REGULARLY AND STRONGLY DECAYING SOLUTIONS FOR
QUASILINEAR DYNAMIC EQUATIONS

E. AKIN-BOHNER

ABSTRACT. We consider quasilinear dynamic equations whose solutions are clas-
sified into disjoint subsets by certain integral conditions. In particular, we investi-
gate the asymptotic behavior of solutions approaching zero for quasilinear dynamic

equations.
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1. INTRODUCTION AND PRELIMINARY RESULTS

The theory of time scales, T (nonempty closed subsets of real numbers) was initiated
by Stefan Hilger in his PhD dissertation [12] in 1988 in order to unify continuous and
discrete analysis. The theory of dynamic equations on time scales helps us not only to
avoid proving results twice but also to extend them for other time scales such as the
set of all integer multiples of a number A > 0, the set of all integer powers of a number
g > 1. We refer readers the books by Bohner and Peterson [4, 5] for an excellent
introduction with applications and advances in dynamic equations.

In this paper, we consider a quasilinear dynamic equation

(1) [a(t)®, (2)

where f: R — R is continuous with uf(u) > 0 for u # 0, ®,(u) = |u[P~%u with p > 1,
and a and b are real positive rd-continuous functions on T. Throughout this paper
we assume that T is unbounded above. By a solution we mean a delta-differentiable
function = satisfying equation (1) such that the delta derivative of a®,(z?) is rd-

continuous.
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Such studies are essentially motivated by the dynamics of positive radial solutions of
reaction-diffusion (flow through porous media, nonlinear elasticity) problems, see Diaz
[10] and Grossinho and Omari [11].

It is shown in the paper by Akin-Bohner [3, Lemma 3.1] that any nontrivial solution

of (1) is eventually monotone and belongs to one of the two classes:

M* :={x e S: there exists T > to such that z(t)z*(t) > 0 for t > T}
M~ :={zeS:z{t)z®(t) <0 on [ty,o0)},

where S is the set of nontrivial solutions of equation (1) on [tg,00). Asymptotic be-
havior of solutions in M+ and M~ on T is considered in the paper by Akim-Bohner
[2, 3], respectively.

The following subclasses
My ={xe M~ :tlim x(t) =1#0},
My ={ze M~ :tlim z(t) =0}

are characterized by certain integrals
T
Y = lim D,

T—oo to

(@
e g [ o (i) o ([Tb<s>A8> -
(

Yi= lim [ @

T—o0 to
T
Yo= lim [ b(t)At,

T—o00 to

where ®,- is the inverse of the map ®,, i.e., ®,(Pp-(u)) = ®p-(Pp(u)) = u. Then
@, (u) = |uP"~2u, where % + p% = 1. The following results are shown in [3, Lemma
3.2, Theorem 4.1 and Theorem 4.2] that

Lemma 1.1. (i) If Y1 < oo, then Y3 < oc.
(ii) If Yo < 00, then Yy < 0.
(iii) If Y1 = oo, then Y3 = 0o or Yy = oo.
(iv) If Yo = oo, then Y3 = 0o or Yy = oo.
(v) Y1 < 00 and Yz < 00 if and only if Y3 < 0o and Yy < co.

Theorem 1.1. (i) Yo =00 if and only if My = 0.
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(i) Y1 < oo and Ys < oo implies My # 0 and Mg # 0, i.e., M~ # 0.

Remark 1.1. When T = Z, it is shown in [7] that equation (1) has at least one solution
in M~. However, M~ can be empty when T = R, see [13].

Let ¢ > 1 and consider the integral

T T 1
Y, = lim b(t)® / Q*()As At.
q T oo " ( ) q o(t) p a(s)

The following lemma can be shown as Lemma 1.1.

Lemma 1.2. (1) If Y, < o0, then Y3 < oco.
(ii) If Y, = oo, then Y3 = 00 or Yy = oo.
(ili) Yy < 00 and Ys < 00 if and only if Y3 < 0o and Yy < oco.

