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ABSTRACT. Alpha derivatives are studied on generalized time scales T. We present a Liouville
formula for an nth order linear vector alpha-dynamic equation on a generalized time scale. A criterion
is given for a matrix function to be a-regressive. As special cases, we get Liouville’s formula for the

delta dynamic system and for the nabla dynamic system, and other examples are presented.
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1. INTRODUCTION

In this paper, we will assume that the reader is familiar with the common litera-
ture on dynamic equations on time scales (see, for example, Bohner and Peterson [3]).
We first define generalized time scales and the a-derivative as in Ahlbrandt, Bohner,
and Ridenhour [1].

Definition 1.1. A generalized time scale (T,«) is a nonempty set T C R such
that every Cauchy sequence in T converges to a point in T, except possibly Cauchy
sequences which converge to a finite infimum or supremum of T, and « is a function

mapping T into T.

Definition 1.2. A function f : T — R is alpha differentiable at a point t € T
provided there is a unique number f()(¢), the alpha derivative of f at t, with the
property that for each € > 0 there exists a neighborhood U of ¢ such that

() = f(s) = F ) (alt) = s)| < elaft) — s

for all s € U, where f* = foa.

Note that if a(t) =t and ¢ is isolated, then for any function f, we have f is not
a-differentiable at ¢, as discussed in Bohner and Peterson [3]. When ov = o and T is
closed, we have the Hilger delta derivative [4]. For a = p and a closed set T, we have
the Atici-Guseinov nabla derivative, which was introduced in Section 8.4 of Atici and

Guseinov [2].
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Definition 1.3. A scalar function p : T — R is a-regressive provided
1+ p(t)pa(t) #0 forall teT,
where 1, (t) := «(t) — t is the generalized graininess.

Definition 1.4. For two a-regressive functions p and ¢, we define circle-plus addition
via
(P Ba q)(t) = p(t) + q(t) + pa(t)p(t)q(t).

Definition 1.5. A first order linear alpha dynamic equation is of the form

Y@ =p(t)y, where p is a-regressive.

y @ =p(t)y, y(to) =1

has a unique solution, we call the unique solution the generalized exponential function
and denote it by e, (¢, ).

Note that this exponential function depends on both T and a. We now in-
troduce notation which is similar to notation used in Horn and Johnson [5]. Let
A € {1,2,...,n} be an indexed set with k elements. For an n x n matrix-valued
function A, a principal submatriz of A, denoted A()\g) is the submatrix that lies in
the rows and columns of A(t) indexed by A\z. Note that A()\;) is k X k, and there
are (Z) different k x k principal submatrices of A. The determinant of a principal
submatrix is called a principal minor of A(t). The sum of the (}) different k& x k
principal minors of A(¢) is denoted Ej(A(t)). We will usually suppress the ¢ and just
write Er(A). As shown in Horn and Johnson [5], the characteristic polynomial for
Afp),

pa(z) = det (z — A)

can be written in the form
pa(x) =2 — 2" B (A) + 2" Ey(A) + ..+ (=1)"E,(A).

Definition 1.7. We say A is a-regressive provided I + p,(t)A(t) is invertible for
teT.

For an n X n matrix-valued function X, X (A, «) is the n X n matrix obtained
from X(¢) with alpha derivatives on the rows indexed by A; and the usual entries
of X(t) on the remaining rows. Let X (A, v, j) for k < j < n denote that j € A\
and j is the largest number in A\;. Note that there are (Z) different X (A, @) and
(ij) different X (\g, v, 7). Also, let Dy(X) denote the sum of the determinants of
the X (\g, @) and Dy ;(X) denote the sum of the determinants of the X (g, o, 7).
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2. MAIN RESULTS

Lemma 2.1. Let A be an n X n matriz-valued function. A is a-regressive if and only

if the scalar function q defined by
q(t) = B1(A) + pa(t) B2(A) + po (1) Es(A) + ... + pg~ () En(A)
18 (L-Tegressive.

