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Abstract. For matrices Ay, By, Ck, and S we consider the discrete quadratic
functional

N T
F(z,u) = ) {oj41Crarir +uf Byug} + ( " ) 5( 0 )

T T
=0 N+1 N+1

where (z,u) are pairs that satisfy certain boundary conditions as well as a
difference equation of the form zy1 — zp =: Azp = Agxr1 + Brug.

The concept of controllability and disconjugacy of a certain related linear Ha-
miltonian Difference System is introduced and a necessary and sufficient condi-
tion for F to be positive for all non-trivial (z,u) under consideration is stated.
This condition is in a sense a discrete version of the well-known Jacobi’s Con-
dition from the calculus of variations.

1. INTRODUCTION.

In this chapter we are concerned with a discrete quadratic functional
of the form

N T
F(zr,u) = Z{xfﬂCkka + uj Bpug} + ( x0> S( o ),

T T
k=0 N+1 N+1

where S, By, Cj are symmetric matrices, and where the pairs (z, u) have
to satisfy the difference equation xy1 — z, =: Azxy = Agrr1 + Brug
and boundary conditions of the form (w:ffl) € ImR" (A, and R being
matrices; Im denoting the image of a matrix). In various problems (for
example when trying to solve variational problems or control problems,
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where F occurs as the second variation of the problem; see e.g. [11,
Chapter 8]), the following question arises: What conditions must we
impose on the matrices to ensure that the functional will be positive for
all non-trivial pairs (z,u) under consideration? The converse question
is also important: If F' is positive definite in the above sense, what do
the matrices look like? In the “continuous” case with R = S =0 (i.e.,
the sum is an integral, the difference equation is a differential equation,
and the considered interval is [a, b] C IR), the answer to these questions
is the well-known Jacobi’s Condition: Assuming the controllability of
a certain related Hamiltonian Differential System, the functional is po-
sitive definite if and only if Jacobi’s Equation is disconjugate on (a, b].
Of course, the concepts of controllability and disconjugacy in the pre-
sent “discrete” case will look quite different from the “continuous” case
and it is the purpose of this chapter to introduce these concepts and
to state (without giving a proof) the discrete version of Jacobi’s Con-
dition, which, using our definition of controllability and disconjugacy,
then reads exactly as the classical Jacobi’s Condition.

It should be mentioned that the related linear Hamiltonian Diffe-
rence System, which will be introduced in Section 2, can trivially seen
to be controllable in our sense for the case that all the matrices By
are invertible. Erbe and Yan recently introduced such Hamiltonian Sy-
stems (see [8]) where they assume the By to be non-singular. They
gave a definition of disconjugacy involving the inverse of By and for
this case they characterized the positive definiteness of F' (where they
have R = S = 0) in terms of disconjugacy ([8, 9, 10]). Ahlbrandt
([3]) and Peterson ([13]) also dealt with these problems and they also
impose the non-singularity assumption on the By. Special cases of Ha-
miltonian Systems with invertible By are for example self-adjoint vector
difference equations which were studied intensively by many authors,
among them Ahlbrandt ([2]), Peterson and Ridenhour ([14, 15, 16]),
Peil and Peterson ([12]), and Chen and Erbe ([7]). Even more specific
are the second order linear difference equations, see for instance Chen
(16)).

But there are also cases where the matrices By are singular, and
those cases cannot be treated within the framework of the previous
work. It turns out that Hamiltonian Systems with certain singular By
are in some sense (see Lemma 2 in Section 2) equivalent to a scalar self-
adjoint difference equation of even order, a Sturm-Liouville Equation.
It has been an open question to find a Jacobi’s Condition (respectively
a Reid Roundabout Theorem, using Ahlbrandt’s terminology; see [3])
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for these problems, but recently Ahlbrandt and Peterson answered this
question in one direction (Theorem 1 in [1]). The corresponding Ha-
miltonian Systems turn out to be controllable in our sense, so that our
theorem below (Section 4) applies to all of these problems.

In fact, it applies to many more systems and solves a problem
posed by Ahlbrandt in [3]. He writes on p.515:“An open question is
that of existence of a Reid Roundabout Theorem for systems which
allows B,, to be singular.” Crucial for giving such a Reid Roundabout
Theorem are our concepts of controllability and disconjugacy which are
introduced in Section 3.

