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Abstract. In this paper we shall establish some new criteria for the oscillation of neutral
difference equations of the form

A™ (z(k) + azk - 7] + balk + ]) + galk — g] +palk+ ] = 0,

where m > 1is an integer, a, b are real constants, p, g are nonnegative real constants, and
7, 0, g, h are nonnegative integers. We shall employ a new technique which is based on
the characteristic equation associated with the equation under consideration. Our results
require weaker conditions than those provided earlier in [2].

Keywords and Phrases: Oscillation, neutral, difference, characteristic equation, higher
order.

AMS Subject Classification: 39A10.

1. Introduction

In this paper we shall consider the higher order neutral difference equations

A™ (z(k) + azlk — 7] — ba(k + o)) + qz{k — g] + pz[k + ] = 0, (1.1)
A™ (z(k) — az[k — 7] + bz[k + o]) + galk — g} + pz[k + B] =0, (1.2)
A™ (z(k) + az[k — 7] + bz[k + o]) + qz[k — gl + pz[k + R} =0 (1.3)
and
A™ (z(k) - az{k — 7] - bz[k + o)) + qz[k — g} + pz[k + R] =0, (14)

where m > 1is an integer, 7, o, g, h are nonnegative integers, and a, b. p, ¢ are nonnegative
real constants.

Let A be the first order forward difference operator Az(k) = z(k + 1) — z(k) and for
i > 1. A’ be the ith order forward difference operator Alz{k) = A(A* " z(k)). A solution
{z(k)} of equation (1.j), j=1, 2, 3, or 4 is said to oscillate if for every ng > 0 there exists
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n 2 ng such that z(n)z(n+1) < 0. Otherwise the solution is called nonoscillatory. Equation
(1.9), 5=1, 2, 3, or 4 is called oscillatory if all its solutions are oscillatory.

Recently, there has been a lot of interest in the oscillations of difference equations. For
recent contribution, we refer to the papers [2,4-8]. For the general theory of difference
equations the reader is referred to the monographs [1,3,9,10]. The purpose of this paper is
to establish some new easily verifiable sufficient conditions, involving the coefficients and the
arguments only under which all solutions of equation (1.9), 3=1, 2, 3, or 4 are oscillatory.
The technique employed here is based on the study of the characteristic equations

Fi(A):==(A=1)™[14+aX" = bX7] + ¢\~ + pA* =, (1.5)

BA)=(A-1)"[1-aX " +bX7] + ¢A~9 + pA* =, (1.6)

F(A) = (A-1)"[14+aX" 4517 + gA~9 +prb =0 (1.7)
and

F(A) = A-1)™[1-aX™ =X+ gA~9 +pAb = ¢ (1.8)

associated to equations (1.5), j=1,2, 3 4 respectively.

2. Main Results

The following lemma, which will be employed in the proofs of our oscillation results is
extracted from [9,10].

LEMMA 2.1. Consider the linear difference equation

2(k+m) + Y gli)alk+m - j] =0, 2.)
=1

for k=0,1,... where mis a nonnegative integer and ¢(j) € R, j =1,2,..., m. Then the
following statements are equivalent:

(11)- Every solution of (2.1) oscillates.
(I2). The characteristic equation associated with 2.1)

A"+ gli)N" = 0
J=1
has no positive roots.

First, we study the oscillatory behavior of equations (1.1) and (1.2), where g, A, 7. &
are nonnegative integers, a, b are nonnegative real constants, and p, g are positive real
constants.

THEOREM 2.1. Assume that > 0, k> o +m and g > 7. Moreover, suppose that

(h - a)h_"
"mm(h - — m)h-o-m > b 232
(g — 7+ m)ar+m o
d .
q (g — )7 >14a ifmisod (2.3)
and
g+o+m
lgtotm >b~a~1 if mis even. (2.4)

(g + o)
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Then (1.1) is oscillatory.
PROOF. Our strategy is to prove that under the hypotheses given above the characteristic
equation (1.5) of (1.1) has no positive roots. There are three possible cases to consider:
Case 1. m is even or odd a.ﬁd A > 1. For A # 1, we have

_ gA={a+0) 4 prh—o

Q) - e —(r+0)
()\—1)"‘/\ = Goyn + A7 +a) b>p

,\h—a
A-nm

b (25)

Since the minimum of fi(z) = 2%/(z — 1)#, & > B and z > 1 occurs at z = o/(a — B), we
find

B )h—a

RO . (%
mA Z P m b > 0.

