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Periodic solution

1. Autonomous Beverton—Holt model

The autonomous Beverton—Holt difference equation is given by [2]

Kz,

- 1
K—l—(p—l)zn’ TLENO, ()

Zn+1 =
where g > 1 and K > 0 for all n € Ny. The constant K represents the carrying capacity, and g > 1 is the
inherent growth rate [7]. The equilibrium point is Z = K, which is globally asymptotically stable. Beverton
and Holt introduced their population model in the context of fisheries in 1957, and it still attracts interest
in various fields such as biology, economy and social sciences, see [1,2,9,12].

In order to include seasonally changing environments, the periodically forced Beverton-Holt equation
was introduced as

Zn+1 = K , ne N(), (2)

nt(p—1)z,

where the positive carrying capacity K is now assumed to be w-periodic for some w € N, i.e., K, 4+, = K,
for all n € Ny.
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In 2002, Cushing and Henson [8] proposed the following two conjectures for (2).

Theorem 1. Equation (2) has a unique positive w-periodic solution which is globally asymptotically stable
on Np.

Theorem 2. The average of the unique w-periodic solution Z of (2) is strictly less than the average of the
periodic carrying capacity, i.e.,

%ZE”<£ZK’” ()

Biologically, Theorem 2 means that the introduction of a periodic environment is deleterious to the
population.

In 2004, Koci¢ [10] proved the Cushing-Henson conjectures for a more general case of (2) with the
assumption that K is bounded. In 2005, Kon [11] proved the second conjecture for

K(n)

z(n+1)z(n)g< ) n € N,

where 2(0) = 29 and g : Rt — R™ is continuous and satisfies the conditions

i) g(1) =1,
ii) g(z) > 1 for all z € (0,1) and g(z) < 1 for all z € (1, c0),
iii) K4y = K, > 0 for some w € N and all n € Ny.

In [6], the authors proved the conjectures for a periodic time scales setting, and in [3], the quantum calculus
case was presented. In [5], the authors considered the periodically forced Beverton—Holt equation with
periodic growth rate. This describes a population with seasonal changing life cycles and reads as

/J'nKnZn

Zn+1 = , neE NOa (4)

where both the growth rate u > 1 and the carrying capacity K > 0 are assumed to be w-periodic. The
authors provided a proof for the existence and uniqueness of an w-periodic solution of (4) that is globally
attractive. They also provided a counterexample for the classical second Cushing—Henson conjecture, which
biologically means that a periodic environment can be beneficial for a population with seasonal life cycles.

2. A higher-order Beverton—Holt model

In this paper, we discuss the Beverton—-Holt equation of order k € N with periodic coefficients given by

It = I a , n € Ny, (5)

n + (Mn - l)zn

where 4 > 1 and K > 0 are w-periodic functions with w > k, and the initial conditions are

T
zo = (20,215, 2k-1)", 2 >0.
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Remark 3. We notice that (5) is not equivalent to

/J/nKnZn—k:
Ky + (pn — ) zn—

Zn =

unless w = k.

Using the change of variable a = “T_l and the substitution © = 1/z, we transform (5) into the linear
recurrence relation

820

Untk = (1 — ap)uy + o (6)
Since p > 1, we have a € (0,1). We now apply the identity
LN
Un+k = Z ( )A]un
=0 M
to see that (6) is the same as the linear difference equation
AN «a
—\J Ky
7=0
ie.,
k ) o,
( ,)A]un + Qply = —.
— \J Ky
Jj=1
We introduce y = (y1,%2,...,yx)’, where
yi(n) = A"y, forall i€ {1,2,...,k} and n €N,
The components of y satisfy the relation
Ay;(n) =yir1(n) for ie{1,2,...,k—1},
=1 o
Age(n) = A¥up = —anpn =3 ( .)ym(n) o
=\ n
In vector notation, we arrive at the system
Ay(n) = A(n)y(n) +9g(n), y(0) =yo, (8)
where A(n) is the k x k matrix of the form
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
A(n) = ; (9)
0 0 0 0 1
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and
0 u
0
0 A’U,O
gn)=1 : with initial conditions 1y, = .
0 :
oy Ak—luO
Ky

Before we give the solution of (9), let us first study the matrix A(n) in detail.
Lemma 4. For each n € Ny, the matriz A(n) is invertible, and
det(A(n)) = (=1)*a,.

