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Abstract

We consider Sturm-Liouville eigenvalue problems of second order with arbitrary
separated boundary conditions and perform a suitable discretization of them. The
obtained discrete Sturm-Liouville eigenvalue problems are examined and the asymp-
totic behavior of their eigenvalues as the norm of the partition tends to zero is
investigated.
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1. Introduction and Main Result

Let be given ¢,7 € R with r > 0 and «, 3,7,6 € R with (a? + 5%)(7* + §2) # 0.
Then we consider the Sturm-Liouville eigenvalue problem

i+ (g+ M)y =0on [0,1],
(SL) { ay(0) + By(0) = yy(1) + 65(1) = 0,

i.e., we deal with an autonomous Sturm-Liouville equation of second order and with
separated boundary conditions. As is very well known (see e.g. [3, Chapter 0]),
the problem (SL) has only real, simple, and isolated eigenvalues; moreover, there
exists a smallest eigenvalue and the number of eigenvalues is countable infinite so
that the eigenvalues may be arranged as

M <A< <., ..

In Section 2 of this paper we will pick N € IN'\ {1} and partition the interval
[0,1] into N +1 equal pieces to obtain via an appropriate discretization the discrete
Sturm-Liouville eigenvalue problem
{ A?yy + e yess = 0 on [0, N] N Z,

(SLEY) (M) Ay — (M) Ao —
ayo + B\ Aye = yyn + 0 Ayny =0,

where Ayy = yp11—yx as usual and where V) = B(N+1) and 6V = y+6(N+1).
Again it is well-known (see e.g. [2, Chapter 7]) that each of the discrete problems
(SL™) has only real, simple, and finitely many eigenvalues that may be arranged

as
A <A <AV <<,

Now our main result reads as follows.

Theorem : lim AY) = )\, holds for all m € IN.

N—o

(In the formulation of the above result we of course make some convention like
AN =0 for all m > my.)
The proof of our main result will be performed in Section 4 via an application of
a theorem of Hurwitz. In order to apply this theorem it is necessary to see that the
eigenvalues of (SL) are exactly the zeros of some function A, that the eigenvalues
of (SLM) are exactly the zeros of some function AY) and that
lim AM()\) = A(N)

N—oxo

holds normally in C. We determine and explicitly give A®Y) and A in Section 3.



2. Discretization

Let us in this section discretize problem (SL) in order to arrive at problems (SL®M).
By Taylor’s Theorem we have for appropriate y and with A > 0

{y(t+h) = y(t) +yth+§(t) +?/(t) + o(h?),
y(t —h) = y@) —g)h+y(t )—— ()% + o(h?),
and hence

{ y(t) = 5 {y(t+h) —y(t)} + o(h)

_1
~h

i(t) = gz {yt+h) = 2y(t) +

Now we pick N € IN\ {1}, put h =

k
tk:kh:m and  y,=y(ty), 0<k<N+1.

Thus tk + h= tk+1, tk —h= tk—l;

{y(@) —y(t — h)} + o(h),
y(t — h)} + o(h).

N—|—1’

% {y(tr + h) — 2y(ts) + y(t — h)} = (N + 1) A%y,

At B) = y(t)} = (N + 1Ay, and 3 {y(8) = y(te = B} = (N + 1) Ays .

Let us thus write (N+1)?A%y;,_, for §j(t;), and for y(¢;) we may write (N+1)Ayy, or
(N+1)Ay,_1. Hence, instead of §+ (¢+Ar)y = 0 we will consider the discretization
(N +1)2A%—1 + (g+ M)y = 0; ay(0) + By(0) becomes ay(to) + B(N +1)Ay(to),
and yy(1) + dy(1) will be replaced by

YY(tns1) + (N + 1)Ay(ty) = yyn + {7y + (N + 1)} Ayn.

This is how problem (SL()) arises as a discretization of problem (SL).

3. Characterization of Eigenvalues

Let us define, for each A € C, y(¢, ) to be the (unique) solution of the initial value
problem

(1) g+ (@+A)y=0, y(0)=05, 9(0)=—a,

while we want, again for each A € C, y,(CN)(/\) to be the (again unique) solution of
the initial value problem

g+ Ar Q

2 AQ + = O; = ) A = - :




Define functions

A =991, A) +65(1,2)  and AN = {0 (A) + 6D Ay ().
Now we can characterize the eigenvalues as follows.
Lemma 1. ) is an eigenvalue of (SL) [(SL™)] iff A(A) =0 [A®)()) = 0].