(A-1) (m)
Case 2. m is odd and 0 < X < 1. In this case we have
Fi(\)

T ~lg—7) Siid T T+o
oot = (TR - (07 e

=(g-7) T
-———-—q,\ + 2 = (A"+a=bx"t)

(1= A)m
e \—(g-7)
A-le=n) AT9 (;fm)
2 gy A ‘“2"(1__,\)3—1-“24—(;,,;)7“1—“>0»

since the minimum of the function f,(z) = z=*/(1 — z)? occurs at z = a/(a + 3) where «
and B are positive constants.

Case 3. m is even and 0 < A < 1. It follows from (2.5) that
RN A= A—(gto)

PR M LG N
G-pm Zlgoym AT e
As in Case 2, we see that
—(g+a)
—gto
Q) o > q(g+«r+m)

DD '—‘—m—')‘-ﬁ——+l+a—b>0.

(g+0+m

Cases 1-3 and F1(A) > 0 on (0,1)U(1,00) and Fi(1) > 0 imply F;(A) > 0for A € Rt =
(0,00), ie., (1.5) has no positive roots. By Lemma 2.1 we conclude that (1.1) is oscillatory.
This completes the proof. |

THEOREM 2.2. Assume that @ > 0, 7+ h > m and g > 7. Moreover. suppose that

p (R TIMT 0
“mm(h T — mybtT-m > o (2:6)
+ m)gtm o -
q(i_m_;}}g_>l+b if m is odd 2.7
and gorim
(g-r+m >a if mis even. (2.8)

mh (g - T)9T

Then (1.2) is oscillatory.
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PROOF. For A # 1 we have

(AT - oy | QATTI 4 pATHh
(TZ(:)I)?=(’\ -a+b,\+)+——W (2.9)

Now we consider the following three cases:

Case 1. m is even or odd and A > 1. From (2.9) we find

FZ(A)AT A\T+h
-y =Pp-m

_a,

and since the function fi(z) = 2*/(z - 1)#, £ > 1 and a > B has its minimum value at
z = af(a—B), we find -

moy ()"

(/\—1)'""'( - )m —a>0.

TFhom

Case 2. m is odd and 0 < A < 1. In this case we have

BQA) _ BQ) g 94pak
I R (I R GV

~ (1= aA"" 4+ 5)%)

and hence o . !
B gA~ !

—-1-5A°, |

T-m > T |

Since the minimum of the function f(z) = z7®/(1-z)#, 0 < z < 1 occurs at z = J
a/(a+ B), we conclude that |

By | (#)”
(lj/\)mzq :C;)m—l—b>0.

Case 3. m is even and 0 < A < 1. From (2.9), we have

F2(A)Xr FZ()‘) AT A-le-7) L r+o A=le-n)
= - >g—— —a.
A= = G- nm 2 PV et 2 e —a

As in Case 2, we have

—(g—7)
B (—;":—’m-)
Bl

g—-7+m

From Cases 1-3 and F5(1) > 0 we can conclude that Fp(A) > 0 for A € R, ie., (1.6)
has no positive roots. Thus, the conclusion of the theorem follows by Lemma 2.1. |

COROLLARY 2.1. Let m be odd, 0 < @ < 1 and condition (2.7) hold. Then (1.2) is 7
oscillatory. ‘

PROOF. Assume A > 1. Since m is odd and 0 < & < 1. it follows that Fy(X) > 0. Assume
0 < A < 1. then as in the proof of Theorem 2.2 we see that F2(A) > 0. By applying Lemma
2.1 we can complete the proof. B
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Next, we consider the mixed equations which are of the same form as (1.1) and (1.2),
namely,

A™ (z(k) + az[k — 1} - bz[k — o]) + qz[k — g] + pz[k + A] = 0, (2.10)
and
A™ (z(k) - az[k + 7] + bz[k + 0]) + qz[k — g] + pz[k + A] = 0, (2.11)

where @, b are nonnegative real constants, g, h, 7, o are nonnegative integers and p, q are
positive real constants.

The characteristic equations of (2.10) and (2.11) are respectively:
Fs(\):=A-1)™[14ax"=bA ]+ A9+ pA =0 (2.12)

and
Fs(A) = (A=1)™[1 - aA"+b)7] + g\ "9 + pAP = 0. (2.13)

" Now, we present the following oscillation criterion for (2.10).

