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Abstract. The study of dynamic systems on time scales not only unifies continuous and discrete processes, but
also helps in revealing diversities in the corresponding results. In this paper we shall develop basic tools of calculus
on time scales such as versions of Taylor’s formula, ’'Héspital’s rule, and Kneser’s theorem. Applications of these
results in the study of asymptotic and oscillatory behavior of solutions of higher order equations on time scales are
addressed. As a further application of Taylor’s formula, Abel-Gontscharoff interpolating polynomial on time scales is
constructed and best possible error bounds are offered. We have also included notes at the end of each section which

indicate further scope of the calculus developed in this paper.
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1 Introduction

A powerful basic tool in mathematical analysis is Taylor’s formula

n—1 —a k
o) 10 = X S @ + o[- tmar

k=0
which is valid for any n-times differentiable function f : IR — IR. In recent years the study
of asymptotic and oscillatory behavior of solutions of higher order difference equations has been
attracting much attention, and a discrete analog of Taylor’s formula was prepared for this purpose
in [3]: For any sequence {u,, : m € Z} C IR, we have

n—1 o (k) 1 m—n
(2) Um = Z %AkUM + ﬁ Z (m - T — 1)("71)AnuT,
k=0 : (’I’L a ) T=M
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where the usual factorial notation
B =t (t—1)-...-(t—k+1)

is used. This formula together with its various consequences has proved to be a very useful tool in
the study of discrete boundary value problems (see also [9]).

The main result of this paper is a unification of the continuous and discrete Taylor’s formulae,
which is at the same time an extension to the case of a so-called time scale. The theory of such
time scales (or measure chains) was initiated by S. Hilger in [12] (see also [10]), and an up-to-date
monograph on the subject has been published recently by B. Kaymakcalan, V. Lakshmikantham,
and S. Sivasundaram [13]. A time scale T is a closed subset of the reals, and for a function
f: T — TR it is possible to introduce a derivative f2 and an integral [ (f f(r)A7 in such a manner
that f& = f’ and f:f(T)A'r = fcff('r)dr in the case T = IR, and f® = Af and f(ff('r)A'r =
S°_L f(7) in the case T = Z. Given a time scale T, we present the construction of certain
functions hy : T X T — IR such that the Taylor’s formula on time scales

n! K Pr) An
©) 1) = X et @+ [ bt (AT
k=0 @

holds for any n-times differentiable function f : T — IR. In order that the reader sees how (1) and
(2) follow from (3), it is at this point only necessary to know that
(t—a)*

hi(t,a) = T pit)=0()=t if T=IR

and

t—a)k)
hk(taa) = %a

Besides the advantage that (3) unifies formulae (1) and (2), it can also be applied to time scales T
that are different from IR and Z; for example, T = hZ with h > 0, or

p(t)=t—1,0(t)=t+1 if T=2Z

T={ar: 0<k<m}CIR with melN
(in this case formula (3) reduces to the well-known Newton’s divided differences formula), or
T={a": kez}u{o} with a>1

(see Example 1 below). Furthermore, there might be other time scales that we cannot appreciate
at this moment due to our current lack of “real-world” examples.

Of course formula (3) offers the possibility of studying various analytic aspects on time scales.
Another purpose of this paper is to apply the established Taylor’s formula to obtain some results in
interpolation theory, and to examine asymptotic properties of solutions of higher order equations
on time scales. We supplement these applications by studying oscillatory properties of solutions of
higher order equations; for this, [’Hdospital’s rule and Kneser’s theorem on time scales are developed.

The paper is organized as follows: In the next section we give an introduction to the theory
of time scales and the basic properties that are needed in the subsequent parts of this paper.



Section 3 contains two versions of Taylor’s formula, while Section 4 presents I’Hospital’s rule and
Kneser’s theorem. The last three sections are devoted to applications of our results developed in
Sections 3 and 4. Specifically, in Section 5 we apply Taylor’s formula to study Abel-Gontscharoff
interpolation on time scales; here we offer the best possible estimate for the maximal error between
a given function and its Abel-Gontscharoff interpolating polynomial. As a further application of
Taylor’s formula we shall study asymptotic behavior of solutions of higher order equations on time
scales in Section 6. Finally, in Section 7 we use Kneser’s theorem to establish a result on oscillatory
behavior of solutions of higher order equations on time scales.

We wish to emphasize at this point that our results in Sections 5-7 should be viewed as a sample
of applications that could be achieved by using Sections 3 and 4. We neither make an effort to
write down a big number of similar applications nor do we state the results in their most general
forms. However, at the end of each section we include certain notes concerning possible extensions
of our results.

