ON THE OSCILLATION OF HIGHER ORDER NEUTRAL DIFFERENCE
EQUATIONS OF MIXED TYPE
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ABSTRACT. In this paper we shall establish some new criteria for the oscillation of neutral
difference equations of the form

A" (z(k) + azlk — 7] + ba[k + o)) + qz[k — g] + px[k + h] = 0,

where m > 1 is an integer, a, b are real constants and p, ¢ are nonnegative real constants, 7,
o, g, h are nonnegative integers.

By a new technique based on the characteristic equation associated to the equation under
consideration, we give weaker conditions than those obtained by the authors.

1. INTRODUCTION

In this paper we shall consider the higher order neutral difference equations

(1.1) A" (x(k) + ax[k — 7] — bk + o]) + qx[k — g] + px[k + h] =0,
(1.2) A" (x(k) — axlk — 7] + bk + o)) + qx[k — g] + px[k + h] =0,
(1.3) A" (x(k) + axlk — 7] + bk + o]) + qx[k — g] + px[k + h] =0
and

(1.4) A" (z(k) — ax[k — 7] — bxlk + o) + qz[k — g] + px[k + h] = 0,

where m > 1 is an integer, 7, 0, g, h are nonnegative integers, and a, b, p, ¢ are nonnegative
real constants.

Let A be the first order forward difference operator Az(k) = z(k + 1) — z(k) and for ¢ > 1,
A" be the ith order forward difference operator Alz(k) = A(A™x(k)). A solution {z(k)} of
equation (1.7), j = 1, 2, 3, or 4 is said to oscillate if for every ny > 0 there exists n > ng such
that

z(n)z(n+1) <0.

Otherwise the solution is called nonoscillatory. Equation (1.j7), 7 = 1, 2, 3, or 4 is called
oscillatory if all its solutions are oscillatory.

Recently, there has been a lot of interest in the oscillations of difference equations. For recent
contribution, we refer to the papers [2, 6, 8, 7]. For the general theory of difference equations
the reader is referred to the monographs [1, 3, 4, 5, 9, 10].

The purpose of this paper is to establish some new easily verifiable sufficient conditions, involv-
ing the coefficients and the arguments only under which all solutions of equation (1.5), j = 1, 2,
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3, or 4 are oscillatory. The technique employed here is based on the study of the characteristic
equations

(1.5) F(A)i=A—=1"[1+a\7 —bX\] + ¢\ 9 +pA' =0,
(1.6) F(A) i=A=1)"[1—aX 7 +bX7] + g\ +pA" =0,
(1.7) F(A)i=A—1)"[14+aX7+bX\] +gAx 7 +p\' =0
and

(1.8) Ex(N) :=A=1)"[1—aX™ —bX7] + A +pA" =0

associated to equations (1.7), 7 = 1, 2, 3, 4 respectively.

2. MAIN RESULTS

The following lemma, which will be employed in the proofs of our oscillation result is extracted
from [9, 10].

Lemma 2.1. Consider the linear difference equation
(2.1) w(k+m)+ Y q(j)alk+m—j] =0,
j=1

for k = 0,1,... where m is a nonnegative integer and q(j) € R, j = 1,2,...,m. Then the
following statements are equivalent:

(I,) Every solution of (2.1) oscillates.
(I3) The characteristic equation associated with (2.1)

A" T q()Am =0
j=1

has no positive roots.

First, we study the oscillatory behavior of equations (1.1) and (1.2), where g, h, 7, o are
nonnegative integers, a, b are nonnegative real constants and p, ¢ are positive real constants.

Theorem 2.1. Assume thatb > 0, h > o +m and g > 7. Moreover, suppose that

22 p

> b,

(g—7+m)o 7"

(2.3) T T >14aif m is odd
and

gt+o+m
(2.4) lgto+m >b—a—11if m is even.

mm(g + o)ste

Then (1.1) is oscillatory.

