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ABSTRACT. We study the asymptotic behavior of nonoscillatory solutions of nonlinear dynamic
equations on time scales. More precisely, all eventually monotone solutions of nonlinear dynamic
equations can be divided into several disjoint subsets by means of necessary and sufficient integral

conditions. Examples are given to illustrate some of our main results.
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1. Introduction

This paper deals with the asymptotic behavior of solutions of the nonlinear dy-

namic equation
(1.1) [a(t)|z™ (1)]* sgn 2]~ = b(t)|2 (£)|” sgn 2 (2),

where a,b € Cpq ([tg, 00)r, RT) and «, 5 > 0. A time scale, denoted by T, is a closed
subset of real numbers. Throughout this paper, we assume that T is unbounded above.
By a solution we mean a delta differentiable function = satisfying equation (1.1) such
that [a(t)|z?(t)|*sgnz?] € Cl;, where the set of rd-continuous functions and the
set of functions that are differentiable and whose derivative is rd-continuous will be
denoted by C.q and C!;, respectively. We also assume that x(t) is a proper solution
on [to, T)r, i.e., x(t) exists and z(t) # 0 on [ty,T)r. Whenever we write t > t;, we
mean that t € [t;, 00)r 1= [t;,00) N T.

Equation (1.1) reduces to the nonlinear differential equation, see Cecchi, Dosla,
Marini and Vrko¢ [8], and Tanigawa [15],

(1.2) [a(t)]'(£)|* sgn 2] = b(t)|=(t)|" sgn

when T = R, and the nonlinear difference equation, see Cecchi, Dosla, Marini [9],
(1.3) Alan| Az, |® sgn Ay) = by|Zps1 | sgn 2n41

when T = Z.
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Such dynamic equations are studied by Akin-Bohner in [1, 2, 3], by Erbe, Baoguo
and Peterson in [12] and Akin-Bohner, Bohner, and Saker in [4]. Such studies are mo-
tivated by the dynamics of positive radial solutions of reaction-diffusion (flow through
porous media, nonlinear elasticity) problems, see Diaz [11] and Grossinho and Omari
[13]. Our results and methods extend those stated and used in the continuous case

in [1] and [8], and in the discrete case in [9, 10], see also references therein.

Our goal is to investigate the asymptotic behavior of nonoscillatory solutions
of (1.1) by certain types of integrals depending on a,b,« and 5. In Section 2, we
classify eventually monotone solutions in two types, introduce the sub-classes that
are obtained by using equation (1.1) and show the existence and non-existence of
nonoscillatory solutions of (1.1). In Section 3, we investigate the convergence and
divergence of more general integrals and use those results in Section 4 to show the
co-existence of solutions of (1.1) in these sub-classes when a > 3, o < # and a = 5.

Finally, we construct examples to highlight some of our results in the last section.

An excellent introduction of time scales calculus can be found in [6] and [7] by
Bohner and Peterson. Therefore, we only give the preliminary results that we use in

our proofs.

Theorem 1.1 ([6, Theorem 1.75]). If f € Cq and t € T", then

o(t)
f(r (1) f ().

Theorem 1.2 ([6, Theorem 1. 77]) Ifa,b €T and f,g € Cyq,then

/ f(o — (fo)(») / 20
/ (0651 = (F9)(0) / =0

Theorem 1.3 ([6, Theorem 1.90]). Let f : R +— R be continuously differentiable and
suppose g : T — R s delta differentiable. Then f o g : T +— R is delta differentiable

and the formula

or

(Fog)™(t) = { / £ (9t) + hu(t)g™ (1) dh} A 0)
holds.

Theorem 1.4. [6, Theorem 1.98] Assume v : T — R is strictly increasing and
T = v(T) is a time scale. If f : T — R is an rd-continuous function and v is

differentiable with rd-continuous derivative, then for a,b € T

/ F(tA ()AL = /V(b)uou—l)(s)As.

v(a)
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Theorem 1.5 (Integral Minkowski Inequality) [5, Theorem 2.1]). Let (X, 4, ua) and
(Y, Z,vA) be time scale measure spaces and let u, v and f be nonnegative functions
on X,Y, and X XY, respectively. If p > 1, then

(1.4) ([ sewin)) steinso)

</ ( / fp(x,y)U(ﬂf)dua(x))%v(y)dm(y)

holds provided all integrals in (1.4) exist. If 0 <p <1 and

(1.5) /X (/Y fvduA)puduA >0, /vadz/A >0

then (1.4) is reversed. If f <0 and (1.5) and

/ fPudpa >0
X
hold, then (1.4) is reversed, as well.