2 Preliminaries about Time Scales

A time scale T is defined to be any closed subset of IR. Hence the jump operators o,p:T — T
o(t)=inf{se€T: s>t} and p(t)=sup{seT: s<t}

(supplemented by inf () := supT and sup ) := infT) are well-defined. The point ¢ € T is called left-
dense, left-scattered, right-dense, right-scattered if p(t) = t, p(t) < t, o(t) = t, o(t) > t, respectively.
The graininess p : T — IRy is defined by u(t) = o(t) —t. By T we shall always denote a closed
subset of T. We define

Th — T if T is unbounded above
| T\ (p(maxT),max 7] otherwise.

We say that a function f : T — IR is differentiable at t € T* provided

FA) = im £0@) = f(5)

) —s where s—t, seT)\{o(t)}

exists. The function f is called differentiable on 7 if f2(t) exists for all + € 7. The following
lemma contains results for this derivative. In what follows, we shall write f? for f o o.

Lemma 1. Let f,g: T — IR and ¢ € T*. Then the following hold:

(i) If f2(t) exists, then f is continuous at ¢;

(ii) if ¢ is right-scattered and f is continuous at ¢, then f2(t) = W;

(iii) if f2(t) exists, then f(o(t)) = f(t) + p(t) f2(1);

(iv) if f2(p(t)) exists and if ¢ is left-scattered, then f(p(t)) = f(t) — u(p(t)) f2(p(t));



(v) if f2(t), 9% (t) exist and (fg)(t) is defined, then (fg)*(t) = f(o(t))g™ (t) + f2()g(1);
(vi) if f2 exists on 7% and f is invertible on 7, then (f~1)2 = —(f2)~1f2f~! on T*.

Proof. For (i) and (ii) see [10, Theorem 3] or [13, Theorem 1.2.2]. While (iii) and (iv) follow (note
that p(t) = 0 if ¢ is right-dense) from (i) and (ii), (v) and (vi) are from [10, Theorem 4] or [13,
Theorem 1.2.3]. |

Let f: T — IR be a function. If there exists a function F : T — IR such that F2(t) = f(t) for
allt € 7%, then F is said to be an antiderivative of f. In this case the Cauchy integral

/b f()AT = F(b)— F(a) for abeT

is well-defined (see [13, Section 1.4]). The function f is called rd-continuous on T provided it is
continuous at all right-dense points of 7 and has a left-sided limit at all left-dense points of 7.

Lemma 2. Let f : 7 — IR be rd-continuous on 7. Then f possesses an antiderivative on
T. Moreover, if f is continuous on 7, then f? is rd-continuous on 7, and hence possesses an
antiderivative on 7.

Proof. While the second statement is trivial (note that o is rd-continuous), we refer to [10,
Theorem 6] or [13, Theorem 1.4.4] for the first statement. |

In our study higher order derivatives of a function f : 7 — IR are involved. We shall write
fA2 = (f2)2 if f2 is differentiable on (7%)* = ’T"Q, and similarly we define f2" and 7*". For
t € T, we denote o2(t) = o(co(t)) and p?(t) = p(p(t)), and o™(¢) and p"(t) are defined accordingly.
For convenience we also put o%(t) = p%(t) = t.

Notes. The calculus on time scales has been initiated by S. Hilger in his PhD thesis in the year 1988. It serves to
unify both differential and difference calculus. Indeed, when T = IR, then we have p(t) = o(t) =t for each ¢t € IR,
and the derivative and integral are easily seen to be the “usual” derivative and integral, respectively. Further, when
we choose T = Z, then p(t) =t — 1 and o(t) = t + 1 for each t € Z, while f*(t) = f(t + 1) — f(t) = Af(t) and
fab f(nAT = Zi;ﬁl f(7) when a < b. Hence all results that are proved on the general time scale include results for
both differential and difference equations. The material that is known about time scales up to now is collected in the

recently published monograph [13]. Further references of this subject are [5, 10, 11, 12].

3 Taylor’s Formula

Lemma 3. Suppose f is n-times differentiable and g, 0 < k < n — 1, are differentiable at ¢ € T*"
with
9o (t) = gr(o(t)) forall 0<k<mn-—2

Then at ¢ we have

n—1 A
lZ(—l)kagk] = fg6 + ()" 1 f2"g5 1.



Proof. Using Lemma 1 (v) we find that

A

n—1 n—1
lZ(—l)’“fAkgk] =R A gr + 1)
n—2 n—1
= Y (DR g (1P G+ b+ Y (—1)F A
k=0 k=1

n—2
— n k+1
= fob + ()" A+ Y (R A g - g )
k=0
= fgo + (1" g0,

holds at ¢. This proves the lemma. |

Lemma 4. Let n € N and ¢t € T. If f is (n — 1)-times differentiable at p"~1(¢), then

n—1

S (0EFA ) gk (0" (1)) = F(8),

k=0

where the g are defined in Lemma 3 with go(7) =1 on T and gx(¢) = 0 for all & € IN.
Proof. First, it is easy to see (use Lemma 1 (iv)) that

(4) gm(p*(t)) = 0 whenever 1 <m <nand 0<k <m — 1.

