Mathematics 325 Final Exam Name: "Dy, G\fou
Summer 2010

1.(25 pts.) Consider the partial differential equation

*) J1+y° u, +2xyu, =0,

(a) State the order and type (linear homogeneous, linear inhomogeneous, nonlinear) of (*).
(b) Find and sketch graphs of three characteristic curves of (*).
(c) Find the general solution of (*) in the xy—plane.

(d) What is the solution to (*) satisfying u(x,0)=x" for —0 <x <0 ?

2.(25 pts.) Consider the partial differential equation
() U, —du, +4u, =0.

(a) State the order and type (linear homogeneous, linear inhomogeneous, nonlinear, hyperbolic, elliptic,
cte.) of (+).
(b) Find the general solution of (+) in the xy—plane.

(c) Find the solution of (+) that satisfies u(x,0)=4x" and u, (x,0)=—-4x for ~0<x <o,

3.(25 pts.) Find the solution of u, —u,, =0 in the upper half-plane satisfying «(x,0) = e™ for ~0<x<w,

4.(25 pts.) Use Fourier transform methods to derive the formula

I X+i-r

u(x,t)= ;J j- f(s,7)dsdr

0 x—(t-7)
for the solution to the wave equation with source in the xf —plane,
u, =, =f(xt),

satisfying u(x,0)=0=u,(x,0) for 0 <x<oo.

5.(25 pts.) (a) Show that the Fourier cosine series for f (x) =x" on [0,7] is

—1)" cos(nx
et 42 )
(b) Discuss the pointwise convergence or dwergence ofthe Fourier cosine series of f on the interval [0, 7].
(c) Show that the Fourier cosine series of f converges uniformly to f on [0,7].
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(d) Use the results above to help find the sum of the series 2

-1-'

6.(25 pts.) (a) Find a solution to

(1) u,—u, +2u,=01in 0<x<m, 0<t<oo,
satisfying

(2)-(3) u (0,1)=0=u () for 0<t <0,

(4) :t(x,0)=0 for 0<x<m,

5) u,(x,0)=x" for 0<x<7.

(b) Show that if u =u (x,r) satisfies (1)-(2)-(3) then its energy function



LT 2. 2. _
E(t)= 5_{[[&; (x.t)+u, (.x,r)}d.\
is decreasing on 0<t <.
(¢) Is there at most one solution to the problem in part (a)? Justify your answer.

7.(25 pts.) The material in a thin circular disk of unit radius has reached a steady-state temperature
distribution. The material is held at 50 degrees Centigrade on the top half of the disk’s edge and at -50
degrees Centigrade on the bottom half of its edge.

(a) Write the partial differential equation and boundary condition(s) governing the temperature function
of the material.

(b) Write a formula for the temperature function of the material.

(c) What is the temperature of the material at the center of the disk? Justify your answer.

(d) What is the temperature of the material at a general point in the disk? [You must evaluate any
integral expressions for credit on this part of the problem.]

8.(25 pts.) (a) Solve the problem of heat conduction in a square laminar region,

u,-—(uu +zr”,)=0 forO<x<m O<y<m, 0<t<om,
given that for all times ¢ > 0, the four edges of the square are insulated and initially the temperature
function satisfies

u(x,y,0)=cos’(x)cos*(y) for 0sx<7z, 0 y<a.
(b) Is there at most one solution to the problem in (a)? Justify your answer,
(c) What is the steady-state temperature distribution in the square? That is, what is

U(x,y) = %iﬂ}u(x,y,r) for0<x<m, 0<y<n?
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A Brief Table of Fourier Transforms

f(x)

{1 if —h<x<b,

0  otherwise.

{1 if cexzd,

(0 otherwise.

|
s 0
X*+a (a 3 )
X if 0<x<b,
2b—x if b<x<2b,
0 otherwise.

- iExs0,

0 otherwise.

{e
e ifb<x<e,
0

otherwise.

e if —b<x<b,

{O otherwise.

e if c<x<d,

0 otherwise.

g (a>0)
sin £ax) (a>0)

—[4:2g™ % ™%

&2

1
(fr+i§)\/ﬂ

e[u—.‘{}c B e(a——r{)b

((:—ié)m

\/5 sin(b(¢&-a))
T £E-a
elc(ﬂ—{) - eia’l:a-.{}

i(&-a)V2n

L -¢a)

J2a

0 if |¢|za,

\/g_— if |§|<a.



Convergence Theorems

Consider the eigenvalue problem

(1) X"(x)+AX (x)=0 in a <x<b with any symmetric boundary conditions

and let ®={X,X,,X;,..} bethe complete orthogonal set of eigenfunctions for (1). Let f be any

absolutely integrable function defined on a < x <b. Consider the Fourier series for f with respect to
O:

f(x) -3 4%, (x)

n=l

where

A, =m (B=12.3.:)
("Yrr’Xu>

Theorem 2. (Uniform Convergence) If
(i) f(x),/"(x), and /"(x) exist and are continuous for a < x <b and
(i) f satisfies the given symmetric boundary conditions,

then the Fourier series of f* converges uniformly to f on [a,b].

Theorem 3. (L’ —Convergence) If
b
”f(\)‘ dx <

then the Fourier series of / convergesto f in the mean-square sense in (a,b).

Theorem 4. (Pointwise Convergence of Classical Fourier Series)

(i) If f isa continuous functionon a<x<b and f'is piecewise continuous on a £ x <b, then the
classical Fourier series (full, sine, or cosine) at x converges pointwise to f(x) in the open interval
a<x<b.

(ii) If f isa piecewise continuous function on a<x<b and f"'is piecewise continuous on
a < x < b, then the classical Fourier series (full, sine, or cosine) converges pointwise at every point
xin (—00,00). The sum of the Fourier series is

iA X,,(x) f(.r+)+f(x‘)

forall x in the open interval (a,b).

Theorem 4. If / isa function of period 2/ on the real line for which f and /' are piecewise

f(x)+1(x)
2

continuous, then the classical full Fourier series converges to for every real x.
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