Proof. To see the statement, recall a(n) € (0,1) for all n € Ny. By using a cofactor expansion across the
first column, we obtain

det A(n) = (=1)*(=a,)det I, = (=1)Fa, #0,
where [ is the identity matrix with the indicated dimension. 0O
Lemma 5. A(n) has k distinct eigenvalues, the only real ones being
1+ ¥1—a, ifkisodd

and

—1-¥Y1—0a, and -1+ Y1 -0, ifk is even.
Moreover,

det(\[, — A(n)) = (1+ N +a, — 1. (10)

Proof. The matrix Al — A is of the form

A =1 0 0 0 0 0
0 A —1 0 0 0 0
O 0 0 0 .. 0 A 4
Qn (lf) (g) (g) e (kﬁ?)) (kﬁ2) (kﬁl) +A

Using k — 1 row operations, we obtain the corresponding echelon form

A -1 0 O ... 00 0
0O N -1 0 0 0 0
0 0 0 0 ...0 A -1
0 0 0 0 ... 0 0 pn)
where
k—2 k
k (5)

oy i
p(n) = (k _ 1) TA+ \e—1 + Z Ae—(G+1)
i=1
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Hence

k=1 (k
_ k-1 n (;)
det(A — A(n)) = A <)\ + T + E /\k—(i+1)>
i=1

LA LA
:O‘“Z(z’)A :a”_HZ(i)A
=1 i=0
=a, —1+(1+ N
Thus, the eigenvalues of A(n) are the solutions of
k
1+XN"=1-ap,
and recalling that «,, € (0,1) yields the result. O
Corollary 6. The matriz I, + A(n) is invertible for all n € Ny.
Proof. Since, by (10) with A = —1,
det(—I — A(n)) =a, —1#0,
I, + A(n) is invertible. O
Lemma 7. If we put e; = (1,0,...0)7, ex(0,...0,1)T € R*, then

1
A1 =——e;.
(n)eg anel

Proof. Note that A=!(n)ey is the kth column of A=!(n). By Cramer’s rule, we have

1

A (n)ep = det A

(C1,Cra, -, Cri) ™,

where C; = (—1)+Ay;(n) and Ay;(n) is the determinant of A(n) when the kth row and the ith column are
removed. By the construction of A, we see that Cy; = 0 for ¢ > 1 and Cy; = (_1)k+1 det [, = (—1)’”‘1.
By Lemma 4, det A(n) = (—1)*a,,, and this yields the result. O

Definition 8. For any matrix sequence B such that I+ B(n) is invertible for all n € Ny, we define the matriz
exponential

eg(n,m) = 1:[ (I+B(i))=I+Bn-1)I+B(n-2))---(IL+ B(m))
if n >m, eg(n,n) = I, and eg(n,m) = ez (m,n) if n < m.

The following result will be useful.

Lemma 9 (See [}, Theorem 5.23]). If B is a matriz sequence such that I + B(n) is invertible for all n € Ny
and if a,b,n € Ny with a < b, then
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ZeB(n,i +1)B; = eg(n,a) —ep(n,b)

and

b—1
> ep(n,i)By = ep(b,i) — ep(a,i).

We will also frequently use the following result.

Lemma 10. If B is a matriz sequence such that I+ B(n) is invertible for alln € Ng and such that B(n+w) =
B(n) for some w € N, then

eg(n+w,m+w) =ep(n,m) forall m,n € Ny. (11)
Proof. If n > m, then
n+w—1 n—1
ep(n+w,m+w) = H (I+ B HI+B w))
1=m-4w i=m
n—1
= H(I+ B(i)) = eg(n,m).

Next, we have eg(n + w,n +w) =1 =epg(n,n). If m > n, then
ep(n +w,m+w) =ep'(m+w,n+w)=egz'(m,n) =ep(n,m).
The proof is complete. O
The next result follows immediately from Definition 8.

Lemma 11. If B is a constant matriz such that I + B is invertible, then
n+j—1 ‘
eg(n+j,n)= H (I+B)=({I+ B) =eg(m+j,m)=ep(j,0)

1=n

for all m,n,j € Ny.