THEOREM 2.3. Assume that b—a—1> 0, h+0 > m and g > 0 > 7. Moreover, suppose
that

~ (h + a)h-{-a
Pomlh o T > bl (2.14)
—_ g—T+m
. (gm;(jlnz)g_r >at+1 ¥ misodd (2.15)
and .
—_— g—o+m
q(g o+ m) >b if miseven. (2.16)

m™(g — o)9-°
Then (2.10) is oscillatory.
PROOF. For A # 1 we have

Fs (A

gA=T* + pAtte
A=

= (O axTTr -+ Sl

(2.17)
Now, we consider the following three cases:
Case 1. m is even or odd and A > 1. From (2.17), it follows that

Fs(\)A° Ato
G-nm 225

T

As in the proof of Theorem 2.1-Case 1, we have

RN | (ass)™
A=1)m =7 (2™

+14+a-0>0.

Case 2. m is odd and 0 < A < 1. In this case we have

BN BN gATo g pabtr

AT Ly 0
G-Dm - (-nm = @oam N etk
A—(g=7) (E)~le-n) A
> g———-l-a>¢ S0 1 g0
NPV ()™

i
i
i
i
i
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Case 3. m is even and 0 < A < 1. From (2.17), it follows that

BN _ A=) _ ()"
—~>4q FA+adTT b > LT — > 0.
(1 - A) (1 - A)". (g-a'+m)

The rest of the proof is similar to that of Theorem 2.1 and hence omitted. B
THEOREM 2.4. Assume thata > b, a>1, 0 >rand h—r > m. I

~ (h - T)h—f
(= = myprm > ¢~ b - @
(g +m)etm .
q_m—mgg—— >1+4+b when mis odd (2.19) ‘ ]
and g+r+m
(9+7+m) >a~1 when m is even, {2.20) !

(g + o
then (2.11) is oscillatory.

PROOF. For A # 1 we find

Fe(MA—m . gor | QATFT) 4 pAR-T

Now, we consider the following three cases:

Case 1. m is even or odd and A > 1. In this case we have

Fe(A)A~T Ab—r

h—r h-r
m)
G-pm =PR=gm

+/\"'—a+b,\""'2p( ),,. -a+5>0.

==

Case 2. m is odd and 0 < A < 1. From (2.13), we have

Fs(A\) _ Fs(d) _ qx94pih - -
G- T @-nm - (@oam rTeA oW
-9
-g e
> qﬁ—l—bzq%——l—b>,o.
(%)

Case 3. m is even and 0 < A < 1. It follows from (2.21) that f

7 —(g+7)
FS(/\)A—T _ FS(A)’\-r A—(g+1’) + /\—r —-a + bAo’—r > (9+:-:m) + 1 - > 0
G- T @=m =y ) a5
g m

The rest of the proof is similar to that of Theorem 2.1 and hence omitted.

Next, we consider (1.3), where a, b, p are nonnegative real constants, ¢ is a positive
constant, g is a positive integer and k, 7, ¢ are nonnegative integers. In fact, the case when
m is even is obvious. Therefore, we shall only consider (1.3) when m is odd and present the
following result.

THEOREM 2.5. Suppose m is odd and ¢ > 7. If

(g =7+ m)emmim
m™(g — 7)9-"

>1+a+b, @.

o
2
(3]
—
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then (1.3) is oscillatory.

PROOF. Since m is odd, it follows that F3()) > 0 for A > 1. Hence it remains to prove
that F3(A) > 0 holds also for 0 < A < 1. Indeed :

AN BAA  gr=(a-7) L ppbir

) g 4o
G-1m (@-xm - @owm N et
—r \—(g-7)
5 gl =0

g-T+m

Thus, F3(A) > 0 for all A € R*, i.e., (1.7) has no positive roots. So, the conclusion of the
theorem follows from Lemma 2.1. |

Next, we consider the neutral difference equations which are of the same type as (1.3),
namely

A™ (z(k) + az(k — 7] + bzk - 0]) + qz(k — g] + pz[k + ] =0 (2.23)
and

A™ (z(k) + az(k + 7] + bz[k + o]) + qz(k — g] + pz[k + K] =0, (2.24)
where the coefficients a, b, p and ¢ and the deviations r, o, g and h are as in (1.3). The
characteristic equations of (2.23) and (2.24) are respectively

F(A)=A-1)"[1+a"4+0 ] +qrA 9 +pAF =0 (2.25)

and

Fs(A)i=(A=1)"[14aX" +bX ]+ g 9+ pAh = 0. (2.26)

THEOREM 2.6. Assume m is odd and g > 7 > o. If condition (2.22) holds, then (2.23) is

oscillatory.