Proof. Our strategy is to prove that under the hypotheses given above the characteristic equa-

tion (1.5) of (1.1) has no positive roots. There are three possible cases to consider:
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Case 1: m is even or odd and A > 1.
For A # 1, we have

Fl()\) B q)\—(g+a) _|_p)\h—a ~ -
A AV o _ A° A (740) —b
-1 Gopm e
>\h—a
> p—-—— —b.
Since the minimum of f(z) = ﬁ, a > (B and x > 1 occurs at x = a25, we see
that
RO . GEZ
A7 > p—— — b > 0.
(A=1)m (o)™
Case 2: misoddand 0 < A < 1.
In this case we have
Fl()\) q)\f(gfr) +p)\7+a
— N = — —(\ _ b)\T+0’
OG- (o) e
qA_(g_T) + pATJFO'
= — (AT — bATT?
A= m (A" +a )
A (—7)
> g T
A9 1
> g0 1_
(2= )=ls=7)
> ¢ — —1-a>0,
(g_TJ,-m)
since the minimum of the function fy(x) = % occurs at ¥ = 245 where a and

are positive.
Case 3: miseven and 0 < A < 1.
It follows from (2.5) that

210N N \—(g+0) B B
L NI > g 4+ AT a )
D) (S
As in Case 2, we see that
Fo () % —(g+o)
—)\1(1)771)\_C’2q—(g+ +m) — +1+a—b>0.
( - ) (g+g+m)

Cases 1-3 and F1(A\) > 0 on (0,1)U(1,00) and F;(1) > 0 imply Fi(\) > 0 for A € R = (0, 00),
that is, (1.5) has no positive roots. By Lemma 2.1 we conclude that (1.1) is oscillatory. This
completes the proof. ([l

Theorem 2.2. Assume that a >0, 7+ h >m and g > 7. Moreover, suppose that

(h + 7)t7

m™(h + 7 —m)htT—m
3
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(g +m)stm

(2.6) > 140 if m is odd
mmg9
and
_ g—T+m
(2.7) lg—7+m) > a if m is even.

mm(g — 7)o
Then (1.2) is oscillatory.
Proof. For A\ # 1 we have

Ey(MA7 g\"I 4 pATTh
2.8 = (A" - bATT
Now we consider the following three cases:
Case 1: m is even or odd and X\ > 1.
From (2.8), we find
T T+h
Fy(M)A > A —a
A=-1m =" (A=1)m
and since the function fi(z) = ﬁ, z > 1 and o > [ has its minimum value at
T = ai_ﬁ, we see that
T T+h \7+h
RO GEE

O

T+h—m
Case 2: misodd and 0 < )\ < 1.

In this case we have
FQ()\) FQ(/\) Q/\ig —|—p)\h -
— = = — (1 —aXT" +b)\°
Y (R Vi (e VR

and hence
FQ()\) > q)\—g

(L=X)m = (L=xm
Since the minimum of the function fo(z) = ﬁ, 0 <z <1 occurs at = {3, we
conclude that

—1—=0b).

F(\) ()
(1_>\>m2q(g+lm)m 1-0>0

Case 3: miseven and 0 < A < 1.
From (2.8), we have

BN BN

A—Dm (1= x)m
A (g—7)

T
A (g—7)

> g
4

+ AT —a+ b\

v



As in Case 2, we see that

BN ()

— > o —a>0.
(1=A) (=)
From Cases 1-3 and F5(1) > 0 we can conclude that Fy(\) > 0 for A € Rt that is, (1.6) has
no positive roots. Thus, the conclusion of the theorem follows by applying Lemma 2.1. U

Corollary 2.1. Let m be odd, 0 < a < 1 and condition (2.6) hold. Then (1.2) is oscillatory.

Proof. Assume A > 1. Since m is odd and 0 < a < 1, it follows that Fy(\) > 0. Assume
0 < A < 1, then as in the proof of Theorem 2.2 we see that F5(\) > 0. By applying Lemma 2.1
we can complete the proof. O

Next, we consider the mixed equations which are of the same form of (1.1) and (1.2)

(2.9) A™ (z(k) + ax[k — 7] — bx[k — o]) + qz[k — g] + px[k + h] = 0,
and
(2.10) A" (z(k) — axlk + 7] + bz[k + o]) + qz[k — g] + px[k + h] = 0,

where a, b are nonnegative real constants, g, h, 7, and o are nonnegative integers and p, ¢ are
positive real constants.
The characteristic equations of (2.9) and (2.10) are respectively:

(2.11) Fs(\) = (A=D1 [14+aX7 —bA7] + g\ 7 +pA" =0
and
(2.12) Fs(A) = (A= 1)™[1 —a\ +bX7] + g\ 9 +p\' = 0.

Now, we present the following oscillation criterion for (2.9).