We recall that A defined by (9) is such that I}, + A(n) is invertible for all n € Ny (see Corollary 6), and
therefore e 4 is well defined (see Definition 8). In the remainder of this section, we now study the function e 4.
Here and in the sequel, by convention, any “empty” sum is zero and any “empty” product is one, i.e.,

b b
inzo and chizl if a>b.
Lemma 12. For

m=sk+t with 0<t<k and s€ Ny,

we have
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efes(n+m,n) =b"(n,m) forall n €Ny,

where ey is as in Lemma 7 and b= (by, by, ..., by)T € R with

t s—1 . .
b;(n,m) = (j_l) IIi=0 (1 — Cikgnye) if 1<j<t+1
0 if j>t+1.

Proof. We prove the statement by induction on m. For m =1, i.e., s =0, t = 1, we have

elea(n+1,n)

1 1 0 0 0
0 1 1 0 0
=(1, 0, 0, 0) . :
—on = (3) 0 —(L) 1-GL)
= (17 17 07 707 O) = CT7

where

1 . .
¢ — (j_l) if 1<5<2
0 if j>2.

Therefore ¢ = b(n, 1), and the statement holds for m = 1. Assume the statement is true for m € N. First
note that

efesn+m+1,n)=elesn+1+m,n+1)es(n+1,n).

We consider two cases: m + 1 (mod k) # 0 and m + 1 (mod k) = 0.
Case 1: Assume m + 1 (mod k) # 0, i.e., t + 1 < k. We have

efes(n+m+1,n) =b"(n+1,mes(n+1,n)

= (by, ... b1 0 ... ,0)

a0 () () 1 ()

= (b1, bi+ba, by4bs, ... be+biy1, by, 0, ... ,0,)=c",
where
bi(n+1,m) if j=1
cj =1 bj—1(n+1,m)+bj(n+1,m) if 2<j<t+2
0 if j>t+2.

Note that
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bj—i(n+1,m)+bj(n+1,m)

s—1 s—1
t t
= (j _ 2) (1- aik+(n+1)+t) + (j _ 1) | I (1- CVi/c+(n+1)+t)

=0 =0

—

[Jam])

t+1
( 7 1) (1 = Qikpnt(t41))-
J i=0

Therefore, ¢ = b(n,m + 1).
Case 2: Assume m + 1 (mod k) =0, i.e., t + 1 = k. We have

elesn+m+1,n)=b"(n+1,mea(n+1,n)

1 1 0o ... 0 0
0 1 1 0 0
= (b1, ... ,bx) : : : : : :
—an —(1) 00 =(E) 1-(E)
(b1 —anbe, biba = (Dbe b+ b= (F)b)
=cr
where
Cc1 = b1 — anbk
s—1 kE—1 s—1
= H (1- azk+(n+1)+t) Qn (k . 1) H(l - aik+(n+1)+t)
— i=0
= <H ]- - azk+n+k)> (1 - an)
= <H ]- — Qljk4n ) (]- - an) = H(]- - aikJrn)
=1 i=0
and, for j > 1,

k
Cj ij71+bj— <j—1>bk

E_1 s—1 E_1 s—1
= j—2 H(1 = Qi (n+1)4t) T | 1 H(1 = Qi (nt1)+t)

J

i=0 =0
B\ (k—1\5
EACEEY AV || (ST
i=0
k s—1 k s—1
= ( _ 1) H(l — Qi (nt1)+t) — < B 1) H(l = Qikt (n+1)+t)
J 1=0 J i=0
=0

This is equivalent to the entries in b. The proof is complete. O

The following corollary follows from the proof of Lemma 12.
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Corollary 13. We have eTea(n + sk,n) = [[;20 (1 — anrin)er.
3. Periodic solutions

Now we return to (8). Under our conditions, the solution of (8) is given in [4] by

n—1

y(n) = ea(n,0)yo + > _ ealn,i+ 1)g(i). (12)
1=0

Theorem 14 (Ezistence and Uniqueness). If a and K are w-periodic and I, — es(n + w,n) is invertible for
all n € Ny, then (5) has a unique w-periodic solution that is globally attracting all positive solutions.