Theorem 1.6 (Holder’s Inequality) [5, Theorem 1.3)). For p # 1, define ¢ = p/(p —
1). Let (E,Z,un) be a time scale measure space. Assume w, f, g are nonnegative
functions such that w fP wgP, w(f + g)? are A — integrable on E. If p > 1, then

o) [ wsf@enins < ([ woroaso) ([ uoeomso)

q

If0 <p<1and [Lwgdun > 0, or if p < 0 and [, wfPdus > 0, then (1.6) is

reversed.

We also use the algebraic inequality
(1.7) (a+ D) < 2P(a? 4+ bP)

fora>0,b>0and p > 0, see [14].

It is shown by Akin-Bohner in [1] that any nontrivial solutions of equation (1)

on [tg, 00)r is eventually monotone and belongs to one of the following classes:

M* :={zis asolution of (1) : 3¢, >t, such that a(t)z>(t) >0 for t > t;},
M~ := {z is a solution of (1) : z(t)z>(t) < 0 for t > t,}.

For equation (1.1), M can be empty when T = R, see [1]. However, it is not
true when T = Z, see [9]. In addition, M~ can be empty when T = R, see [1], while

this is an open problem in the case T = Z.
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In this paper, we study the solutions of (1.1) in M+ and M~ described by the
following integrals:

S~

|

’f:

g B
~
VRS

=
|~
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VRS
S\H_

=

&=

[P

»
~_
Q=

>

\‘&k

We now present the convergence and divergence relationships between above

integrals. One can prove the followings similar to [2, Lemma 2.1].

Lemma 1.7. For the integrals Ji, K1, Jo, Ko, J3 and K3, we have the following rela-
tionships:

a) If J; < 00, then J3 < 00.

b) If K; < oo, then K3 < oc.

c) If J; = oo, then J3 = 00 or K3 = .

d) If K1 = oo, then J3 = o0 or K3 = oc.

) J1 < 00 and K1 < oo if and only if J3 < oo and K3 < oo,

) If Jy < 00, then K3 < oo.

) If Ky < oo, then J3 < oc.

h) If Jy = oo, then J3 = 00 or K3 = 0.

2. Classification of Nonoscillatory Solutions of (1.1)

In this section, we obtain the existence and non-existence of solutions of (1.1) in
M and M~ depending on Jy, K, and Jy, K,, respectively.

For the convenience, we denote

(2.1) W = a(t)]|x®]* sgn 22,
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so-called the quasi-derivative of x. Let x(t) be a proper solution of (1) in M™* on
[to, 00)T, and without loss of generality assume that x(t) > 0 for [ty, c0)r. By equation
(1.1) we have that x!1(¢) is increasing for ¢ > to. Then either there exists t; > ¢, such
that zl(t) > 0, t > ¢, or 2l(t) <0, t > t,. If 2l1(¢) > 0, t > t;, then 22(¢) > 0
for t > ¢, and !'1(¢) tends to a positive constant or infinity as ¢ — co. Clearly,  has
a positive limit or infinite limit. Similarly, if 2[U(¢) < 0, ¢ > to, then 22(¢) < 0 for
t >ty and so z'(t) tends to a non-positive constant as t — oo while z(t) goes to a

non-negative constant ¢ — oo.

So in the light of this information, we can have the following lemmas:

Lemma 2.1. For positive real numbers c and d, M™* can be a divided into the following

sub-classes according to the asymptotic behavior of solution x of (1.1) and x!:
Mg g = {z eM*: Jlim lz(t)| = ¢, Jim |zl (1) = d},

M= {x e Mt lim [a(t)] = oo, Jim [al'(t)] = d} ,

t—o00

Mf = {z e M*: lim |z(t)] = c, Jim 120 (2)| = oo} :

t—o00

ME, = {x e M*: Jim |o(t)] = oo, lim [s1)(¢)| = oo} .