Proof. The first statement is a consequence of e.g. [3, Proposition 2.2.1], while
the other statement is a special case of [1, Corollary 1]. |

Of course we are now interested in how A and A®) look. To see this, we need
to solve the initial value problems (1) and (2).

Lemma 2. For all A €C

sin(t q+ /\r)
3 t,A) = Bcos(tr/q+ Ir) —o——————~
(3) y(t, \) = Beos(ty/q + Ar) —
—(g+Ar)(1— _atAr )— 2q+>\r1
and, with = uy(A) =1+ \/ ]\;1:_1\;+1)2 v+ ),
1 u ppt — b
. s ) L+p Al u’“) (N+1)(u 1)

where we always mean the principal value of the square root, and where (3) at —1

and (4) at —% and M%l)zfq are considered to be the corresponding limits.
Proof. Let y(t,\) and y,(cN)(/\) be defined as in (3) and (4). Then we have

(5) y(t, A) = =B/ q + Arsin(t\/q + Ar) — acos(ty/q + Ar).

Hence y(t, ) solves 4 + (¢ + Ar)y = 0 and has y(0,\) = § and y(0,\) = —
Next, we note that

1 uw—1 q+ Ar
k_  k _ 12 = _ A
hold. Therefore we have
ko 1
1 1 HI” + oF
AyM () = —— — (- =) —a———2
(6 V) = 7 § Bl = D = =) — ot
and hence
2, (N) _ 1 20,k 1 p—1 k 1
A0 = Bl D+ ) - et - )
_ C]+)\T‘ (N)
- (N+1)2ylc+l( )
Of course we also have y(N (A) =B and Ay(()N)()\) = — 57 so that the proof of our

auxiliary result is complete. |



4. Asymptotics

Formulas (3), (4), (5), and (6) now yield the following representations for A and
A We have for all A €C

(7) AN = {8y — ad} cos \/q-l-)\r—{ow-l—ﬂ&(q—l-)\r)}L g+ Ar

N EDY:

ing & ()
and, by pucing 09 = 1+ 5= 52
1 ~
_O"Y(,U,UN - uLN) +ﬁ5~(N)(q+ )‘T)(,UN _ ILLN)
(N+1)(p—1) .

Now we have

normally in C, i.e., uniformly on compact subsets of C, as N — oo. We hence in
view of (7) and (8) have the following crucial result.

Lemma 3. lim AM(X\) = A()) holds normally in C.
—00
Let us at this time recall the following well-known result of Hurwitz.

Lemma 4. Let AN be a sequence of analytic functions that converges normally
in C to a function A # 0. Then, for any domain D C C such that the boundary of
D does not contain a zero of A, it is possible to find a number M = M (D) € IN
such that for N > M each of the function A®Y) has inside D the same number of
zeros as A has inside D.

Since the eigenvalues of (SL) and (SL™Y) are all real and isolated, Lemma 1
yields that the zeros of A and of AY) are all real and isolated too. In a final result
we will now show that the zeros of A and of AY) are all simple. Of course this
together with the above result of Hurwitz then easily yields our main result, the
Theorem from Section 1.

Lemma 5. The zeros of A and of A®Y) are all simple.
Proof. For A\, € C and t € [0,1] and k € [0, N] N Z, respectively, it is easy to
check the formulas

s &N ) =yt wa Ny = A= uby(t, Ny(t, ),
Ay 02y () - sV wayP N} = =m0 ).



However, integrating and summing, respectively, dividing by A— u # 0, and letting
4 tend to A, yields

v(t,\) = y(t, )\)d)\y(t A) —y(t, )\)dAy(t A) =

ft (T, )\} dr,
{000 = A - WK = 3 W)

Therefore, since we don’t have y(r,A) = 0 or y,(cN)(/\) = 0 (observe N > 2),
v(1,A) # 0 and UEVN) (A) # 0 hold. Next, we have

{ y(l,)\)%]\()\) _A()‘)dd_)\y(lv)‘) = 7”(17/\)7
AN Zy(1,0) —y(1, LA\ = 1A

Ayl WA ) = AN ZAGT () = oy’ (),
FAM) = {5V + 1)+ o ().

These last four formulas make A(X) = SA(X) = 0 and AV () = LAM(X) =0
impossible so that A and A®Y) can not have double zeros. |
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