Proof. Assume (5) has an w-periodic solution Z with Z; > 0. Then z, > 0 for all n € Ng and w = 1/Z
is a positive w-periodic solution of (6). Then ¥ = (u, A, A%, ..., A¥~1%) is an w-periodic solution of (8).
Hence, using (12), we obtain

n4+w—1
4(n) =g(n+w) = ealn+w,00go + Y ealn+w,i+1)g(i)
=0
n—1
= 6A<n +w, n)eA(n7 0)@0 + Z €A<7’l +w, n)eA(n, i+ 1)9(2)
i=0
n+w-—1
+ Y ealn+wnlea(n,i+g(i)
n+w—1
=es(n+w,n)y(n)+ea(n+w,n) Z ea(n,i+1)g(q).
Thus,
ntw—1
y(n) = [I —ealn+w,n)] ' ealn+w,n) Z ea(n,i+1)g(4).

Using the identity
(e = X)X = (XML - X)) = (X = 1),
where X is any invertible matrix, and putting
An = lealn,n+w) — I,

we have
n+w—1
Yn) =An > ealn,i+1)g(i). (13)

i=n

Thus, %, = el y(n) and z,, = 1/1, for all n € Ny.
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Conversely, define g by (13) and put %, = e y(n). Then

n+2w—1
gn+w)=Atw Z ea(n+w,i+1)g(i)

1=n—+w
n+w-—1
=A, ean+w,i+1+w)g(i+w)
i=n
n+w-—1

= A, Z ea(n,i+1)g(i) =y(n)

and
nt+k+w—1
Yn+k) =AY, ealn+ki+1)g(i)
i=n—+k
ntw—1 n+k+w—1
=AMk Y ealn+ki+)g(i)+Ansr > ealn+ki+1)g(i)
i=n 1=n—+w
n+k—1
—Apik Y ealn+ki+1)g(i)
= Apirea(n + k,n)A, g(n)
n+k—1
+ Atk Z lea(n+Fk,i+1+w)—ea(n+k,i+1)]g(i)
= Apyrlea(n+k,n+w)—ea(n+k,n)y(n)
n+k—1
Ak D lealn+k i+ 14+w) —ea(n+ki+1)g(i)
=Apirleain+kn+k+wlean+k+wn+w)—ealn+k,n)yn)
n+k—1
+ Atk Z [ean+kn+k+wesn+k+w,it+l+w)

—ea(n+k,i+1)]g(i)

n+k—1

= AnJrkA;LikeA(n + kv n)g(n) + An+k E A;_}_keA(n + ka i+ 1)9(1)
n+k—1

=ealn+kn)gn)+ Y ealn+ki+1)g(i).

Then, using Lemma 12, we have
n+k—1
Unik =€ Yn+k) =elealn+kn)yn)+el Y ealn+k,i+1)g(i)

n+k—1

=6 k)gn) + Y Trelealtn+ kit e

i=n
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=(1—ay,) un+2§?+n LeTes(n+k,i+n)ep
1+n—1

=(1-—ap) un—l—ZaHn Yo7 (n+i k —i)ep
i=1 z+n 1

_ a
Thus, @ is an w-periodic solution of (6), and so Z = 1/ is an w-periodic solution of (5).

Tt is left to show that the solution Z is globally asymptotically stable. Let w = 1/Z. Let z be any positive
solution of (5) and put u = 1/z. We will show that it is enough to prove

Up —TUp, —» 0 as n— oo. (14)
Assume (14) holds. Note that
[Un| > min |ﬂl| =m>0 forall ne&Nj.
0<i<w

Let € > 0. Because of (14), there exists N € N such that

2

[ty — Up| < min{—gT; ,%} for all n > N.

Since

_ _ m
ie.,

|un| > % forall n> N,
we get

1 1 — U

|Zn_2n| =l | = ‘Un ,un| |u:Ln un| <e€

for all n > N, ie., z, —Z, — 0 as n — oco. In summary, it is enough to prove (14). Let now n = sk + ¢ for
0 <t < k. Then, using Lemma 12, we have
[un —n| = €T y(n) — e7G(n)]2 = [lef ea(n, 0)(y(0) — H(0))||2
< llet ea(n, 0)|l2[ly(0) — H(0)]2
= lletea(n, t)ea(t, 0)]2lly(0) — (0)]>
< llef ea(sk +t.)2llea(t, 0)[2[ly(0) — H(O)]>

(1:[(1 - aik+t)> e

=0

lea(, 0)[l2lly(0) = Z(0)l2

2

s—1

= [Tt = anso)lea(t, 0)ll2)ly(0) = (0)[l2 — 0

i=0
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as n — 0o, i.e., s = 00, since |lea(t,0)||2 < maxo<i<w—1 |lea(i,0)]|2 and ||y(0) — F(0)||2 are bounded, and
a; € (0,1) for all « € Ny implies, together with the w-periodicity of a, that

(w—1)m w—1 m
H (1—ay)= (H(l—oq)) —0 as m — oo.