Now, for m = 1, the statement EZ:OI(—I)kak (P™ L) gr(pP™ (t)) = f(t) is obviously true.
Suppose it holds for some m € {1,2,...,n—1}. Then we consider two cases. First, assume p™ *(t)
is left-dense. Then p™(t) = p(p™ 1 (t)) = p™1(t) so that (apply (4))

m m—1

S DEA (O™ (1) gk (P (1) = Z_ (DR £ (™ @) ar (0™ (1)

k=0 k=0
HED)™ AT (P ) gm (67 () = F(2)-

Second, assume p™~!(t) is left-scattered. Then o (p™(t)) = a(p(p™ 1(t))) = p™ 1(t) so that (apply
(4) and Lemma 1 (iv))

(A (@) gr (57 (1) = 3 (175 (7 1) (9 (™ () = (o™ (1) (™ (1))]

k=0 k=1
+f (0™ (1))
= Y (DR () ar (0™ (E) — SO (=1)FFA (0™ () (0™ () g1 (67 (2)
k=0 k=1
L (P25 ®) + u(e™ ) 2" (0™ (1)) 9™ 1 (1))
k=0

An application of the Principle of Mathematical Induction finishes the proof. |



Theorem 1 (Taylor’s formula). Suppose f is n-times differentiable on T*", let t € T, a € ’J[‘”n_l,
and go(7) =1 on T. Then, the recursively defined solutions gx1+1 = gg+1(-,t) of

gkAH:gg, ge+1(t) =0 forall 0<k<n-—2

satisfy

n—1

k mH(E) n
10 = X Drae 0@+ [ ) (o), 072 (AT

k=0
Proof. First we note that the g, are well-defined due to Lemma 2. By Lemma 3 we have

n—1 A
k _ n o
lZ(—l)ka gk] (1) = ()" 2" (Mgn1(7)
k=0
for all 7 € T*" so we may integrate both sides from a to p" 1(t) since o, p" 1(t) € T+" 7', i.e.,

nfl( ) " n—1 . n .
/ Ty g mar = Y EDE (1) (0 @) - S DF (4 ()

a k=0 =0
n—1 .
= f@) = Y (-DF* (@)gr(),
k=0
where we have used Lemma 4. [ |

Our first application of Theorem 1 gives another representation of Taylor’s formula.

Lemma 5. Let g9 = hg = 1 on T X T and define for £k € INy functions gg41, hgy1 on T x T
recursively by

t ¢
(5 g1 (t:5) = [ gu(o() AT and  hen(t) = [ hi(r9)Ar
S S
Then for n € INg we have
hn(t,s) = (=1)"gn(s,t) forall teT, seT .

Proof. First note that according to Lemma 2 all functions involved are well-defined. We let
n € N, s € T%", and apply Theorem 1 with f = hy(-,s). Since fAlc = hy (-, 8) for all 0 < k < n,
fNhLl =0, fAk(s) = hp_k(s,8) =0forall 0 <k <n—1,and f2"(s) = 1, it follows that

n

k Ak () n A1
1) = XD a0 @+ [T ) o), 002 (1A
k=0 s
— (19l
for all t € T. |

Theorem 2 (Taylor’s formula). Let f be n-times differentiable on T*", t € T, and «a € =" .
Then with the functions hy defined in Lemma 5, i.e.,

ho(r,s) =1 and  hgyi(r,s) = / hi(7,s)AT for k € Ny,
S
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we have

n-l pH) n
10 =Y melt )@+ [ hao(to(0)f (AT
k=0 @
Proof. Let k € {0,1,...,n — 1}. Then according to Lemma 5
hi(t,s) = (—1)Fge(s,t) forall seTF ST .

Hence our result follows from Theorem 1. [ |

Corollary 1. Let f be n-times differentiable on T*" and m € IN with m < n. Then we have for

alla e T """ and t € T*"
Am n—m—1 Akt pnfmfl(t) An
PO =Y mta) @ [T b)Y (AT,
k=0 @

Proof. The above representation is the same as in Theorem 2 with n and f substituted by n —m
and f2", respectively. [

Corollary 2. Suppose f is n-times differentiable on T*" and put
n—1 X
Ry(t,0) = f(t) = > h(t, ) f* (a).
k=0

IftM= maxTeTw

A" (T)‘ exists (e.g., if f2" is continuous), then
gn—1

|Rn(t,a)| < M |hn(t,a)] forall teT, aeT" "

Proof. This is also a consequence of Theorem 2. |

Remark 1. Note that the functions g and hj satisfy

(6) hi(t,s) >0 and gg(t,s) >0 forall ¢>s.
Moreover, it is easy to obtain the inequality

(7) h(t,s) < (t—s)¥ forall ¢t>s and kelNg

which we shall need later. Furthermore, for all ¢, s the formulae

(8) gn(ta 8) = /St gn—l(taT)AT and hn(tas) = /St hn—l(taa(T))AT

follow immediately from Lemma 5.

