
Problems #10, Math 325, Dr. M. Bohner. Nov 11, 98. Due Nov 18, 11:30 am.

64. Consider the series
∞∑
n=0

(−1)nx2n.

(a) For which x ∈ IR does the series converge pointwise?

(b) Does the series converge uniformly on [−1, 1]?

(c) Does the series converge in the L2 sense on [−1, 1]?

65. Let φ(x) = −1− x if x ∈ [−1, 0) and φ(x) = 1− x if x ∈ (0, 1] and φ(0) = 0.

(a) Find the full Fourier series of φ in the interval (−1, 1).

(b) Graph the first five partial sums of the Fourier series (use a computer if you like).

(c) Does the Fourier series converge in the mean square sense?

(d) Does the Fourier series converge pointwise?

(e) Does the Fourier series converge uniformly?

66. Let f be 2π-periodic on IR and assume
∫ π
−π |f(x)|2dx <∞. Show that both

∫ π
−π f(x) cos(nx)dx

and
∫ π
−π f(x) sin(nx)dx converge to zero as n tends to infinity.

67. Find
n∑
k=1

sin(kθ).

68. For |a| < 1, find

(a)
∞∑
n=0

an cos(nθ);

(b)
∞∑
n=1

an sin(nθ).

69. Let en(x) = 1√
2π

einx, where x ∈ (−π, π). Let f be continuous and 2π-periodic on IR. Define

fm =
m∑

n=−m
(f, en)en and Fm = 1

m+1

m∑
k=0

fk.

(a) Establish the formula Fm(y) = 1
2π

∫ π
−π f(x)Km(y−x)dx, where Km(θ) = 1

m+1

m∑
k=0

k∑
n=−k

einθ

is the so-called Fejér kernel.

(b) Show that Km(θ) = 1
m+1

sin2 (m+1)θ
2

sin2 θ
2

if θ 6= 2πn for some n ∈ ZZ.

(c) Establish the formula Fm(y)− f(y) = 1
2π

∫ y+π
y−π [f(x)− f(y)]Km(y − x)dx.

(d) Draw the graph of Km (use a computer if you like) for m ∈ {2, 5, 8}.

70. Consider the problem ut = kuxx, 0 < x < l, u(x, 0) = φ(x) with the boundary conditions

ux(0, t) = ux(l, t) = u(l,t)−u(0,t)
l

.

(a) Assume that there are no negative eigenvalues and solve the problem.

(b) Assume that limits can be taken term by term and find A, B with lim
t→∞

u(x, t) = A+Bx.