=0 £=0

This completes the proof. O

Remark 15. The second-order Beverton—Holt equation, i.e., (5) with k = 2, is a discrete analogue of the
second-order nonlinear differential equation

2y =22 ( — 2) + a(t)2? (1 - ﬁ) . (15)

Note that Theorem 14 provides a method to solve (15), since the transformation v = 1/z yields the
second-order linear differential equation

a(t)

' +2u + a(t)u = K@)

which can be solved using the matrix approach discussed in the proof of Theorem 14. The third-order
Beverton—Holt equation, i.e., (5) with k = 3, is a discrete analogue of the third-order nonlinear differential
equation

2= 3222 + ) +6(2) (2~ 2) + 6222 4 at)? (1 - —Kz(t)>

and can be, by applying the transformation u = 1/z, transformed into the third-order linear differential
equation

" +3u" + 3w + a(t)u = ——+.

Remark 16. It is interesting is to note that the average of the periodic solution of the higher-order Beverton—
Holt model is not necessarily less than the average of the periodic solution of the classical Beverton—Holt
model. To see this, take for example o = 0.5 constant, w = 4, and

Ko=20, K;=30, Ky=40, Kj=25.
Then the periodic solution in the classical case (k = 1) is
xo = 27.95, x1 =23.31, =x9=26.69, x3=31.69,

which gives an average of i Z?:o x; = 27.31, while the periodic solution for the second-order Beverton—Holt
equation is

2P =30.00, 2\ =2647, 2P =24.00, 2 =2812,

(2)

with an average of % Z?:o x,”’ = 27.1475. However, if we change the values slightly to

Ko=20, K;=10, K,=30, Kj5=25,
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then we have

xo=2132, =z =20.64, xz9=1347, =z3 =18.59,

2P =2571, 2P=16.67, 2{Y =2250, 2 =12.50

with

3 3

1 1
72 @i =1850<19.34= 3l

=0 =0

It thus depends on K whether or not a delay is beneficial for the population.
4. Constant growth rate

The classical second Cushing—Henson conjecture was formulated for the case k = 1 with constant growth
and periodic carrying capacity. It says that the average of the periodic solution is less than the average of the
carrying capacity, which biologically means that the introduction of a periodic environment is deleterious
for the population. In this section, we will show that this is still true if we consider the higher-order
Beverton—Holt equation discussed in this paper.

Theorem 17 (Second Cushing—Henson Conjecture). If the growth rate is constant and K is w-periodic but
not constant, then the unique w-periodic solution Z of (5) satisfies the second Cushing—Henson conjecture,
i.e.,

1 w—1 1 w—1
— Zi < — K;. 16

Equality holds if and only if K is constant.

Proof. We recall that z = 1/u. We also recall that the w-periodic solution ¥ is given by

n+w—1

y(n) = A, Z eA(n’i + 1)9(1)7

i=n

with (see Lemma 11)
A =lea(n,n+w) — L] " =[ea(0,w) — I] " =: A.

Note first (use Lemma 11, Lemma 4, Lemma 9, and Cramer’s rule)

nt+w-—1 n+w—1
el'A Z ea(n,i+1)e, =elA ( Z ea(n,i+ 1)A> A le,

=elA(ea(n,n) —ea(n,n+w)) A ley,
= e{/\ (Ik — 6,4(0,&))) A_lek
—elAA 1A e,

(_1)k+1 1

T 4—1
—adven =T T
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Now we apply the Jensen inequality to arrive at

w—1 — 1 w—1 1
En — n+w— . .
S i S
o = OZ"+“ ! = 1TAeA(n,i+1)ek

- lwﬂ Z:L_t:)_l el Nea(n,i+1)eK;