Theorem 2.3. Assume thatb—a—1>0, h4+0 >m and g > o > 7. Moreover, suppose that
(h+ o)tte

2.13 >b—a—1

( ) mm(h +0— m)h—i—a—m a )
_ g—T7+m

(2.14) lg—=7+m) >a+1if mis odd
mm(g — 7)o"

and

— g—o+m
(2.15) lg=o+m) > b if m is even.

g~ o) 7
Then (2.9) is oscillatory.
Proof. For \ # 1 we have
F5(M)A7
(A—=1)m

Now, we consider the following three cases:

gA=ItT £ pAhto
(A=1)m

(2.16) =\ 4+a\TT —b) +



Case 1: m is even or odd and A > 1.
From (2.16), it follows that

F5(M)A? pand
O-nm =P
As in the proof of Theorem 2.1-Case 1, we have
BN Grg)"™
e
Case 2: misodd and 0 < A < 1.

In this case we have
F5(M)A™ B F5(M)A™

A=Dm (="
q>\7'_g _|_p)\h+’r

AT N b

+1+a—-b>0.

= (1 — )\)m — )\T —Qa _|_ b)\T_U
A—(9—7) |
> g _1_
(=)=l
> ¢ —1—a>0.
(=)

Case 3: miseven and 0 < \ < 1.
From (2.16), it follows that
F5 (M)A Ao s
T > q(l_)\)m+)\ + aA b
( g9 )—(9—0)
> q% —b>0.
(=)™

The rest of the proof is similar to that of Theorem 2.1 and hence is omitted.

Theorem 2.4. Assume thata >b,a>1,0>7 and h—71 > m. If

(h — )"
2.1 —b
( 7) pmm(h_T_m)h—T—m > a ’
g+m
(2.18) lg £ m)7™ > 1+ b when m is odd
mmg9
and
g+7+m
(2.19) lg+r+m > a — 1 when m is even,

mm(g + 7)9+"
then (2.10) is oscillatory.

Proof. For X\ # 1 we find
Fs(MA™T
(A—=1)m

Now, we consider the following three cases:

q)\—(g-f—T) + p)\h—’r
(A—=1)m

(2.20) (AT —a+b\TT) +



Case 1: m is even or odd and A > 1.
In this case we have

Fs(AA~" AR . .
e S - )\7'_ b)\” T
G-nm = Poopm A T
(A=)
> phrml s

(=)™

Case 2: misodd and 0 < \ < 1.
From (2.12), we have

Fs(\) Fs(N)
(A—1)m (1=
g\ ™9 + pAP
- 12 Ty T _ b\
TEE + a A
A9
> g2 1
= fa=nm ’
(o)

ST

> —1—-b>0.

Case 3: miseven and 0 < A < 1.
It follows from (2.20) that

F@'(/\))\iﬂ- o F6()\)A77

A=1m (1=
A~ (g+7) \ o
> —T _ o—T
= q—(1 — )\)m + a —+

(_ﬁil_J-%g+T)
> qg+7+m —+1—a>0.

(9+‘7rn+m)

The rest of the proof is similar to that of Theorem 2.1 and hence is omitted. ([l

Next, we consider (1.3), where a, b and p are nonnegative real constants, ¢ is a positive constant,
g is a positive integer and h, 7 and ¢ are nonnegative integers. In fact, the case when m is even
is obvious. Therefore, we shall only consider (1.3) when m is odd and present the following
result.

Theorem 2.5. Suppose m is odd and g > 7. If

(g — T ‘l‘ m)nger

mm(g — 7)o

(2.21) >1+a+0b,

then (1.3) is oscillatory.



Proof. Since m is odd, it follows that F53(A) > 0 for A > 1. Hence it remains to prove that
F5(\) > 0 holds also for 0 < A < 1. Indeed

BN BN
A=Dm (1=
q)\f(gf'r) +p)\h+7

= — AN —a— b\
TENE ’
q)\f(ng) 1 b
> i
Z a=aym (1+a+0b)
(—8=7_)~(5=7)
= W,;Z—m—(1~l—a+b)>0.
(5=rm)
Thus, F3(A\) > 0 for all A € R*, i.e., (1.7) has no positive roots. So, the conclusion of the
theorem follows from Lemma 2.1. O

Next, we consider the neutral difference equations which are of the same type of (1.3), namely

(2.22) A™ (x(k) + azx[k — 7] + bx[k — o]) + qx[k — g] + pz[k + h] =0
and
(2.23) A" (z(k) + az[k + 7] + bz [k + o)) + qx[k — g] + px[k + h]| = 0,

where the coefficients a, b, p and ¢ and the deviations 7, o, g and h are as in (1.3). The
characteristic equations of (2.22) and (2.23) are respectively

(2.24) EAN)=A=-1"[1+aX 7" +bA ] +g\ 7 +p\"'=0
and
(2.25) Fy(\) := (A= 1)™[1 4+ a\™ + b7 + g\ 79 + pA" = 0.