Lemma 2.2. For positive real numbers ¢ and d, M~ can be divided into the following

sub-classes according to the asymptotic behavior of solution x of (1.1) and x:

My ={we M : lim o) = . Jim o)1) = d}
Mgo={we M lim|a(t)] = ¢, lm |s10(t)] =0},
M&B:{xeM‘:hm\x(ﬂ 0, lim |21(t)| = d

t—o0 t—o0 } ’
Mgy = {x € M+ Jim [2(t)] = 0, lim |+1)(t)] = o}.

In the literature, any eventually nontrivial solution x € M™ is called regularly
(weakly) increasing if at least one of limy_o |2(t)], limy_ |21 (#)] exists finitely. Oth-
erwise, it is called a strongly increasing solution. Similarly, a solution in M 5 is called

regularly (weakly) decaying while a solution in Mg, is called strongly decaying.

The following theorem gives us the existence of proper solutions of (1.1) in sub-

classes of M™ based on the integrals J; and K.

Theorem 2.3. For solutions of (1.1) in M™, we have the followings:
(a) Ji < oo and Ky < oo if and only if Mg  # 0.

(b) J1 < 00 and Ky = oo if and only if M # 0.

(c) If Bsé(l) then J; = oo and K; < oc.

(d) If J1 = K; = oo, then every solution in M™ belongs to MT,
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Proof. (a) Suppose that there exists a solution of (1.1) in Mg 5. Without loss of
generality we assume that x(t) > 0 for t > ;. Then z!!(#) is increasing for t > t;. By
[2, Theorem 3.1}, if = has a finite limit, then J; < co. So it is enough to prove that
K, < oco. Since () is increasing for t > ¢y, 2l(t) > M, where 2l'(t;) = M € R*.
This implies that

() > M= (%)é t> 4.

Integrating the last inequality from t; to ¢ yields

L1\
M« — A >
x(t) > /t1 (a(s)) s, t>1

1

(2.2) 27 () > Me /t; (ﬁ) As, t>1

by the monotonicity of 2. Taking the 3 power of both sides of (2.2) and multiplying

or

the resulting by b yield

1 B
t 1 o
()% b(t) > Mab(t / — ) A t> .
(@0 5(0) > (’[h(a(s)) S| s
From (1.1) we get
A T
M MEb(t / — ) A >t
[ZIZ’ ( )} > ( ) " CL(S) S ) — U1
Finally, integrating the last inequality from ¢; to t yields
t s 1 é B
(2.3) 2H(t) > Mgf b(s) / (—) AT| As, t>t.
t no\a(7)

Since z[Y has a finite limit, K; < oo from the above inequality.

Conversely, suppose that J; < oo and K; < co. Without loss of generality assume
that z(t) > 0 for t > ¢;. By [2, Theorem 3.1], there exists a solution z of (1.1) such
that lim,_ 2(t) = ¢, where 0 < ¢ < 0o. So it is enough to show that z["(¢) converges
to a finite number as t — oo. Since z(t) has a finite limit, there exists to > ¢; such

that 27(t) < ¢ for t > ty. Integrating equation (1.1) from ¢y to ¢ gives
t

(2.4)  2M@) = 2W(ty) + /t b(s) (27 (s))” As < 2lU(ty) + cﬁ/ b(s)As.

to to
By Lemma 1.7(b), K3 < oo. Therefore, taking the limit of both sides of (2.4) as

t — oo proves the assertion.

(b) Suppose that there exists a solution z of (1.1) in Mj . It is enough to show
that K7 = oo since we show in Theorem 2.3(a) that if there exists a bounded solution
of (1.1), then J; < co. By Lemma 1.1(b), it is enough to show that K3 = co. Without
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loss of generality, we assume that z(t) > 0 for ¢t > ¢;. Integrating equation (1) from
t, to t yields

V() = 2W(t) + /

t1

t t

b(s) (z7(s))” As < 2 (t)) + (27 (¢))° / b(s)As, t>1t.

t1
Taking the limit of both sides of the inequality above as t — oo gives us that K3 = oo.