PROOF. As in the proof of Theorem 2.5, we only need to show that F(A)>0for0< A <1,
From (2.25) it follows that

Fr(NA _ BN _ ga-len) gkt e
[ o T VT PR \T (A"+a+bA )2 Toym ~ (L+a+d)

The rest of the proof is similar to that of Theorem 2.5 and hence omitted. | ]
THEOREM 2.7. If m is odd and

(g + m)stm

q—w— >1+a+b (2.27)

then (2.24) is oscillatory.
PROOF. 1t suffices to prove that Fz(A) > 0 for 0 < A < 1. From (2.26), it follows that

B __F() _ gt 4N

IR L T R T

A9
~ (1+aX+5)%) > (1‘1_ 5~ (L a+b).

The rest of the proof is similar to that of Theorem 2.5 and hence omitted. R

Next, we consider (1.4), where a, b are nonnegative real numbers and a + b > 0, D q
are positive real numbers, 7, o are nonnegative integers and g, h are positive integers.

(—1—_—/—\-);-(1+a+b)24—(—m—‘)—m——(1+a+b)>0-
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THEOREM 2.8. Suppose that ¢ > rand k> o +m. If

h— )b
- (h(_ - _)m)h_d_m >a+b, (2.28)
g+m
(y_jng_();y— >1-~a when mis odd (2.29)
and gerim
q(!l;':(;f:)_)g_f >a+b when mis even, (2.30)
then (1.4) is oscillatory.
PROOF. For A # 1, we have
- ~(g+o) h—a
1(7 :‘\(f);\) — = gA B _*1")1:\ +A77 —ax~(rto) _p, (2.31)

Now, we consider the following three cases:

Case 1. m is even or odd and A > 1. From (2.31), it follows that

o h—o
F4(A)A_’ plnd — ~(r+e) _ (F—c—m)
(A—l)m _p(,\_l)m-‘]—A a/\ b?_p——::——)ﬁ— a b>0.
Case 2. m is odd and 0 < A < 1. In this case we have
Fy(\) Fy(N) gA™9 + pAb -
- = = -(1- = > \4
B-)m - Ao Tym ~(L-a )
)
X ()
A _ ST BN > gItm/ .
> q(l—A)’" (1—ah b/\)_q_m—m 1+a>0
g+m
Case 3. m is even and 0 < A < 1. In this case, we have

T L ~(g—-1) htr
F4('\)’\ = F4()‘)’\ = Q’\ +p’\ F AT g =Tt
(A=1m  (1-xm 1-=m

—r \—(g-7)
A=(g—7) . (‘:q‘,.:")
AT S N
2 oy T e T 2 e 6>0
g—T+m

Cases 1 - 3 and Fy(1) > 0 imply Fy(A) > 0 for A € R¥, i.e., (1.8) has no positive roots.
The result follows by applying Lemma 2.1. This completes the proof, 1

REMARK 2.1. Since the function f(a:? =az""+bz7. 0 <z < land 0 < (ar)/(bo) < 1 has

a local minimum at z = ((ar)/(b0))¥/("*+*), we see that condition (2.29) can be replaced by
the following weaker condition, namely,

(g mptm (a_r_) i) (E) 7/(r+a)
mmg9 bo bo )

The other conditions can be improved similarly. The details are left to the reader.

Finally, we consider equations of the same type as (1.4), namely,

A™ (z(k) — az[k — 7] = be[k — o)) + gz[k — g] + pz[k + A} =0 {2.33)
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1
and

A™ (z(k) — az[k + 7] - bzlk + o]) + gz[k — g] + pz[k + h] =0,

467

(2.34)

where the coefficients a, b, p, ¢ and the deviations g, k, T, o are as in (1.4). The charac-

teristic equations of (2.33) and (2.34) are respectively,

BA)=A-1)"[1-aX""=bA"]+gr 9+ pA* =0

and
Fio(A) := (A= 1)™[1 — aA™ — bA%] + gA~9 + pAh = .