Theorem 2.6. Assume m is odd and g > T > o. If condition (2.21) holds, then (2.22) is
oscillatory.

Proof. As in the proof of Theorem 2.5, we only need to show that F7(A) > 0 for 0 < A < 1.
From (2.24) it follows that

F(MX F(W)X

R (VT

A~ (9-7) Nt
_ ¢ PN fat b

(L—=A)m
q)\_(g_T)
> — (1 b
Z A=y (1+a+b)
The rest of the proof is similar to that of Theorem 2.5 and hence is omitted. O
Theorem 2.7. If m is odd and
g+m
(2.26) GEm™™ et
mmg9

then (2.23) is oscillatory.



Proof. 1t suffices to prove that Fg(A) > 0 for 0 < A < 1. From (2.25), it follows that

Fs(\)  Fs(\)
=D (=7
_ —q?lg_tfjh (L4 aN + b))

gA™?
= T

—(1+a+0b).
The rest of the proof is similar to that of Theorem 2.5 and hence is omitted. O

Next, we consider (1.4), where a, b are nonnegative real numbers and a+b > 0, p, ¢ are positive
real numbers, 7, o are nonnegative integers and g and h are positive integers.
Now, we establish the following result.

Theorem 2.8. Suppose that g > 7 and h > o +m. If

(h— o)
m™(h — o —m)h—o—m

(2.27) D >a+ b,

g+m
(2.28) lg+m)r > 1—a when m is odd
mmg9d
and
_ g—T+m
(2.29) lg—7+m) > a+ b when m is even,

mm™(g —7)977
then (1.4) is oscillatory.
Proof. For \ # 1, we have

Fy(MA™7 gA=Fo) g pphme _
2. = o _ (T4+o) _ .
(2.30) D—1)m oo1)m +A a\

Now, we consider the following three cases:

Case 1: m is even or odd and A > 1.
From (2.30), it follows that

Fy (M)A Ao . .
AT > g AT g\
G-nm = P T T

(L= )h=e

(hfo'fm)

Case 2: misodd and 0 < )\ < 1.



In this case we have
Fy(\) Fy(N\)
(A—=1)m (I—=A)m
gA ™9 + p\" . ”
— —(1_>\)m — (1 —aXT" —=b\)
A9
NV
_9 \—g
(55)

> —(1—aX" — b))

>

Case 3: misevenand 0 < A < 1.
In this case, we have

)N BN

(A—=1)m (1 =A)m

)\—(g—’r) M\t
_ 4 TP N g b

(1=A)m
A~ (9—7) \ pAT+
> A T T+o
(—2 )~ (9=7)
> ¢ — —a—b>0.
(nger)
Cases 1-3 and Fy(1) > 0 imply Fy(\) > 0 for A € R i.e., (1.8) has no positive roots. The
results follows by applying Lemma 2.1. This completes the proof. U

Remark 2.1. Since the function f(z) = az™ 4+ 027, 0 < x < 1 and 0 < {£ < 1 has a local

ar

minimum at r = (bo_

condition, namely

1
)77, we see that condition (2.28) can be replaced by the following weaker

>1—a(y (5,
bo

The other conditions can be improved similarly. The details are left to the reader.

(g +m)stm

2.31
( ) mmg9 bo

Finally, we consider equations of the same type of (1.4), namely,

(2.32) A" (x(k) — ax[k — 7] — bxlk — o]) + qxlk — g] + px[k +h] =0
and
(2.33) A" (z(k) — ax[k + 7] — bz [k + o)) + qz[k — g] + px[k + h] = 0,

where the coefficients a, b, p, ¢ and the deviations g, h, 7 and o are as in (1.4). The characteristic
equations of (2.32) and (2.33) are respectively,

(2.34) Fy(AN)i=A=1)"[1—aX ™ —=bA 7 +gA 9 +p\' =0
and
(2.35) Fio(A) == (A= 1)™[1 — a\™ — bA7] + g\ 7 + p\" = 0.
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Theorem 2.9. Suppose that g > 7> 0 and h+ o > m. If
(h+o.)h+0'

2.36 > b—1
(2.36) m™(h 4+ o — m)hto—m o ’
g+m
(2.37) g+ m)7m >1—a—>b when m is odd
mmg9
and
_ g—T7+m
(2.38) lg—7+m) > a+ b when m is even,

(g =)o
then (2.32) is oscillatory.