Conversely, suppose that J; < oo and K; = oo. By Theorem 2.3(a), we have
the existence of a bounded solution z of (1.1) in M. By the estimate (2.3) and
the divergence of K, we obtain that z!* has an infinite limit. So this completes the

proof.

(c) Suppose that there exists a solution of (1.1) in M 5. By [2, Corollary 3.1],
J1 = 00. So it suffices to prove that K; < oo . The proof is very similar to the proof
of Theorem 2.3(a). So from estimate (2.3) and since !/ has a finite limit, we obtain
that K; < oo.

(d) It follows from Theorem 2.3 (a). O

In the following corollary, we obtain the necessary conditions for the non-existence
of solutions in sub-classes of M ™ based on the integrals J; and K and the proof follows
from Theorem 2.3.

Corollary 2.4. For solutions of (1.1) in M, we have the followings:
(a) If Jy = o0 or Ky = oo, then My 5 = 0.
(b) If Js = 00 or Ky < oo, then Mj = 0.
(c) If J1 < 00 or Ky = oo, then M7, 5 = 0.

We finish this section by showing the existence and non-existence of solutions

of equation (1.1) in sub-classes of M~. In order to do that we define the following

o [ () (o)’

The proofs of (b) and (d) below can be found in [3, Theorem 2.1, Theorem 2.3] and
[3, Theorem 2.4], respectively. So we only prove parts (a) and (c). We use Schauder-

integral

Tychonoff fixed point theorem in order to show some of the existence of solutions in
M-.

Theorem 2.5. For solutions of (1.1) in M~, we have the followings:
(a) Mg 5 # 0 if and only if I < 0o and Ky < oo.

(b) My # 0 if and only if K; < .

(c) If I < 00 and Ky = oo, then Mg, # 0

(d) If J» = Ky = 0o, then every solution in M~ belongs to Mg,.
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Proof. (a) Suppose that My p # (). Then for ¢ > 0 and d > 0, there exists a solution
x € M~ of (1.1) such that |z(t)| — c and |2(¢)| — d as t — oo. By [1, Theorem
4.1], we have that I < co. So it is enough to show that Ky < co. Without loss of
generality, assume that x(t) > 0 for ¢t > t;. Then integrating (2.1) from o(t) to oo

gives us

25 27(t)> /: (%) [—al(5)]* As > d* /,: (%)  As

Taking the 3 power and multiplying both sides of (2.5) by b yield us

(2.6) ()] > a2 b(t) [ / : <$) " As B

Integrating (2.6) from ¢, to t gives us

0 < —2(ty) + (d)= /t: b(s) [/:) <%) - AT

As t — oo the assertion follows.

B
As < —zlt(t).

Conversely, assume that [ < oo and Ky < 0o. Since J3 < oo by Lemma 1.7(g),
for arbitrarily given ¢ > 0 and d > 0, take ¢; > t; so large that

I (@)

Define X to be the Frechet space of all continuous functions on [¢;, 00)r endowed with

d + (2¢)° /t N b(s)As} “At<e

Q=

the topology of uniform convergence on compact sub-intervals of [t1, 00)r. Let Q be

the nonempty subset of X given by

Q={reX: c<xt) <2 t>t}

(Za)(t) = c + /t N (ﬁ)_ [d+ / N b(r)(xa(f))%trm.

Clearly € is closed, convex and bounded. One can also show that % : Q2 — Q is a

Define

continuous mapping and relatively compact. Then by the Schauder-Tychonoff fixed
point theorem, % has a fixed element = € €2 such that x = % (x), i.e.,

(2.7) 2(t) = (Fa)(t) = c+ /t N (ﬁ) [d+ / N b(f)(gf(f))ﬁm};m

So by (2.7), we have z(t) < 0 for [t;,00)r, i.e., z(t)z®(t) < 0 on [t;,00)r. Taking
the limit as t — oo proves the assertion.