2. TERMINOLOGY AND EXAMPLES.

Let us introduce more precisely the expressions and terms which already
have been used in Section 1. For a matrix- or vector-valued function
fonaset J* :=[0,N+1]NZ with N € Z we write f, := f(k),
k € J*. The forward difference operator A is given by A fy := fri1— fx
and the shift operator E (see also [11, Chapter 2|) by Efy := fr41 for
k € J:=[0,N]N Z, so that we have A = E — I, where I denotes
the identity operator. For n € IN we are given n X n-matrix-valued
functions A, B, and C on J and constant 2n x 2n-matrices R and S
which satisfy the following general assumption:

R arbitrary, S symmetric;
(V) B, C) symmetric Vk € J;
Ap == (I — Ap)™" exists VEkeJ

On J we consider the linear Hamiltonian Difference System

x A B Ex
o) 2= (e %) (%)
with solutions (z,u) : J* — IR?" and we introduce the discrete quadra-
tic functional

N T
—x —x
F(z,u) = E {z} . 1Crri1 + up Brug} + ( 0 ) S( 0 )

T T
k=0 N+1 N+1

Definition 1.
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(i) (w,u): J* — IR* is called admissible, if it satisfies (the equation
of motion) Az = AEx + Bu on J.

(i) (z,u): J* — IR? is said to satisfy the boundary conditions (no-
tation: (z,u) € R), if ([ ) € ImRT.
TN 41
(iii) F is called positive definite (notation: F > 0), if F(x,u) > 0 for
all admissible (z,u) € R with z # 0. |

Remark 1.

(i) The choice R = 0 yields the boundary conditions o = zy41 =0
which have been treated in the literature, and in this case, S can
be chosen to be the zero-matrix also.

(ii) (H) actually consists of two equations: While Ax = AFz + Bu
is the equation of motion, Au = CEz — ATu is called the Euler
Equation.

(iii) Note that the invertibility assumption on I — Ay for k € J ensures
the unique solvability of any initial value problem of the form
{(H), xm = z*, Uy = u*} where z*,u* € R" and m € J*. In
fact, as was pointed out by Ahlbrandt in [3], the system (H) can

be written as £/ (z) = T(z) on J, where the 2n x 2n-matrix-valued
function 7" on J is given by
Ay, ABy,
T, = 4 ~ kel
¢ ( CyAy CuAyBy+1— AT )7 <

Furthermore, each matrix 7} is invertible with

1 B ATC, +1— A, —B AL
k _ATC AT :
k“k k

Because of (iii) in Remark 1, the following is well-defined, and these
objects will play an important role in our characterization of positive
definiteness.

Definition 2. By (X,U) and (X,U) we denote the n x n-matrix-
valued solutions of (H) (i.e., AX = AEX + BU, AU = CEX — A"U
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and AX = AEX + BU, AU = CEX — A™U hold on J) which satisfy
the initial conditions

Xo=Uy =0, Up=—X, = 1.

(X,U) is called the principal solution of (H) at 0 and (X, U) the asso-
ciate solution of (H) at 0. H

Lemma 1. Let (X,U) and (X,U) denote the principal solution of
(H) at 0 and the associate solution of (H) at 0, respectively. With

N::(X g>onJ*,Wehave

7T _wT
N(_UUT )?; >:I on J* and EN =TN on J.

Proof. Ny, = Ty Ny for all k € J follows from Remark 1 (iii). ;From

-1
G (0 I\ _ [0 I
No _<1 0 -1 0
Uf Xy

and the assumption N, ' = (
c = X

) for k € J, we have

. vT AT _ _ AT
N = Nlek1=< U} X] )(BkAka+I Ay BkAk>

Ui Xy —ALCy, AY
C ()
—Uit1 Xin
so that the assertion follows. [ |

We now give some examples of Hamiltonian Difference Systems.
While the case of a second order linear self-adjoint difference equation
on J:

A(rAz) +pEz =0, (each ry is real and positive)
and the case of a self-adjoint vector difference equation on J:

A(PAz) + QEx = 0, (each Py is a positive definite n X n-matrix)
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deal with invertible matrices By, (A = 0, By = i,Ck = —p; in the
first case and Ay = 0, B, = Pk_l, Cr = —Qy in the second case), there
exist other important examples where the By are singular. To be more

specific, we will impose the following condition on the n x n-matrices
Ak, Bk, and Ck (k € J)

f

_ . (1 fj=i4l
Ar = (ai)igijen With ai; = { 0 otherwise
(Vs) \ By = diag(0,...,0, ), where r™ e R\ {0};

Tk

| Ok = diag(r,(go), ... ,7“,(9"_1)), where each r,(cu) € R.