2
e ( TAYEES leA(n,i—kl)AA*lek)

w—1n+w—1

=« Z Z elAey(n,i+1)e K;
n=0 i=n
_ 2w—2
{Z elAZeAnz+1ek+ZKelTA Z ni+1)ek}

= n=i+1—w

w—1
=a {Z KieT AT, —ea(0,i+1)] A ey,
i=0

2w—2
+ Z KielAlea(w,i+1) —ea(i+1—w, z+1)]Alek}

w—1
a{ZKelA[Ik—eA(O i+ 1)) A ey,
i=0
+ZK61 [ealw,i+14+w)—eali+1,i+1+w)]A™ lek}

=aelA[I; —es(0,w)] A ekZK

w—1
= aelA ekZK ZKi'
i=0

Dividing this inequality by w shows (16). O
Example 18. Let w =4, k = 2, and let the periodic carrying capacity be given by
Ky = 20, Ky =40, Ky =30, K3 = 25.

The average of the carrying capacity is then 28.7500. If we choose the growth rate o« = 0.5, then we obtain
the periodic solution Z as

Zo = 25.7143, Z; = 28.5714, 7y = 22.5000, %3 = 33.3333,

which gives an average of 27.5298 < 28.7500, see Fig. 1. The dark dots represent the values for the periodic
solution, the dark line the average of the periodic solution, and the light line the average of the carrying
capacity.
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Fig. 1. The periodic solution in Example 18.

Example 19. If we change the growth rate to a = 0.2, then we obtain the periodic solution Z as

Zo = 24.5455, Z; = 30.0000, 7%y =23.4783, Z3 = 31.5789,

which gives an average of 27.4007 < 28.7500. Fig. 2 contains the values of this example.

40 T T T T T T

38 B

population
) [ ) 5]
o N = >
[0}
[0}
1 1 1 1

o]
=3}
T
1

h.]
o)
T

1

N
=
T

1

N
N
T
L

[
(=]
o

time

Fig. 2. The periodic solution in Example 19.

Example 20. Fig. 3 contains the information for o = 0.7. The carrying capacity is as in Example 19. The
values for the periodic solution Z are

Zo = 26.8966, 71 = 27.3684, 7z, = 21.6667, =3 = 35.1351,

which gives an average of 27.7667. This is again less than the average of the carrying capacity.

We conclude this section with the following equality.
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Fig. 3. The periodic solution in Example 20.

Theorem 21. If «v is constant and K is w-periodic, then the w-periodic solution Z of (5) satisfies

€
|
—
€
|
—

1
K;’

Bl -
Il

I
<}
I\
<

% i
Proof. We use Lemma 9, Lemma 11, and Lemma 7 to calculate

w—1 itw—1

i%zz ZelTAZeAz]—l—l g(j)
=0 =0
w—1i+w—1
faz Z —elAeAZJJrl)
=0 gJ=1

w—1 7
=ay_ %e{AZeA(i,j +1)AA!
j=0 "7 i=0
Z Z (i,j+1)AA™?

1=j+1—w
w—1 1
SDIPER ( Serti )
=0
2w—2 1 w—1
+ Z Fe?A - Z ea(i,j+1)A | e
j=w =7 i=j+1l-w
w—1 1
=> —elA(eal0,j+1)—Ix)es
j=0 "7
2w—2 1
+j§w EelTA(eA(J+1—w J+ 1) —ealw,j+1))er
w—1 1

= —elA(ea(0,j+1)—1}) ey
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+Z—61 (eai+1,j+1+w) —ea(w,j+1+w))es

|
—

— 1

g
zjgo?jelTA (ea(0,w) —Ix) e = F

<.
I
=)

which completes the proof. O
5. Periodic growth rate

Now we investigate (16) for the higher-order Beverton—Holt equation in the case when the growth rate
is not constant. In this case, the classical conjecture is already not satisfied for k = 1, see [5, Example 3.1].

However, for k = 1, the following two modifications were presented in [5].

Theorem 22 (See [5, Conjecture 53.2]). The weighted average of the w-periodic solution Z of (4) is strictly
less than the weighted average of the nonconstant w-periodic carrying capacity K, i.e.,

1 w—1 1 w—1 w—1
; Z OnZn < ; Z onK,, where a= Z O (17)
n=0 n=0 n=0
If the carrying capacity K is constant, then we have equality in (17).

