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Mathematics 325
Partial Differential Equationsg
Sec. 2.3: The Diffusion Egquation

{(Weak) Maximum Principlie: Let u u{x,t) be a solution to the diffusion

equation

ut - kuxX = 0

in the rectangle R: 0 <« x < L, 0 < t =T, and let u be continucug on the

closed rectangle R = R v 8R. Then the maximum value of u on R is
attained either initially (i.e. when t = 0) or on the lateral walls (i.e.
where x = 0 or x = L}.

Notes:
1. The above principle holds with "wmaximum" replaced by "minimum".
2. A stronger version of the maximum principle holds (see p. 41 of
Strauss), but the weak version above is usually sufficient for
applications.

Unigquenesgs Theorem: There is at most one solution u = u({x,t}) to

- kuxx = f(x,t)

in the rectangle R: 0 < x <« L, 0 < t =T, satisfying the initial and
boundary conditions

u(x,0) = ¢{x) for 0 = x = L,
u{o,t) = g{t) and u(L,t) = h(t) for 0 =t =T,

and such that u is continuous on R.

‘'  gtability Theorem: TLet u = ul{x,t) and u = u,(x,t) be solutions to

up - kuxX = f(x,t)

in R: 0 « x < L, 0 < £ <« » such that
{1) uj(x,o) = ¢j(x) for 0 s x =1L (j = 1,2},

(23 uj(O,t) = g(t) and u.(L,t) = h(t) for t =0 (7 = 1,2), and

J

(2) uj is continuous on R (73 = 1,2).
, Then, for any t > 0O,
' L L
| (@ Jruy Gee) - uy e 1Pdx s 16, G0 - 9, (x)1%dx

0 0
and
(5} max Iul(x,t) - uz(x,t)l = max I¢1(X) - ¢2(X)I

O=x=T, O=sx=L
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