Example 1. Let T = {ak| ke Z} U {0} for some fixed a > 1. In this example we have

o(t)=at forall teT.



We now claim that o

(9) hiltys) = | wo

v=0 E?n:O a™

We abbreviate the right hand side of (9) by hx(t, s). Of course we have ho(t,s) = 1 = ho(t, s) and
hi(t,s) =t —s = hy(t,s). If h, = hy, holds for all p < k with some k € IN, then

-1

c_ {éoam} [futtss) (2= a¥)]

Wi (t,5) (o(t) — a¥s) + hi(t,5) }

M=
S
3

3
]
o

M= i0M-
S
3

3
I
(=

Il
—NN — = — = —
M-
=]
IS}
3
—_—— ——— N —

Since hj41(s,s) = 0, we have hyi1 = hgy1, and hence the formula (9) holds for all & € INy.
As a special case we consider a = 2, then for example we have

(t—s)(t— 23).

hQ(ta 3) = 3

Later we will need a certain integral representation of the remainder in Taylor’s formula, and
this is our last result in this section.

Lemma 6. The remainder R,(t,a) given in Corollary 2 satisfies for all a € ’J[‘“nfl, t € T and
neN\ {1},
t rm Tn—1 n
R, (t,a) :/ / / FA (1) AT ATy ... ATy
o o o

Proof. We first let o € T* and ¢t € T. Then

/t /TI fAz(TQ)ATQATl = /t {fA(Tl) — fA(oz)} ATy
= f)-f

F(t) = f(a) = (t = @) f*(@) = Ro(t; a)

so that the representation holds for n = 2. Now, if the representation is true for n > 1, then we
have for a € T*" and t € T

t rm T2 Tn n
/ / / / A +1(Tn+1)ATn+1ATn...AT1
o o o o



- /A

/T /Tl.,-/T"—l(fA)An(Tn)ATnATn_l...Arl}AT

t n—1
= {fA(T) - th(T,a)(fA)Ak(a)}AT
a k=0
! Ak+1 t
= 10~ 1@~ 2" (@) [ m(ra)ar
k=0 a
n—1
= f(t)— fl@ =Y 2 (@hksa(ta)
k=0
= f() - fle) = Y 12 (@)hx(t,0)
k=1
= f) =Y 2 (@h(t,0) = Rai(t,0),
k=0
where we have used (5). N
Notes. Of course we have : n
9ulty) = hn(t,8) = L2
in the case T = IR, while . .
gn(t, 5) = W and  ha(t,s) = %

can be checked immediately in the case T = Z. Hence formulae (1) and (2) follow as special cases of (3). Formula
(2) and its consequences are contained in [3, Lemmas 1 and 2]; see also [1, Lemma 2.1] and [4, Formula (1.7.6)].
Several applications of Corollary 1 in the discrete case (see [9, Lemma 5.1]) are available in the recent monograph
on “Advanced Topics in Difference Equations” [9]. There, Green’s functions for certain boundary value problems are

needed, and to construct such Green’s functions on time scales still remains to be done.

4 L’Héspital’s Rule and Kneser’s Theorem
Throughout this section we let
T =T U {supT} U {infT}.

If co € T, we call co left-dense, and —oo is called right-dense provided —oco € T. For any left-dense
to € T and any € > 0, the set

Le(to) ={teT: 0<tp—t<e}

is nonempty, and so is L.(o0) = {t el: t> %} if oo € T. The sets R.(to) for right-dense ¢y € T
and € > 0 are defined accordingly. For a function i : T — IR we define

liminfh(t) = lim inf h(t) for left-dense ty € T,
t—ty e—0t teL(to)

and lim inf, St h(t), lim sup, o h(t), lim sup, et h(t) are defined analogously.



Theorem 3 (L’Héspital’s rule). Assume f, g are differentiable on T with

(10) lim f(t) = lim g(t) =0 for some left-dense t, € T.

t—1, t—t,
Suppose there exists ¢ > 0 with
(11) g(t) >0, g”(t) <0 forall ¢e L(t).

Then we have A A
fA (*) < lim inf 1) < lim sup & < lim sup fA (t)
t—ty g (t) t—=ty g(t) t—ty g(t) t—ty g (t)

Proof. Let ¢ € (0,¢] and put a = inf cr to) L ,6 SUPreL,4(t0) g—ig—g. Then

ag(r) > fA(r) > ﬁgA(T) for all 7 € L(to)

by (11) and hence

/ AT>/f AT>/ﬁg T)AT for all s,t € Ls(tg), s <t

so that
ag(t) —ag(s) > f(t) — f(s) = Bg(t) — By(s) for all 5,t € Ls(to), s <.
Now, letting ¢ — ¢, , we find from (10)
—ag(s) > —f(s) > —fPg(s) forall s€ Ls(ty)

and hence by (11)