Theorem 23 (See [5, Theorem 3.3]). The average of the w-periodic solution Z of (4) is strictly less than the
average of the “surrounded” nonconstant w-periodic carrying capacity K, i.e.,

1 w—1 1 w—1
n=0 n=0
where
w—1 n+i—1 w—1
A+1 1
6n:T (n — Qpts) H —, )\:H,ujfl.
i=1 j=n+1 i =0

If the carrying capacity K is constant, then we have equality in (18).

If £ > 1 and the growth rate is periodic, then we can provide the following inequality, which yields a new

relation even for the case of k = 1.

Theorem 24. The average of the w-periodic solution Z of (5) is less than the average of a function times the

carrying capacity, namely

E
E

1 152 Qi
SR ST
1=0

=0

where
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with
Sni = €] A, [A - Xi>n) + Ik] ealn,i+1)eg
and

1 if

An = [GA(TL,TL+(U) 7‘[’6]717 Xi>n =
0 else.

Equality holds if and only if there exists a constant C' such that Co; = K; for all i € Ng.

Proof. We apply the Jensen inequality to obtain

w—1 w—1 1 w—1 1
Zi = — o~ itw— .. .
g z;e?y(z) g eT A Y ealiy g+ 1)g(j)
w—1
1
=0 el A X ealini + 1g0) + XiThealini + 1+ w)gli +w)}
w—1

1
B Z eTA Y520 eali, g+ DAY + I — Aj xy=ilg ()
1
el A Y5y ealing + DAY (1= x520) + Iiler 7
vl ey el Aealiy g+ DAY (1= xji) + Tnlen st

2
i=0 (Z}lo el Niea(i,j+ DAL (1 iji)+1k]ek)

IN

where

and

Sij = el Nieali, j+ 1DA;] (1= x520) + Iiley,
=€ 1A [A (1= xj>i) + Ieleal(i,j + Dex
To realize the last equality, note that
eai,j+ V[ASL (1= xj»i) + 1)
=ea(i,j+D[(eali+ 1,7 +1+w)— 1) (1 —x;>i) + L]
=[(eali,j+1+w)—eali,j+1))(1—xj>i) +eali,j+1)]
=[(ea(t,i+w)ea(i +w,j+14+w)—ea(i,j+1)) (1 —x;>i) +eali,j+1)]
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= [(eali,i +w) = L) (1 = xj2i) + Lleali,j + 1),
which completes the claim. Equality holds if and only if K/« is constant. O
From Theorem 24, we obtain immediately the following corollary.

Corollary 25. If Q; < «; for alli=0,1,...,w — 1, then

Remark 26. If £ = 1, then

.. e_o(0,w
Sij =e—ali,j+1) <e(0(w)21 - ijvi) :

Remark 27. If ; = « is constant, then @); = « and the second Cushing—Henson conjecture is satisfied. We
have

w—1 w—1
> Sii=> elAAT (1= x;zi) + Iileali,j + Ve
=0 =0

i—1 w—1

=eTAes(0,w) ZeA(i,j +1)AA e, +efA Z eali,j+1)AA e,
j=0 j=i

= elTAeA(O,w)[eA(i, 0) — Ik]Ailek + e{A[Ik — eA(i,w)]Aflek

— T Alea(i,w) — ea(0,w) + It — ea(i,w)] (%) o

1 1
= e,{A(—A_l) (_E) e = a

and the condition of Corollary 25 is satisfied.
We can also generalize the equality discussed in Theorem 21.

Theorem 28. If a and K are w-periodic, then the unique w-periodic solution Z satisfies

|
—

|
—

w w

AL

=8

I
<
Il
<

4 %

Proof. The periodic solution Z of (5) satisfies the transformed equation (6), i.e.,
_ _ Q
Ui = (1 — ;)W + an

where @ = 1/Z. This can be rewritten as

j=1 !

Summing both sides of this equation yields
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w—1

k k w—1 w—1 )
Z (j.)Ajﬂi + Z Qi = %»

i=0 j=1 i=0 i=0
which gives the desired equality provided Z‘::_Ol Zle (’;) AJ7; = 0. Note that
k

(o5 ) S

i=0 j=1 j=1

w—1

and Zfz_ol AJ; = 0 due to the periodicity of @. The proof is complete. O
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