Here, diag(ay, ..., a,) denotes the diagonal n x n-matrix with diagonal
entries ay,...,a,. Assuming (Vs), we have that (z,u) : J* — IR*"
solves (H) iff the following holds on J:

Az = Bz+D (0 < v <n—2), Az = %u(");
r n

Au) = rWEz®) =D (1 <y <n—1), Ay = O E®,
Under (Vs) the Hamiltonian System (H) is “equivalent” to a Sturm-

Liouwville Equation. More precisely, we have the following result:

Lemma 2. Assume (Vs). Then (z,u) where z = (2"))o<,<n—1 and
u = (u")p<y<n 1 solves (H) if and only if

2@ = (E7'A)"y,
(%) u®) = 3 (_A)ufvfl[r(u)(EflA)uEy]

pu=v—+1

holds on J with some y : [1 —n, N + 1+ n]|N Z — IR such that

n

L(y) := Y (=AY [ (B~ Ay Ey] = 0.

u=0

Proof. Let (*) hold on J with some y : [1—n, N+1+n]NZ — IR. Then
we have on J for 0 < v <n—2 (since E'A=EY(E—-1)=AE?):

Az = A(AE™YYy = (AE Y Ey = B+,

1
Azt = AQQET)"ly = EQAE™)"y = —5u®,

r(n)
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AU(U+1) - _ Z (_A),u—u—l[,r(u) (E—IA)MEy] — T'(V+1)E$(V+1) _ u(V)’
n=v+2
Al = =N (A [rW(ET A EBy] = rO B2 — L(y),
n=1
so that Az = AEz + Bu and Au = CEx — ATu — diag(L(y),0,...,0)
hold on J, which yields (since any solution (z,u) of (H) may be written
in the form (x)) directly the assertion.

Note that L(y) = 0 is a self-adjoint scalar difference equation of
order 2n. When studying these Sturm-Liouville Equations (or also
when studying Sturm-Liouville Eigenvalue Problems), it is important in
view of Lemma 2 to have a characterization of the positive definiteness
of the functional F' when the matrices By are singular. We will now
provide the main tools for achieving this goal.

3. CONTROLLABILITY AND DISCONJUGACY.

In the “continuous” case, a Hamiltonian Differential System is called
controllable (or identically normal) on an interval [a,b] C IR, if for
any solution (z,u) of (H) we have that £ = 0 on any non-degenerate
subinterval I C [a,b] implies that £ = u = 0 holds on [a,b]. Such
non-degenerate subintervals correspond in a sense to certain integer
intervals in the present “discrete” case. To be more precise, we will use
the following definition:

Definition 3. For k € J* we define a set of intervals of length x 4+ 1 by
J(k) ={mm+k|NZ mm+keJ}

The Hamiltonian Difference System (H) is called controllable on J*, if
there exists k € J* \ {0} such that for any solution (z,u) : J* — IR?"
of (H) we have that z = 0 on any J € J(x) implies = u = 0 on J*.
The minimal k € IN with this property is then called the controllability
index of (H). |

We will now give a characterization of controllability which allows
us to determine easily whether a Hamiltonian System (H) is controlla-
ble or not. As an application of this characterization we will show in a
corollary that systems under (V') with invertible By as well as systems
under the assumption (Vs) are controllable.
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Lemma 3. Assume (V) and let @y, := Ay 1 Ap 9. .- A, for k> m.
Let k € J*\ {0}. For m € J with m + k € J* put

Gm(’f) = ((I)m+n,mBma (I)m+n,m+le+la ey (I)m+n,m+n—le+n—1)-
Then the following statements are equivalent.
(i) (x,u) solves (H),z=0on J € J(k) = 2 =u =0 on J*.

(ii) a,b € R", me J withm+x € J*
— there exists an admissible (z,u) with z,, = a and Zp, 1, = b.

(iii) m € J with m + k € J* = rankG,, (k) = n.

Proof. Observe that, by induction and xy1 = flkxk + Byuy, for ad-
missible (z,u) and for m € J with m + k € J* we have that
Um
Ttk = (I)m—f—n,mxm + Gm(’{')
Um+r—1
This shows (ii) <= (iii).