(c) Suppose that I < co and Ky = co. By [1, Theorem 4.1], we have that there
1]

Q=

exists a solution z of (1.1) such that |z(¢)| — c as t — oco. So we only show that z!

has a zero limit. Since Ky = oo, by Lemma 1.7(i), J3 = 0o or K3 = co. But since
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I < oo implies that Jo < oo, we have that K3 < co by Lemma 1.7(f). Hence J; = oo.
Therefore by [3, Lemma 1.3], the proof is complete. O

The following corollary gives us the non-existence of solutions of (1) in sub-classes
of M~—.

Corollary 2.6. For solutions of (1.1) in M~, we have the following results:
(a) Mg =0 if and only if I = 00 or Ky = oo,

(b) Mgz =0 if and only if Ky = oc.

(c) Let B> . Moy =10 if I <o0 or Ky < oc.

(d) Let B> a. If Jo =00 or Ky < oo, then Mg, = 0.

Proof. (a) and (b) immediately follow from Theorem 2.5(a) and (b), respectively. The
part (c) was proved in [3, Theorem 2.2]. For part (d), non-existence of such a solution
of (1.1) can be found in [1, Theorem 4.1] and limit behavior of 2!/ can be shown with
the similar idea as in [3, Theorem 2.2(ii)]. O

3. Integral Relations

In this section, we introduce more general integrals than J; and K;, i = 1,2. The
goal is to obtain not only integral relations between these integrals but also some
preliminary results in order to investigate the co-existence of solutions in M™* and
M-~.

Let r,q € Crq ([to, 00)T, RT) and A,y > 0. Define

T t A
(3.1) Ly(r,q) = lim q(t) (/ T(S)As) At
T—0oo Jy to
and

(3.2) M,(r,q) = lim Tr(t) ( /U ' q(s)As)iAt.

T—o0 tO (t)

We can rewrite the integrals Ji, Jo, K7 and K5 by using (3.1) and (3.2) as follows:
Ji=Li1(b,A), Jo=M,(ADb), K,=LgAb), K= M%(b, A),

1
o

1
o

where A = (%) . It is clear that if

T
(3.3) lim q(t)At = oo,
T—oo to
then
L)\(Ta Q) = M’y(rv Q) = Q.

The following follows from Theorem 1.2.

Lemma 3.1. If A =~ =1, then Li(r,q) = My(r,q).
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The following lemmas show the convergence and divergence of (3.1) and (3.2) by
using A and 7.

Lemma 3.2. Let A\ =~ < 1. If M)\(r,q) = oo, then L(r,q) = cc.

Proof. Let p=+. So Ly(r,q) and M,(r,q) can be rewritten as
)

Li(rq) = lim ) < /t:r(s)As);At,

Set

Then we have

UtoT o (/U; q(S)AS)p At] - [ /tOT ( /U ; (r(t)? q(S)As)p At} :
B [/: </tOT (r(t, S))% q(s)As)pAt} ’ < /tOT o) (/:r(t, S)At) . N
= /:CI(S) (/tosr(t)ﬁt);As,

where u =1, f = re and v = q in Theorem 1.5. Taking limit as 7" — oo completes
the proof. O

Lemma 3.3. Let A=~ > 1. If L\(r,q) = oo, then My(r,q) = c©.

Proof. Suppose that Ly(r,q) = oo and A > 1. Let

0; s>t
q(t,s) :{

q(t); s<t.

Then we have

A

[/:q(t) (/t:r(s)As) At
- [ [ ([ s
_ /:r(s) (/(T) q(t)At) As

where f = q%, v =r and v = 1 in Theorem 1.5. AsT" — o0, the assertion follows. [

>
>

r(s)As) "l

;: [/ (/ o
[ ([ )

o

>|=

r(s)As)A At




NONLINEAR DYNAMIC EQUATIONS 229

Now we will obtain similar results for A # . But in order to do that we need

the following two lemmas.