THEOREM 2.9. Suppose that ¢ > 7 > o and h+0 > m. If
(h 4+ g)hte

pm”'(h+a—m)h+¢r—m >at+b-1,
g+m
M—>l—-a-b when m is odd
mmgd

and
(g—7+mja—r+m
m™(g - 7)9~"
then (2.33) is oscillatory.

PROOF. For X # 1, we have

>a+b when m is even,

Fo(N)A7 _ gr~lo=o) 4 prbte

= o _ ,\—(r—a) _ .
G-nr - pmpm PN meT b

Once again, we consider the following three cases:

Case 1. m is even or odd and X > 1. In this case, we obtain

Ge hto hto \h+o
e e o
A== = A -1m (=)

Case 2. m is odd and 0 < A < 1. From (2.35), it follows that

_ B BA)  _ gAg4pab gy
G-Dm - @=-N" = a-nm —1+4ad™T+bA
-g
—g L
> q——)\————l-{-a-{—qu—(it'l)-—-
(1=-xm (_
g+m

Case 3. m is even and 0 < A < 1. In this case, we find

FB(NAT _ grmle=n) g ppbtr - A~le=r)
— —a=b\T"" > AN
G- Aoym T e 2 eg—yn—a-b
(&)
g-r+m

v

g—t+m

The rest of the proof is similar to that of Theorem 2.8 and hence omitted.

—+1l-a-b>0.

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

7 —1l4+a+b>0.
)

—— T —a—-b>
=)
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THEOREM 2.10. Suppose that h > ¢+ m, o >tand g> 1. If

h—og)h—e
r— (h(_ - _)m)h_d_m > a+b, (2.41)
g+m
% >1 when m is odd (2.42)
and gmrm
q% >a+b when mis even, (2.43)
then (2.34) is oscillatory.
PROOF. For ) # 1, we have
Fio(A)A™7 _ gA=9=7 4 pAp~e r—o
(1;(_)1)"‘ - (A_I)Pm A AT _p, (2.44)

We consider the following three cases:

Case 1. m is even or odd and A > 1. It follows from (2.44) that

Fo(WA™ 3o (ra=z)"™
(1;_1)11: —p(A_l)m‘a‘bZP(L_:;_Lm)m——a—b>0.

Case 2. m is odd and 0 < A < 1. From (2.36), it follows that

FIO(/\) _ FIO(A) _ qz\""-}-p/\h_ r pu
I i ey eyt
-9
—g g
> q?l—i-,\—),;—lzq—(g—m)h.n—1>0-

(=)
Case 3. m is even and 0 < A < 1. In this case, we find

Fm(A)Ar _ Flo(/\)/\r _ q/\—(g—r) +pAh+T

+ /\r _ a,\2‘r _ bAr-hr

P R Ve CEp
~(g—7)
~(g-7) e
> q—)‘——';—a—bz ‘ZL{:—)_E—'—“‘I’>O-
(2-2) (===)

The rest of the proof is similar to that of Theorem 2.8 and hence omitted. [ |

3. Some General Remarks

1. For m =1 each theorem presented above concludes that the equation

Az(k) +gz[k — g] = 0, (3.1)

where g and g are positive real constants, is oscillatory if
1 g+t .
q(g—+—)— > 1. (3.2)

gg.
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Condition (3.2) is the well-known sufficient condition for the oscillation of (3.1), see [9].
2. From the proof of Theorem 2.1, it is clear that the condition (2.4) can be replaced by

(9-+ 0+ mjgtom
(g + o)t

>b if mis even. (3.3)

Now, if @ = b =0, we find that the even order equations
A"z (k) +gz[k—g] =0, (g>0andg>0)
A™z(k) +pz[k+h]=0 (p>0and h>0)
and the mixed equation
A™z(k) + qz[k ~ g] + pe(k +h}=0 (p>0,¢>00rp>0, ¢>0and g, h>0)

are oscillatory with no extra conditions on p, g, g and h except those given above. This
conclusion can also be drawn from other results.

3. It is easy to construct examples to see that Theorems 2.1 — 2.10 are either improved, or
complement our earlier results in {2,3,6].

4. The technique employed here can be used further to establish more oscillation criteria
for the equations considered in this paper, and also when p and q are negative real numbers.
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