Since the quasiderivative
(2) 2l(t) := a(t) @, (22 (1))
of any solution z € M~ is either positive decreasing or negative increasing, tlim 2 (t)
— 00
must be finite. Hence M can be divided into

Moz ={xe M : lim z(t) = O,tlim aM(t) = ¢ # 0}

t—o0
Myg = {z e M~ : lim z(t) =0, lim z!() = 0}.
t—oo t—oo
Solutions in M5 and Mg are called regularly decaying solutions and strongly decaying

solutions, respectively. Clearly,
M~ =Mg UMy =Mg UM, UMgj.
It is also shown in the paper by Akin-Bohner [3, Lemma 4.1] that
Lemma 1.3. Y3 = oo implies for any x € M~

lim zM(t) = 0.

t—o0

The purpose of this paper is to consider the asymptotic behavior of solutions in
M and M;g. In the last section, we give necessary conditions to obtain the existence
and uniqueness of solutions of boundary value problems in M . See Cecchi, Dosld and

Marini [6] when T =R and [7, 8, 9] when T =7 .
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2. LiMIiT BEHAVIOR

The next two results give conditions ensuring that M, and M 4 are empty.

Theorem 2.1. Mg, =0 if any of the following conditions holds:
(i) Y3 = o0;
(ii) there exists ¢ > 1 such that

(3) lim inf f(u)

0
u—0 (I)q (U) o

and Yy = oo.

Proof. (i) follows from Lemma 1.3. To prove (ii) we assume that Y3 < co. Otherwise,
the assertion follows from (i). Without loss of generality, we assume x is a positive

solution of (1) in Mgy, i.e., 2(t) — 0 and 2()(t) — ¢ # 0 as t — co. Then there exists
*° 1
[ > 0 such that z[!l(¢) < —1 for large t. Therefore, z(t) > ®,,- (l)/ P, (()> AT,
. a(rT
By (3), there exists a positive constant h such that for all u € (0,z(t9)] we have

f(u) > hdg(u).

This implies that

£ () = h, (@p* ) /U : B, <a(13)> As>
YA 2 hbH), ( [ o () AS) ,

where hy = h®,(P,.(1)). By integrating from ¢ to co we have

—zH@t) > m /too b(T)®, </j—) D, <a(15)) Ag) AT.

But this contradicts to the boundedness of z[!. O

and so

Theorem 2.2. Mg =0 if any of the following conditions holds:

(i) Y2 < 00 and

(4) lim sup f(u)

< 005
u—0 (I)p(u)



(ii) there exists ¢ > p such that

(5) lim sup S(w) < 0o

u—0 Pq(u)
and Y, < oco.

Proof. Let x € Mg and without loss of generality, we assume that « > 0. (4) implies

that there exists a positive constant Hy such that for all u € (0, z(tg)] we have
(6) fu) < Hi®@p(w).

Integrating equation (1) twice from ¢ to co we obtain

o) = /toc ®,- <a(1¢) /TOO b(s)f(:r"(s))As) Ar
< H; /too D, (a(lr) /TOO b(s)@p(x“(s))As> AT
< Hd,. (@p(m”(t)))/too ®,- (/TOO b(s) As) Ar,

a(r)

where we used (6) as well. But

1< ;((tt)) < H, /too o, (/TOO CLS_))As) Ar,

and we obtain a contradiction as ¢ — oc. To prove (ii), we let € M 4 and without

loss of generality, we assume that « > 0. From (2), we have

e 1
Dy (27(t)) < @y (Dp-(—2l(t))) @ / qm()m :
o(27(1) < @y (@ (—2(1))) ( nave
From (5), there exists a positive constant Hs such that for all u € (0, z(to)] we have
Fu) < Hady(u).

Therefore, we obtain that

Integrating above inequality from ¢ to oo we have

c1>q(<1>:i[i}$2} ) = /too b(T)®q </;:) - (a(ls)) As) Ar.

Since Y, < oo and




we get a contradiction to the assumption that x € M. O

The next two results give conditions ensuring that the classes M, and M 4 are not

empty.

Theorem 2.3. Mg, # 0 if any of following conditions holds.
(i) Y2 < o0, Y, < 00 and (4) holds;
(ii) there exists ¢ > 1 such that (5) holds and Yy < cc.

Proof. (i) follows from Lemma 1.1 and 1.2, Theorem 1.1 (ii), and Theorem 2.2 (i). To
prove (ii) we observe that (5) implies the existence of a positive constant M such that
for all u € (0,1]

(7) fu) < M®g(u).

By Lemma 1.2, Y; < oo implies Y3 < co. Choose t; > ty so large that

(8) /:O b(r)®, (/:) ®,, (a(ls)> As> Ar < ﬁ

Define X to be the Banach space of all continuous functions on [t1,00) and endowed

with the topology of the supremum norm. Let €2 be the nonempty subset of X given

b
) Q:{ueX:/too(I)p* (%)Argu(t)g/tw%(a(lﬂ)m}.