A A
inf fA(T) =a< inf & < sup & <B= sup fA(T).
7€Ls(to) g°(7) s€Ls(to) 9(8) ™ seLs(to) 9(5) reLy(to) 9°(7)
Letting § — 0T yields our desired result.
Theorem 4 (L’Héspital’s rule). Assume f, g are differentiable on T with
(12) lim g(t) = co for some left-dense t € T.
t—ty
Suppose there exists € > 0 with
(13) g(t) >0, g2(t) >0 forall ¢e L(t).
. FA@) = - . f@) _

Then hmt—>t5 gA—gtg =r € IR implies hmt—ng ﬁ =7.
Proof. First suppose r € R. Let ¢ > 0. Then there exists § € (0, ¢] such that

F2(r)

—r|<ec¢ forall 7€ Lg(ty
#5(0) (0

10



and hence by (13)
—ch(T) < fA(T) — TgA(T) < ch(T) for all 7 € Ls(tp)-

We integrate as in the proof of Theorem 3 and use (13) again to obtain

t
(r—c) (1 — ‘Z((i))> < ‘;Et)) - J;E:)) <(r+c¢ (1 - %) for all s,t € Ls(tg); s < t.
Letting ¢ — ¢, and applying (12) yields
r—c< liminf@ < limsupM <r+ec
oty 9(t) bty g(t)
Now we let ¢ — 0F to see that lim, £ exists and equals 7.
t—ty g(t)

Next, if r = 0o (and similarly if r = —00), let ¢ > 0. Then there exists ¢ € (0, ¢] with
fA(r) 1
ga(r) ~ ¢

> for all 7 € Ls(to)

and hence by (13)

fA(r) > %gA('r) for all 7 € Lg(tp).

We integrate again to get

f@)  f(s) 1( 9(s)

> — 1——) for all s,t € Lg(ty); s < t.
ot 9 =\ g0 ilto)

Thus, letting ¢ — 5 and applying (12), we find liminf, - 1) > 1 and then, letting ¢ — 07, we
0 t—ty gf) = ¢ g

obtain hmt—)tg % =00 =r. [ |

Lemma 7. Let m € IN and f be m-times differentiable on T. Then, if co € T
o liminff2"(t) >0 = lim f2(t) =ocoforall 0 <i<m— I;
t—00 t—00

o limsupf2"(#) <0 = lim f2'(t) = —co forall 0 < ¢ < m — 1.
t—o00 t—o0

Proof. Suppose 0 < limg,o infycp; (o) f2™(t) = @ € IR. Then there exists ¢ > 0 with
A" (r) > % for all 7 € L.(00).

Thus
%AT for all st € L.(c0);s <t

and hence
FATN ) = FAT (s) > %(t —s) forall s,t€L.(c0);s<t.

Therefore lim;_, fAm_l(t) = 00. Next, if @ = oo, then for all ¢ > 0 there exists ¢ > 0 with
m 1
2" (r) > - forall 7€ Lg(c0).

Hence, again as above, lim;_, f am=l (t) = oo. The rest of the proof of the first statement follows
by induction, and the second statement can be proved similarly. |

11



Theorem 5 (Kneser’s theorem). Let n € IN and f be n-times differentiable on T. Assume oo € T.
Suppose there exists € > 0 such that

(14) F(t) >0, sgn (2" (1)) =s€{-1,41} forall te Le(co)
and f2"(t) # 0 on Lg(co) for any § > 0. Then there exists p € [0,n] N INg such that n + p is even
for s = 1 and odd for s = —1 with

(—L)PH A () > 0 for all t € L.(o0), j € [p,n — 1] NNy

fA(t) > 0 for all t € L, (c0) (with §; € (0,¢)), j € [1,p — 1] N INo.
Proof. First we consider the case s = —1. For achieving a contradiction we assume f At (t1) <0
for some t; € L.(00). Then there exists to € L.(oc0) with t9 > ¢; such that

FATI) < AT () < fAT () forall  t € Le(oo), t >ty

Hence limsup,_,, f2" (t) < 0 and by Lemma 7 limy_,o, f(¢) = —oo, which is impossible because
of (14). Therefore
FAN ) >0 forall te Li(oo).

Define
M = {m € Ny : (—1)m+ijj(t) >0 for all t € L.(c0), j € [m,n—1NINg; n+m odd} .

Then n —1 € M so that p = min M exists. If p € {0,1}, then we are done. Assume p > 2. Seeking
a contradiction, we assume that f2” ' (t) < 0 for all ¢ € L.(c0). But then Lemma 7 yields as before
FA*(t) > 0 for all t € L.(00); in fact we now have

()P 2N () >0 forall t€ L.(oo), j€[p—2,mn— 11NN,

in contradiction to the definition of p. Hence there exists t3 € L.(co) with f2"7'(t3) > 0. Since
fA%(t) > 0 for all ¢t € L.(c0), it follows that

FA N4 >0 forall t€ L.(oo) witht > ts.
Hence lim inf;_, pr_l(t) > 0 so that by Lemma 7
lim fAj(t) =oc forall 1<j<p-—2,
t—00
and this implies our claim.