Proof. For \ # 1, we have

Fy(MXT gA=@79) 4 pAite
G-07 - (-

Once again, we consider the following three cases:

(2.39) + A7 — a7 —p,

Case 1: m is even or odd and A > 1.
In this case, we obtain

Fg ()\) 2\ - )\thU

—— +1—a-2b
G—pm = Pomr T
( h+o )h-i-a
> poitom —+1—-a—b>0.
(h—l—cf—m)
Case 2: misodd and 0 < A < 1.
From (2.34), it follows that
RO 2 10
(A=1)m (I—=A)m
A9 A\
_ q(l_—tﬁl—uawax“
A9
(=L))o
> ¢ —1+4a+b>0.
()
Case 3: miseven and 0 < \ < 1.
In this case, we find
Fy(M)A™ g~ pARET N
= AN —a—b\N°
G—1r TED
A~ (9-7) )
> o 4
= Ta—ym ¢
(== )=(5=7)
P —a—b>0.

()"
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The rest of the proof is similar to that of Theorem 2.8 and hence is omitted.
Theorem 2.10. Suppose that h > o +m, o > 7 and g > 7. If

(h _ O.)hfo

2.4
( O) pmm(h — 0 — m)h—a—m

>a+b,

gtm
(2.41) 9 mT™ when m is odd
mmg9
and
_ g—7+m
(2.42) lg =7 +m) > a+ b when m is even,

g =)o
then (2.33) is oscillatory.
Proof. For \ # 1, we have

Fio(MA™  qA™977 4 pA—e
N

(2.43) FATT —aNT — b,

We consider the following three cases:

Case 1: m is even or odd and A > 1.
It follows from (2.43), we find

PG A

Z10AA 4= D
OD—1m = Po—ym
h—o h—o
> (E‘_“;Lm))m —a—b>0.
h—o—m
Case 2: misodd and 0 < \ < 1.
From (2.35), it follows that
B Fio(X) _ Fio(X)
(A=1)m (1—A)m
A9 AP
_ —q<1 _J;fm — 14 a\ b\
A9
> g _
_9 \—g
> (gt;")m —1>0.
()

Case 3: misevenand 0 < A < 1.
12



In this case, we find

FoA Fio(A)A7

A=1)m (L=X\m

)\7(ng) )\thT
_ 4 TPA AT a2 Tt

(L=A)m
A (g—7)
> ¢g—————a—b
(=2 )~(s=7)
> T — —a—b>0.
(=)
The rest of the proof is similar to that of Theorem 2.8 and hence is omitted. O

3. SOME GENERAL REMARKS

1. When m =1 is in any of our theorems presented above, we see that the equation

(3.1) Ax(k) + qzlk — g] =0,
where ¢ and ¢ are positive real constants, is oscillatory if
1)9+1
(3.2) LD
gg

We note that condition (3.2) is the well-known sufficient condition for the oscillation of (3.1),
see [9].
2. From the proof of Theorem 2.1, condition (2.4) can be replaced by

<g+g _|_m)g+cr+m
mm(g + O—)g+a

> b if m is even.

(3.3)

Now, if a = b = 0, we see that the even order equations
A"z (k) + qx[k —g] =0, (¢ >0and g > 0)
A"z(k) +pxlk+h] =0 (p>0and h > 0)

and the mixed equation
A™z(k) + qz[k — g] + px[k +h]=0(p>0,¢>00rp>0,¢g>0and g,h > 0)

are obviously oscillatory without imposing any extra conditions on p, ¢, g and h rather than
those given above.

The conclusion can also be obtained from the rest of our results.

3. It is easy to see that Theorems 2.1-2.10 are either improved or else similar to our earlier
corresponding results in [3, 2, 6].

4. By using the technique presented here, we can obtain more oscillation criteria for the
equations considered and other with p and ¢ are negative real numbers.

5. It is easy to construct examples showing that our criteria for oscillation of the equations

considered are essentially wider than our oscillation criteria in [3, 2, 6].
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