Proof. 1f o (t) # 0, we have

fa(t)

det [I + 1o () A(H)] = (—palt))" det [T — A(t)]

= (—pa(t))"p

b
N
=
e ||
==
S~—
~

= Cul)" | ()~ () B+ B
= 1+ 10 (1) [Br(A) + pa(D Ea(A) + k2O Es(A) + ...+ pi= (0 EalA)]
Thus,
det [I + pa(t)A(t)] = 1 4 pa(t)q(t)
where

q(t) = Er(A) + p1a(t) Eo(A) + po () Es(A) + .+ g~ (D) En(A).
Note that this formula also holds for those ¢ where u,(t) = 0. Hence,
det [I' + pa (1) A(1)] # 0
if and only if

1+ pa(t)q(t) # 0.

Thus, A(t) is an a-regressive matrix if and only if ¢(t) is a-regressive where
q(t) = E1(A) + pa(t) Eo(A) + pg (1) Es(A) + ..+ g (1) En(A).
The proof is complete. O

Lemma 2.2. Assume A is an n X n matriz-valued function which is a-regressive
and X (t) is a solution of the n X n matriz a-dynamic equation X® = A(t)X in a

generalized time scale T. Then, for an indexed set \,, C {1,2,...,n}, we have
det X (A, a) = det A(\,,) det X ().

Proof. Suppose A, = {i1,42,%3, ...,y }. Then, the (ix, j)-component of X (\,,, «) is

n

.T(a) = A;, L p5

ik, (Y 2l /N
p=1
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The (i, j)-component of X (A, @) where i & A, is x;;. Since we can add —a;,, times
the p'* row of X (A, ) for p & A, to the it" row without changing the value of the

determinant, we have the
m
(i, j) — component of X (A, @) is Z Qipiy Tigj
s=1

Do this for each i; row, 1 < j < m. Now, let C be the block diagonal matrix

L, 0 0
c= o w o
0 0 I

where I; is the j x j identity matrix and

iy 0...0 a4, 0...0 ... 0...0 Qiyi,,
0 0 0
I’ig—il—l
0 0 0
Qiyi;,  0...0  ajy, 0...0 0...0 i,
0 0 0
W= :[igf’igfl
0 0 0
0 0 0
meim_lfl
0 0 0
@iy 0...0 a;, 0...0 ... 0...0 a, i

Then, we have
det X (A, a) = det C'det X (t) = det W det X ().

We can calculate the determinant of W by expanding about the rows with 1’s along

the diagonal first. Thus, we see

am'l ai”’2 e am-m
aigil aiziz cee aiQim
det X (A, ) = det X ().
aimil aimig e aimim
Therefore, det X (A, ) = det A(\,,,) det X (¢). O

Theorem 2.3. Assume A is an n X n matriz-valued function which is a-regressive

and X (t) is a solution of the n x n matriz a-dynamic equation X(® = A(t)X in
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a generalized time scale T. Then, u(t) := det X(t) satisfies the scalar a-dynamic
equation

ul® = q(t)u
where

q(t) = Er(A) + pa(t) B2(A) + (O Es(A) + ..+ pn = () Eu(A).

Proof. By Lemma 2.1, since A(t) is a-regressive, we have ¢(t) is a-regressive. Hence,

we can consider the first order linear alpha-dynamic equation

Yy = q(t)y
with
q(t) = Br(A) + pa(t) B2(A) + () B3(A) + ..+ iy () Ea(A).
Now, if Zy, ¥, ..., &, are the row vectors of X (t), then we have
7| | 7 7
s ) 79 79
(et X(EN©@ = | & |+| @& |+ & |+...+] ..
Ty
z, Z, Z, zy

If B; is the determinant of the matrix obtained from X (¢) with Z on the first j rows

and fﬁ)l on the j + 1 row, then

(2.1) (det X (t))® = By+ By + ...+ B,_1.
Note that
o 7+ pa ()7
g Ty + pa(t) T
Bi=| # |=| &+ pa(t)@
|
7 7

In calculating this determinant, we obtain the sum of determinants of all possible

combinations of Z; and ua(t)fga) for rows ¢ = 1,2,...,j. Thus,

(2.2) Bj = D1j1(X) + pra(t) Do (X) + pi(t) Da 1 (X) + o 4 i () Dy ja (X).
Hence, by (2.1) and (2.2), we have

(2.3)  (det X (1)) = Dy(X) + pa(t) Da(X) + pa(t) D(X) + ... + (1) Du(X).

Using Lemma 2.2 and summing the determinants of the (") different X (A, ) , we

have
D, (X) = E,(A)det X(t) for me {1,2,... ,n}.
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Hence, by (2.3), we have
(det X (1)) = (By(A) + pia(t) Ba(A) + p2(t) Es(A) + ... 4 pu" () E,(A)) det X (t).