Finally, if s = 1, we assume there exists t4 € L.(0o0) such that f2" (t4) > 0. Again we
may show as in the first part of the proof that liminf;_, . fAnfl(t) > 0, and hence by Lemma 7
lim inf; fAj (t) = o0 for all 1 < j < n—2so that p = n does the required job. If, however,
A" (t) < 0 for all t € L.(co), then, as before from Lemma 7,

A7) >0 forall t € L(co)

so that we may proceed as in the first part to finish the proof. |

Notes. Of course corresponding results hold for right hand limits also with the assumptions modified appropriately.
Some continuous versions of the results in this section are contained in [14] and [16] whereas discrete versions are
available in [3, Lemmas 3-7] and in [4, 1.7.7-1.7.11]. The paper [3] also contains several consequences (see [3,
Corollaries 1-3 and Lemma 8]) of these results which are useful for applications. However, in order not to extend the

size of our paper, we do not include versions of these results on time scales.
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5 Abel-Gontscharoff Interpolation

Throughout this section we let n € IN and a,b € T with a < p" !(b), and choose a sequence
{t,: 1<v <n}CT with
a<t <ty <...<t, <p" ().

Let f be a function on 7 = [a,b] NT. The unique polynomial P, ; of degree n satisfying
Py (ti1) = £ (ti1)  forall 0<i<n—1

is called the Abel-Gontscharoff interpolating polynomial. The representation

n—1 )
Pooi(t) = D Ti(t)f* (i)

=0

with Tp(¢) = 1 and
t —// " ATZ'ATi_l...ATl, 1§z§n—1
t1 Ji2 t;
can be verified easily. In this section we shall bound the error e = f — P,,_1 in terms of
M = max fAn(t)‘ .
teT "

Our main result concerning the best possible estimate for max:c7 |e(t)| reads as follows.

Theorem 6 (Abel-Gontscharoff interpolation on time scales). Let

m—1

cm = (=1)™! z 9r(a,0)gn_r(P"1(b),a) for 1<m<n
k=0

and ¢ = maxi<m<n ¢n- Then we have

B < M
ItneaTXIG()I_ ¢,

where the constant ¢ is the best possible.
Proof. The relation

(15) e(t) = / / / () AT ATy .. ATy forall teT
t1 Jt2 tn
is trivially true. From (15) we obtain for all 0 <m <n —1
m t Tm+1 Tn—1 n m
(16) A7) = / / » / FA (1) ATaATy_y ... Arp forall t €T
tm+1 Jtmt2 tn
Let s € [a,tm41] NT and 0 < m < n —1. By (16) and (8) we have

A™ tm+1 tm+2 tn
‘e (s)‘ < / / . ATnATn_l AT
Tm

Tn—

1

20 0 X
< M/ / / AT ATyt .. AT1 = Mgn—m(p""1(B), 5),
S Tm+1 Tn—

13



ie.,
(17) |€Am (s)‘ < Mgn_m(p"1(b),s) forall s€[a,ty]NT, 0<m<n—1.

Next, the formula
(18) e(t / / / Tm VAT ATp—1 ... A1y forall ¢te€T, 0<m<n
t1 Jt2 tm

can be easily checked. For s € [t,,b] N'T we have by (18) and (5)

le(s)] = / / / (TR ATy ATp_1 ... ATy
t1 Ji2 tn
< M/ / / AT ATp_1 ... ATy = Mhy(s,a),
a a a
ie.,
(19) le(s)| < Mhyp(s,a) forall sé€/[t,,bNT.

Let s € [tm,tm+1] NT and 0 < m < n — 1. By (18), (17), and (4) we have

le(s)] < M// / Inm (0" L (B), T ) AT AT 1 « .. A1 = M(—1)" Ry (b, a)

= M(-1)" {gn Z hi(b, a) gnk(pnl(b)’a)}
MDY 040, g6 (0),0) = Men,
k=0

where we have used (8), Lemma 6, and Theorem 2 with

(20) F(t) = gn ("1 (0), ).
Hence
(21) le(s)| < Mc,, forall s€[ty,tm+1] NT, 0<m<n-—1.

We note that we have for all s € [a,t;]NT

le(s)] < Mgn(p" " (b),8) < Mgn(p" ™" (b),a) = Mc
due to (17) with m = 0 (use also (8) and (6)), i.e.,
(22) le(s)| < Mc;  forall sé€la,t]NT.

