C” — functions of a single real variable.

Prooft Homework exercise.
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Math 325
Section 1.6 Supplementary Problems

Classify the following second order, linear partial differential equations as either hyperbolic, elliptic, or
parabolic. In the case of hyperbolic or parabolic equations, find the general solution in the plane.

A u +3u, —2u +24u, +5u=9

B. u, - 3uxy - 47,.!”_ =0

C. u,+%u, —6u, =0

D. u, +4u,—4u +u=0

Eoou ~u, +3u, ~3u, +2u —~2u =0
Foouw, +2u +3u, —2u +24u, +5u=90
G wu,+u,—2u, +u —u =0

H wu, —4u,, +5,-3u, =0

Loty —u +3u,, =3, =sin(x+y) -