Now, whenever (z,u) solves (H) with z,, = ... = Ty = 0 we
have Au = —ATu and Bu=0on [m,m+k|NZ, i.e.,

T T _
Uik = PotomikUmis a0d B py @ pm e =0, 0 <k <k —1.

rK—1
Since (| Ker(Bpnk®r mir) = KerGL (k) (where Ker denotes the
k=0

kernel of a matrix), (i) <= (iii) follows and the proof is complete. W

Remark 2.

(i) Assume (V) and that By is invertible. Then G,,(1) = A, B,
with rankG,,(1) = n for all m € J, and (H) is controllable with
controllability index 1 because of Lemma 3.

Now, assume (Vs). Then, whenever m +n € J*, @ppinmir = An—k

1 q ~ - 1 ifi<y
for 0 < k <n-1 with A = (aij)lsi,an, Q;; = { 0 Othe_I‘V‘VjiSG

Y

Gm(n) = (Aana An_le—Fla cee aABm-i-n—l)a

and rankG,,(n) = n can be verified for this case. Thus, again by
Lemma 3, (H) is controllable with controllability index n.
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(ii) If we are given a time-invariant (or autonomous) system (H) sa-
tisfying (V), i.e., A, = A and By = B on J, then (H) is control-
lable if and only if the controllability matrix (B, AB, ..., A"'B)
has full rank (where we put A = (I — 4)~1). |

We now introduce our concept of disconjugacy. For doing so, we
will need the following well-know fact (see e.g. [5]): Given any matrix
V, there exists a unique matrix V7 satisfying VVIV =V, ViV v = v,
and such that both VIV and VV' are symmetric. This matrix V1 is
called the Moore-Penrose (Pseudo-)Inverse of V', and with this notation
our definition of disconjugacy of a Hamiltonian Difference Systems (H)
reads as follows:

Definition 4. Let (X, U) be the principal solution of (H) at 0. (H) is
called disconjugate on (0, N + 1], if the following two conditions hold:

(i) KerXyi1 C KerXy, VEkeJ

(11) Dk = XkX]I+1AkBk20 VEkeld. .

Of course, “> 0” in Definition 4 (ii) means positive semidefinite,
and this can only be satisfied if the matrices Dy are symmetric. We
have the following result:

Lemma 4. Let (X,U) be the principal solution of (H) at 0 and sup-
pose that Ker X, ; C KerXy holds for £ € J. Then D, = XkX,ZHAkBk
is symmetric.

Proof. We first show that we have for arbitrary matrices V' and W'

KerV C KertWW < W = WV1V.

One direction of this claim is trivial. Now, suppose KerV C KerW, i.e.,
ImW?T c ImV?, and let ¢ be such that W?e¢ is defined. Hence, there
exists d = Vdy + dy with dy € KerV” such that

Whe=v"Td = VT(Vd1 +dy) = VTVvd,
and

WvhTe = (VHYWTe=(VHTVTVd,
VVHTVd, =VViVd, = Vd,.
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Thus we have Wle = VIVd, = VI(WVH e = (WVTV)T¢, and there-
fore WT = (WVTV)T and W = WVTV follows.

To show the assertion of the lemma, suppose that ¢ € KerXy,,
for k € J. Then (see Lemma 1) 0 = X; 1 X7, ¢ = X1 X[, ¢, and,
assuming KerX;,; C KerXy,

0= Xng+10 = (XkXE+1 + BkAZ‘)C = BkAZ’C

So we have KerX},, C KerBy Al and hence part (i) yields the formula
Xk—l—lX]L_lAkBk = AkBk Therefore

Dy = XipX], ABy
(I = Ay + ByALC) Xps1 — BeAL U] X1, Ax By
= By + BeAfCp A By — BeAL (X[, )" X[ Uk n X[, ABy,
which is symmetric (using Lemma 1 again). H
Note that, if Xy, is invertible for k£ € J, it is easy to see that
Dy, = Xka_ilz‘leBk = X (Xy, + ByUi) "' By = (I + ByQx) ™' By

is symmetric, since Q) := Up X, ! is symmetric (see Lemma 1). In this
case, () solves on J the discrete Riccati Matrix Equation

EQ=C+(—A"NQU +BQ)™ (I - A),

as is well-known (see e.g. [13]).