By Theorem 2 with f defined by (20) we have

n—1

Cp = (_1)n_1ng(a’b)gnfk(pn_l(b)’a)
k=0

= ()" Y k(@ b)(=1)F A (@) = (1) gala, B)(=1)" 2" ()
k=0

n

= (=" 'Y hg(b,a) 2" (@) — (—1)" ' gnla, b)
= (1" 1f(b) + (~1)"gu(a,b) = hn(b,a)

14



(apply (4)) so that for all s € [t,,b] NT by (19) (use also (5) and (6)),
le(s)| < Mhy(s,a) < Mhy(b,a) = Mcy,

ie.,
(23) le(s)] < Me,, forall s € [t,,b]NT

Therefore it follows from (22), (21), and (23) that

le(s)] < M max ¢, = Mc forall sé€[a,bNT =T,
1<m<n

ie.,

max |e(s)| < Me.
seT

In order to prove that this constant is the best possible, we pick p € {1,...,n} with ¢, = c and
define

th=te=...=1,=a, tys1 = oo =ty = p""L(b)
and
Z hni(a, p" "L (B))hi(t,a) for teT.
Then we have
FA) = > hak(a,p" 7 (B)hii(t,a) forall 0<i<n-—1,te€ T
k=max{i,u}

while f2"(t) = 1, so that M = 1. Now we have by Theorem 2 for all y <i <mn—1
A = Zhn k(a,p"H (0)hi—i(t,a) Zhn k—i(a, p" 1 (0)) b (2, )

= Z he(t, )b (a, " (0)) = b i(t, "1 (B)) = (—1)"gni(0" 1 (B),1)

and forall0 <:<pu—1

A = zhn k(@ " (B) hi—i(t, @) = z in—k—i(a, 0" () i (¢, @)
k=p—1
p—i—1
= Zhn—k—i(a ( hk t a Z hn k— Z l(b))hk(t7a‘)
k=0
p—i—1

= hnfi(ta pn_l(b)) + (_1)n—i—1 Z gn—k—i(pn_l(b)7a’)gk(a’t)'

Thus f2(a) =0 for all 0 <i < g — 1 and f2(p"~1(b)) =0 for all 4 < i <n — 1 and hence

i) =0 forall 0<i<n-—1
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so that the corresponding Abel-Gontscharoff interpolating polynomial P,, 1 is identically zero. Thus
e = f and (for the computation of f(b) use the above calculation with i = 0)

Mc = c¢> _
c c_rsnea,;cle( s)| = rrlea,;<|f( s)|

> 1FO)] = halb, " (B) + (1" gui(o™ (5), @)k (a, b)
= DY g k(0 (8), @)gn(a,B)
k=0

y—
= (D)"Y gnk(p" (D), a)gk(a,b) = ¢y = c = Mc
so that the upper bound Mec is really attained by |e|, and this completes the proof. |

Notes. In the case T = IR we have

m—1

m—1 _ak b_an—k
em = (1) Z k!) ((n—)k)!

_ (b—a)" . mekt1(m) _(b—a)" [n—1
- n! £ 0(_1) o (k) T onl (m—l)

= hn(ba) (:z_— 11>

(see also [15] and [8, Theorem 1.1]) while in the case T = Z (see [17, Theorem 3.1]),

>_‘

_ mlm —a)(k)(b n+l—a+n—k—1)""
o= 2 (n—k)!
mo1 (D"
= (-1) m( —a)-...-(b—a—k+1)-b—a—-k)-...-(b—n+1—-a)
k=0

(b—a)(")m_1 mekt1[T) n—1
s p e () =il

We also note that similar estimates for the derivatives of the error

eAi (

0<i<n—-1

teTr

can be obtained rather easily. For other works related to the results of this section we refer to [6, 7, 8, 15, 17].

6 Asymptotic Behavior

In this section we shall study further applications of Taylor’s formula. Throughout we let n € IN,
a €T, {a,: 0<v<n-1} CR, and assume that T is unbounded above. Our main result of this
section deals with the initial value problem

(24) v =f (tbyy® ™), vM (@ =aifor 0<i<n—1
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where f : T x IR™ — IR is supposed to satisfy
(25) |f(t,uo, .. un1|<2pZ Jui| forallt €T, {u;: 0<i<n—-1}CR

with certain nonnegative functions p; : T - R, 0 <¢ <n — 1. Let

= 3 pilt)t— a
1=0

and let p(¢; 7) satisfy

A7) =p(Wp(t;7),  BlrT) =1
Note that p exists uniquely according to [13, Section 2.5]. The following is our main result con-
cerning asymptotic behavior of solutions of (24).

Theorem 7 (Asymptotic Behavior of Solutions of (24)). Suppose (25) holds and assume that
there exists K > 0 such that

PR
/ p(T)p(t,o(7))AT| <K forall t€fa+1,00)NT,0<m<n-—1.
a

Then there exists v > 0 such that every solution y of (24) satisfies
‘yAm(t)‘ <yt —a)" ™t forall t€fa+1,00)NT,0<m<n—1.