Clearly, €2 is bounded, closed and convex. Now we consider the operator T :  — X

which assigns to any u € €2

Tu(t) = /too ®,. (a(lT) (; + /Too b(s)f(u”(s))As)) Ar > /too WAT.

By (7) and (8), we obtain

/:; b(r)f(u’(T)Ar < /:o Mb(7)®y(u” (1)) AT
<t [Tuore, ([ w (1) o)
<1
Therefore,

Tu(t) < /too B, ((1(17)> Ar

6



and so T(€2) C Q. To complete the proof, it is enough to show the relative compactness
of T'(Q2), the continuity of 7" in € to apply the Schauder fixed point theorem. The details
are left to the reader. |

Remark 2.1. When T = Z, (4) in Theorem 2.3 (i) is not assumed to show that Mg, # 0,
see [9].

Theorem 2.4. Every solution in M~ is in Mg if Yo = Y, = 0o and there exists ¢ > 1
such that (3) holds.

Proof. We use Theorem 1.1 (i) and Theorem 2.1 (ii). O

3. BOUNDARY VALUE PROBLEMS IN M

In this section, we assume that f is nondecreasing and consider two boundary prob-
lems in M, . The existence and uniqueness of solutions of boundary value problems
are shown in [8] for half linear difference equations, where f(z) = ®,(z). We now start

with the following lemma which is essential for last two theorems.
Lemma 3.1. If z and y are solutions of equation (1) such that
z(to) > y(to) >0,  2®(to) >y (to),

then fort >tg €T
a(t) >y(t),  2B() >y ().

Proof. Let x and y be two differentiable solutions of equation (1) such that
z(to) > y(to) >0 and a2 (to) > y™(to).
Set d(t) := x(t) — y(t). Then we have
d(te) >0, d®(te) > 0.

It is enough to show that d does not have a positive maximum. Assume not, then there
exists t1 > tg such that

d(t;) = max{d(t) : t € [tg,00)} >0

and

d(t) < d(tl) for t > 4.
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One can show as in the proof [1, Theorem 5] that ¢; cannot be left-dense and right-

scattered at the same time and for other cases we obtain
d®(t1) <0, d(p(tr)) <0.
Define
G(t) = alt) [@,(y™ (1) — @p(x2(1))] -
Monotonicity of f and the positivity of a and b implies
GA(t) = b(t) [f(y7 (1) — f(a7(2))]-

Since d(t1) > 0, G2 (p(t1)) < 0.
Casel: p(t1) < t1 < o(t1) and p(t1) < t1 = o(t1). In this case, we obtain G(t1) > 0
and G(p(t1)) < 0. Therefore

G7(p(t1)) = G(p(tr)) + p(p(t1)) G2 (p(t1)) < 0.

Since t; cannot be left-dense and right-scattered, o(p(t1)) = t1. Therefore, this gives
us a contradiction.

Case 2: p(t1) = t; = o(t;). In this case, GA(t;) < 0 and G(t;) = 0. This implies
that G(t) < 0 in a right neighborhood I of t, i.e., d®(t) > 0 for ¢ € I, which gives us
a contradiction.

Therefore, d does not have a positive maximum. This completes the proof. O

Theorem 3.1. Assume conditions in Theorem 2.3 (i) or (ii). Then for any v # 0 the
boundary value problem of equation (1) with

(9) x(ty) =v, x€ My,

has a unique solution.

Proof. The existence of solutions of boundary value problem (1) with (9) for any v # 0
follows from Theorem 2.3. Without loss of generality, assume that there exist solutions
x and y of the boundary value problem of equation (1) with x(t9) = y(to) = v > 0 and

y2(tg) < x®(to). By the proof of Lemma 3.1, d(t) > 0 and is increasing for t > tg.
But this contradicts the fact that lim; . d(t) = 0. O

Theorem 3.2. Assume Y7 < 0o and Ya < co. Then for any v # 0 the boundary value
problem of equation (1) with

(10) z(to) =v, x€ My

has a unique solution.



Proof. The existence of solutions of boundary value problem (1) with (10) for any v # 0
follows from Theorem 1.1. The uniqueness can be shown as in the proof of Theorem
3.1. O
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