Lemma 3.4. Let

T
(3.4) Qr(t) = / 4(s)As.
Ifn <1 and .
Jlgrgo t (s)As < 00
then
T QA
1, eGP =

Proof. Set v(t) = —Qr(t) and f(t) = [QT(o() . Since —Qr(t) is increasing on [t, T')t
and f € C.q(T,R) on [ty,T)r, by Theorem 1.4, we have

To-or) o [° dt . .
/ Qr(e (1)) At_/—fg;q@ms G0y o te Range(@r).

So

/: %At - /—Oftﬁq@ms (—d# = 1% {(—b)‘"‘l - ( /tOTq(s)ds)] o

As T — oo, the assertion follows, in which v(t) = —Qr(t) and f(t) = m in
Theorem 1.4. O

Lemma 3.5. Let .
Ri(t) =1 +/ r(s)As.

to

* R(t)
At < 00
/to Ri(t)

Ifn > 1, then

Proof. Set v(t) = Ry(t) and f(t) = % in Theorem 1.4. Since R;(t) is strictly

increasing on [to, T)r and f € Crq([to, T')r, R) by Theorem 1.4, we have

T RA(Y) Ly ()8 dt
At = / —————  for t € Range(Ry(t)).
/m R(t) | (B (B (1) 1
So we have
T RIA(T/) 1+ft€ r(s)As dt 1 T —n+1
At:/ — = — 1—<1+/T$AS) )
|, o= T W
As T — oo, the assertion follows. O

Lemma 3.6. Let v > \. If Ly(r,q) = oo, then M, (r,q) = oc.
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Proof. Suppose that v > A. If (3.3) holds, the assertion follows. Since Ly (r,q) = oo,

we call assulne
T T

(3.5) Cllim r(t)At = oo and Tlim q(t)At < 0.
% J — Jt
Denote
Ry(t) =1+ R(1),
where
t
(3.6) R(t) = / r(s)As.
to

Consider two cases:

(i)y>1land (i) 0<y<1

Case (i): Let t; >ty be such that R(t) > 1 for t > ¢;. Since Ly(r, q) = 0o, we have
A

[ ([rons) acz [Cao ([ roas) a

As T — o0, the right hand side goes to infinity, so does the left hand side. Then by
Lemma 3.3, we have M, (r,q) = oo. This completes Case (i).

Case (ii): By Theorem 1.2, we have
T

/ Q(t)R?(t)AtzQ(toH/ (R)1)® Qrla(t)At.

to to

By Theorems 1.2, 1.3, and 1.6, we have

/ JORNEAL = Qrlto) + / { / A[Rm+hu<t>Rf<t>]A‘1dh}Rf(t)QT<a<t>>At

to to

T

< Qrlto) + / AR (] RA0)Qr(o(1) At

to

< Qrltn) + | ' RH0Q] o) | / "R (R0 o

to

T 008 HVREOV
=Qr(to) +A| [ Ry (H)Qr(o(t))At — = At
" io [Ry(6)
Hence we have
o T oa o) e
q(t)RY ()AL < Qr(te) + A | [ Ry (£)Q7(o(t))At At
" “ w [R(O)5
Since
00 A
[T RO
to [Ra(t)]'
for % > 1, by Lemma 3.5 the assertion follows as T" — oo. O

Lemma 3.7. Let v < A. If M, (r,q) = oo, then Ly(r,q) = 0o
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Proof. 1t is clear that if (3.3) holds, there is nothing to show. So since M, (r,q) = oo,

as in the proof in Lemma 3.6, we can assume (3.5) holds.

We will consider two cases:
(i) v < 1and (ii) v > 1.
Case (i): For t; > ty, we may suppose R(t) > 1 for ¢ > t;. Since M, (r,q) = oo,
we have L,(r,q) = oo by Lemma 3.2. Hence, similar to the Case (i) in proof of
Lemma 3.6, the assertion follows.
Case (ii): By (3.4), (3.6) and Theorem 1.2, we have

[ o @iewytsr=— [ @] roar

to to

Finally, Theorems 1.3 and 1.6 yield

T . 1 (7T 1 1y
/ r(t) (Qr(o(t) " At = ;/ {/ (Qr(t) + hu(t)Q7 (1)) dh} q(t)R(t)At
t t 0
0 X OT .
< [ (@rlo))'T st R
to
T [ A =
le/qwmmm]t/——QﬂQ?N ’
7 L o (Qr(o(?)))
where £ = E;z;i)l’; <l,w=g¢q f=Rand g = (Q")l% in Theorem 1.6. Taking the
limit as T" — oo and using Lemma 3.4 complete the proof. O
4. Examples

In this section, we give two examples to highlight Theorem 2.5(b).