Thus for u(t) = det X (t), we have

where
q(t) = Er(A) + pa(t) Ea(A) + p (1) Es(A) + ...+ plyH (8) En(A).

The proof is complete. [

Corollary 2.4. Assume the initial value problem
(24) v =q(t)y, ylto) =1
has a unique solution, where

q(t) =M @a A2 B ... Ba A

and {\; 1 1 <1< n} are the eigenvalues of A(t). Suppose X (t) is a solution of the

matrix a-dynamic equation
X = AX
where A is a-regressive. Then, X satisfies Liouville’s formula.
det X (t) = e,(t, to) det X (to)
where
q(t) = )\1 @a )\2 @a e @a /\n
Proof. First, a simple induction argument shows that

M Ba A2 Ba - Ba Ay = S1(A1, Az, oo, A) + () S2( A1, Aoy oo, A)

+...+ /Jjgil(t)sn()\l, )\2, ceey >\n>

where Sy, is the elementary symmetric function, as defined in Horn and Johnson [5].

Also, from [5], we have
Er(A) = Su(As Ags s An).
Hence,
Er(A) + pa(t) E2(A) + pa () Es(A) + ..+ i () Eu(A)
= A @a A2 Do - - - Do An,

and thus using the above theorem, Liouville’s formula holds. O
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Remark 2.5. When p,(t) = 0, then
M BaABa . Ba A=A+ X+ ...+ A, = tr(A(2)).

This formula agrees with Liouville’s formula for differential equations, which states if
X' = A(t)X, then

det X (t) = exp { / t tr(A(T))dT} det X (to).

to
Remark 2.6. If « = o, T is a closed set, and f is rd-continuous and regressive,
then the IVP (4) has a unique solution. Also, if & = p, T is a closed set, and f is
ld-continuous and regressive, then the IVP (4) has a unique solution. There are many

other examples in which (4) has a unique solution.

Example 2.7. For a closed generalized time scale T with «(t) = o(t), we have
ta(t) = p(t) and the alpha derivative is the Hilger delta derivative [4]. Here, we
require I + p(t)A(t) to be invertible and A(t) to be rd-continuous. Now, we see

Er(A) + i) Ba(A) + p2(0)By(A) + ... + 5" (1) Bu(A)

is also rd-continuous and from Lemma 2.1 is regressive. Hence, for X (), a solution
of

X2 = A(t)X,

we have from Corollary 2.4 that

det X (t) = ey(t, to) det X (o)

where

qt) =M B D...D\,.
Example 2.8. For a closed generalized time scale T with a(t) = p(t), we have
ta(t) = —v(t) and the alpha derivative is the Atici-Guseinov nabla derivative [2].

Here, we require I — v(t)A(t) to be invertible and A(t) to be ld-continuous. Hence,

we have
Ey(A) — v(t)Ex(A) + (1) Es(A) + ... + (=1)" " (1) EL (A)
is 1d-continuous and from Lemma 2.1 is regressive. Thus, for X (¢), as solution of
XV = A(t)X,
we have from Corollary 2.4 that
det X (t) = e,(t, to) det X (t)

where

Q(t) =MD, D, ... D, Ay
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Example 2.9. Fix a point ¢y € T, where T is a generalized time scale. Let
D = {oz”(to)|n € No},
where
a’(t)) =ty and a"=aoaowao...oq, n times.

Assume that all points in D are isolated and «(t) # t for all ¢t € D. Then, for ¢, an

a-regressive scalar function, the IVP

Y@ =q(t)y, y(to) =1
can be written
ye(t) —y(t)

L (1) =q)y(t), ylt)) =1.

Hence,
y*(t) = (L+q()palt))y(t), forte D.
[terating, the above expression with y(¢y) = 1, we have

n—1

eq(a(to), to) = JT[1 + a(a® (o)) ol (to))].

Note the this exponential is only defined on D. Thus, for X(¢), a solution of

X = At)X,
where A(t) is an a-regressive matrix-valued function, we have
n—1
det X (" (to)) = [ [[1 + a(* (to)) ta (@ (to))] det X (t5)  for n € NU {0},
s=0

where
q(t) = M Ba X2 Ba ... B A
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