Proof. Let y be a solution of (24). Then by Corollary 1, for 0 < m <n — 1 we have

n—m—1 p“_m_l(t)

A0 = Y mtat @)+ [ b1 (0 (1) (1) AT
k=0 a
n—m—1 o m—1
(t) A An—l
= Z hk t a ak—f—m +/ hn—m—l(taJ(T))f (T,’y(T),y (T),---,y (T)) AT
k=0
n—m—1 n m—1 t 1
< Z hkt(l'ak—l—ml‘l'/ hn m— 1t0 sz \yA |
k=0
n—m—1 prme l(t)
< « Z (t—a) +/ "mIZp, ‘y ‘AT
k=0

IN
<
I
&
ﬁ
3
——
1)
S
+
\
3
3
M7
? =
<
[2
H,_/

for all t € [a+ 1,00) NT, using (7) for the second inequality and putting o = maxo<x<n—1 || and

nml
_om,—i—/ sz ‘y ‘AT,

ie.,
(26) \yﬁ’“ (t)‘ <(t—a)" ™ 'F(t) forall tefa+1,00)NT, 0<m<n—L1
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Since in view of (26) we have

F(t) < om+/ sz VLR () AT

Gronwall’s inequality (see [13, Lemma 2.5.1]) yields

nml(t

Ft) < an+ / Vi(t; o (7)) anAr
g )
— anll +/ p(N)p(ts (1) AT b < an(1 + K),
a
and hence our claim follows from (26) with v = an(1 + K). |

Notes. Discrete versions of related results are contained in [1, Theorem 3.1] and [2, Theorem 3.6]. Using our version
of Taylor’s formula it is possible to develop further results on time scales similar to those established in [1, 2]; see
also [4, Sections 6.17 and 6.18].

7 Oscillatory Behavior

Only one of the numerous applications of our results in Section 4 will be examined in this last
section. We are concerned with the equation of even order n € IN

(27) y?" +Zfz (y y,. ,ymfl) =0,

where all f; are assumed to be nonnegative functions on T', and we suppose

(28) urFj(u1,...,up) >0 forall 1<i<m, {u: 1<k<n}CIR, u; >0.

As in Section 6 we assume that T is unbounded above. The following is our main result on oscillatory
behavior of solutions of (27).

Theorem 8 (Oscillatory Behavior of Solutions of (27)). Suppose (28) holds and assume there
exists j € {1,...,m} such that Fj is continuous at (u1,0,...,0),

Fi(Aui,. .., uy) = N Fi(ug,. .. ,u,)  forall AelR

for some @ > 0 and [;° f;(7) AT = oo for some ¢; € T. Then (27) has no solution which is eventually
of fixed sign.

Proof. Suppose for the sake of achieving a contradiction that there exists a solution y of (27) such
that y is eventually positive (the other case can be treated similarly), i.e

y(t) >0 forall te€[a,00)NT,

18



where a € T. Then for all ¢ € [a,00) NT we have

- f:fz‘(t)Fi (y(t),yA(t), . ,yM_l(t)) <0.

Now by Kneser’s theorem (Theorem 5), there exists p € {0,...,n} with n 4+ p odd such that

(—1)PHEyA" (1) > 0 for all t € [a,00) NT, k € [p,n — 1] NNy
{ yAk (t) > 0 eventually, k£ € [1,p — 1] N INy.
Since n is even and n+p odd we find 1 <p <n—1 and
yAnil(t) >0foralltela,00)NT and 3>(t) >0 forallte [tz,00) NT
with 9 € T, ¢t > a. Hence there exists ¢ > 0 with

y(t) >c¢ forall te[tg,00)NT.

n—1

By putting v = ¥ , we have for all ¢ € [ty,00) NT

v (1) AT (0@ ) _ R (1)

A _ _
R 3 I 13) W R 1y
mo B (y(0),y @),y ()
- _Zzzle(t) y(t)
N i A OB a0
D s il Clev ey ) )

< —f(4)F, <1, it
Now, as in [3, Lemma 8], one can find that

Ai
lim y~ ()
t—oo  y(t)

=0 forall 1<i<n-—1.

Hence for € = 2F}(1,0,...,0) > 0 there exists t3 € (t2,00) NT with

yA An-1
F; ( z(ft) yi(t) <e forall te€](ts,o0)NT.

y(t) y(t)

)
Thus for all ¢ € [t3,00) NT,

o0 =0l = t'UA(T)ATS—/t: ¢ f5(r)F; (LyA(T) ] (T)>AT

)-Fj(l,o,...,o)

= F(1,0 /fj JAT = 00, t— 00
while limy_, o, v(t) = 0, a contradiction.
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Notes. Discrete versions of related results are contained in [3, Section 3]. Using our version of Kneser’s theorem it

is possible to develop further results on time scales similar to those presented in [3]. However, e.g. for including the

case odd n to Theorem 8 it is necessary to first develop further consequences of Kneser’s theorem as is done in [3]

(see the notes at the end of Section 4). For further related results we refer to [4, Section 6.19].
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