Example 4.1. Let T=R, a =1, f =1 a(t) = 12?:; and b(t) = 4e 2 in equation
(1.1). Then we have

T B T —2s I 1
2
lim </ A(s)ds) ~ lim (/ %ds) <(3)
T—o00 O'(t) T—o0 t 1 + e s 2

and so we obtain

T T i T T o —2s i 1
7t 2 —7t
/ b(t) </ A(S)ds) dt :/ 472 </ ‘ ds) dt < (E>4 §e e
to o(t) to t 1+ e—4s 2 7

As T — oo, we have Ky < co. One can also easily show that z(t) = e=2 is a solution
of

14+e ¥
2e—2 i

such that lim;_ .z (t) = 0 and lim;_, 21(t) = —1, i.e., Mg g # 0.

!/
’ =7t 1
sgna’| =4de |z|isgnz
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Example 4.2. Let T=Z, a=1,3<1,t > 1, a, = 3(3" + 1) and b, = 2(3"+1)7~!

in equation (1.1). Letting t = n and s = m gives us

/:MO(/U;A( ) :TZ:lQ?’nH <m§133m+1>5

Hence, we have Ky < 0o as T'— oo . One can show that xz, = 37" is a solution of

3
A {5(3" + 1)|Az,|sgn Axn} = 23" 2P sgn a4

such that lim,, .7, = 0 and lim, ., zit) = —1, i.e. , Mg g # 0.

5. Conclusions

In this section, one can obtain the co-existence and non-coexistence of solutions
of (1.1) in sub-classes of M~ and M™ in each of the cases « = 3, a > [ and o < 3.

The following integral relationships among Ji, K1, Jo and K, follow directly from
Lemmas 3.1-3.3 and 3.6-3.7.

Lemma 5.1. We have the followings:

(a) Ifa=0=1, then J1 = Ky and Jo, = K

(b) If a =B <1, then Jy = 00 = K; = oocde1 00 = Ky =
(c) Ifa=p>1, then K1 = oo:>J2:oocde2:oo:>J1:
(d) If a« > 3, then K1 = 00 = Jy =00 and J; = 0o = Ky = o0
(e) If a« < 3, then Jo = 0o = K; = 00 and Ky = 00 = J; =

In the light of Lemma 5.1, there exist eight cases:
= Jy =Ky = Ko,

i =Ky =00, Jp <0, Ki < o0,
cJi<o0, Ky <oo, Jo=K; =
J < o0, K1 < o0, Jo <00, Ky < oo,
S =Jy =Ky =00, Ki < 00,

S =Jy =K1 =00, Ky <00,
=K =Ky =00, Jy < 00,
K=Ky =Jy =00, J1 < 00.
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Note that Cases (C;), ¢ = (1)—(4) occur for any a@ > 0 and > 0 while (Cj)
occurs only for « = > 1 or a > 3, (Cg) occurs only fora = 3 > 1 or a < 3, (C7)
occurs only for « < f or a = 3 < 1 and (Cy) occurs only for a > f or a = 3 < 1.
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We now investigate the co-existence and co-nonexistence of solutions of (1.1) by
using the cases (C;), i = (1)—(8) and Theorems (2.3), (2.4), (2.5) and (2.6) in the

following theorems.

Theorem 5.2. Let a = 3. For solutions of equation (1.1) in M+ and M~, we have
the followings:

(a) If (C1) holds, then M* = M, and M~ = Mg,.

(b) If (Cy) holds, then Mg p = Mg =0 and Mg 5 = My 5 = 0.

(c) If (Cs) holds, then My  #0, Mg =M 5 =0 and Mg 5 = My, = Mg, = 0.
Therefore M~ = M, 5.

(d) If (Cy) holds, then Mf; 5 # 0, Mg o = MJ, 5 =0 and My 5 # 0, Mgy = Mg, = 0.
(e) If (Cs5) holds, then Mg p = Mg =0 and M~ = M.

f) If (Cs) holds, then M* = MZF . and Mgz = My, = Mg, = 0. Therefore,

—~

M- = My,
(g) If (C7) holds, then M+ = MY, . and My 5 = My 5 = 0.
(h) If (Cs) holds, then Mf  # 0, Mg p = M7 =0 and M~ = Mg,

Theorem 5.3. Let o > (3. For solutions of equation (1.1) in M+ and M~ , we have
the followings:
) If (C1) holds, then M* = MT, . and M~ = M.

0,00

(a

(b) If (C3) holds, then ME’B = MEOO =0 and My 5 = My 5 = 0.

(c) If (Cs) holds, then Mg  # 0, Mg 5 = M 5 =0 and My # 0, Mg 5 = 0.
(d) If (C4) holds, then ME,B + 0, Mgm = M;,B =0, and My 5z # 0.

(e) If (Cs) holds, then My p = Mg =0 and M~ = M.

(

) If (Cs)
) If (Cs) holds, then MZ, ., # 0, M 53 =0, ML 5 =0 and M~ = Mg,.

Theorem 5.4. Let o < (3. For solutions of equation (1.1) in Mt and M~ , we have
the followings:
(a) If (C1) holds, then M* = M3,  and M~ = Mgj.
(b) If (Cy) holds, then Mg = Mg =0 and Mg 5 = Mgz = 0.
(c) If (Cs) holds, then My  # 0, M;B = M7 =0 and Mgz = Mgy = Mg, =0.
Therefore M~ = M, g.
(d) If (Cy) holds, then Mf; 5 # 0, Mg o = MJ, 5 =0 and My 5 # 0, Mg, = Mg, = 0.
(e) If (Cs) holds, then M* = MF,  and Mgz = My, = Mg, = 0. Therefore,
M~ = M p.
(f) If (C7) holds, then M™ = MF . and Mg p = My 5 = 0.

Our goal for the entire paper has been to classify nonoscillatory solutions of (1.1)
depending on Jy, K, J; and K. However, we would like to indicate the following

remarks.
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Remark 5.5. When J; = oo and K; < 0o, we have to assume that
(5.1) p(t) is differentiable such that p®(t) > 0 and a°(t) > a(t) for t >t

to be able to obtain M, 5 # @, which follows from [2, Theorem 3.1] and [2, Corol-
lary 5.1]. On the other hand, in case (C2) or (C5) holds with a > 3, or (Cy) holds
with a < (3, we obtain M;B # () as well. If T = R, then (5.1) holds automatically.
So our result corresponds with the continuous case. Of course, one can obtain that

M, 5 # 0 by assuming both conditions

T t B
Jy =00, and lim b(t) (/ AU(S)AS) At < o0
to

T—o0 to

without (5.1) as in the discrete case, see [9)].

Remark 5.6. When J; < oo or K; < 0o, we have to assume that
8

(5.2) /:O TON0 (%) " Al < o0,

|
where o > 3 to be able to obtain M, = () by using [2, Theorem 3.2], Theorem 1.1,
inequality (1.7), and Lemma 1.7(b). On the other hand, if we have one of the cases
(C2), (Cs), (Cy), (Cs) and (Cs) with a > 3, then MF =0 as well. If T = R, then
(5.2) holds automatically. So our result matches with the continuous case. Of course,

one can show that M7, =) by assuming

T t B
lim b(t) (/ A”(S)As) At <oo, a>f
to to

T—o0

without (5.2) as in the discrete case, see [9)].

Another reasonable nonlinear dynamic equation is to consider
(53) [a(®)]a® ()] sgna®]® = —b(B)]a” (1] sgna” (1

as our new project because several questions arise. For example, what integral con-
ditions might we have in order to obtain the existence of nonoscillatory solutions of
(5.3)7 And what sub-classes might occur for nonoscillatory solutions of (5.3) depend-
ing on the convergence/divergence of J3 and K37 Also what oscillation criteria do we
need for (5.3)7
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