Now, if By, is invertible for k£ € J, which is the case that has been
treated in the literature, we have the following result (compare also the
definitions of disconjugacy in [8, 3, 16]):

Lemma 5. Assume that (V') holds and that By is non-singular for all
k € J. Then (H) is disconjugate on (0, N + 1] iff

) { BN I — Ap)zkr >0 VkeJ\{0}
*
for all solutions (z,u) of (H) with o = 0 and x # 0.

Proof. Let (X,U) be the principal solution of (H) at 0. First suppose
that (H) is disconjugate on (0, N + 1], i.e., KerXy; C KerXj and
Dy = X4 X[, AxBy, > 0 for all k € J. It follows, since X; = AyB, is
invertible, that Xj,; is an invertible matrix for all £ € J and hence
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that Dy, = X; X}, Ay By is invertible for all k € J\ {0}. Let (z,u) solve
(H) with o = 0 and x # 0. Therefore, z = Xuy and u = Uug hold on
J* (see Remark 1 (iii)) with ug # 0, and we have for £ € J \ {0}

2B (I — ARz = 73 Bt — Ap) Xpn X, Mg
= fo,;lxk > 0.

Now, suppose (*) holds. Let o € IR™ \ {0} and z = Xa, u = U«
on J*. Then (x,u) solves (H) with o = 0 and () implies that

0 < zf Byt (I — Ap)wp = " X Bt (I — Ap) Xppao (k€ J\ {0}).

This, in turn, shows that X} is invertible for all £ € J \ {0} and, since
o' Xy D' Xpa = o Xy By (I — Ag) Xgi1e > 0, that Dy, > 0 holds for
all £ € J\ {0}. |

4. JACOBI’'S CONDITION.

To state our main theorem we need one last auxiliary result.

Lemma 6. Suppose that (H) is controllable on J* and let (X,U)
be the principal solution of (H) at 0. Then disconjugacy of (H) on
(0, N + 1] implies invertibility of Xy 1.

Proof. Let ¢ € KerXy 1. Of course, (z,u) with z = Xc¢ and u = Uc
solves (H) and z = 0 on J* because KerXy,; C KerXy for all k£ € J.
Since (H) is controllable on J*, = u = 0 on J* follows, which implies
0 = uy = Uyc = c¢. Thus Xy, is invertible. [ |

Now, Jacobi’s Condition, i.e., the characterization of positive defi-
niteness of the discrete quadratic functional

N T
—T —T
F(:L‘, u) = E {xfﬂCkka + ukauk} + < 0 ) S( 0 )

T T
k=0 N+1 N+1

(see the notation introduced at the beginning of Section 2 and in Defi-
nition 1) reads as follows:

Theorem. Let (X,U) and (X,U) be the principal solution of (H)
at 0 and the associate solution of (H) at 0, respectively (see Def. 2).
Suppose that (V') holds and that (H) is controllable on J* (see Def. 3).
Then F' is positive definite (see Def. 1) if and only if the following two
conditions hold:

11
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(1) (H) is disconjugate on (0, N + 1] (see Def. 4);
(2) M := R(My,, + S)RT is positive definite on ImR, where

MN+1 — _X];}FIXN'HL X;r}l-l )
(Xyi)T  UnpiXgly

As already announced we shall not give a proof of this result here.
The proof requires a discrete version of a “Picone’s Identity” (see e.g.
[4]) and it will appear elsewhere. Several concluding remarks are in
order.

Remark 3.

(i) Of course, condition (2) only makes sense when Xy is inver-
tible. But, if (1) holds, we have shown in Lemma 6 (assuming
controllability), that Xy, is indeed non-singular. Furthermore,
it can easily be verified with the aid of Lemma 1 that in this case
My, is symmetric, so that positive definiteness makes sense,
also.

(ii) If R = 0, i.e., xy = xy4+1 = 0 are the boundary conditions (see
Remark 1 (i)), then condition (2) is empty and in this case positive
definiteness of F' is equivalent to disconjugacy of (H).

(iii) Observe that the case of linear self-adjoint difference equations
of even order has been included in this result, as was shown in
Lemma 2 and Remark 2 (i). Of course, the case where By is
invertible for £ € J is also included, and the result for this special
case (where additionally R = S = 0 is assumed) has already
been shown before (see e.g. [8]). It does not require the concept
of controllability (see Remark 2 (i)) and disconjugacy has been
defined involving the inverse of By (see Lemma 5), which is not
possible in the general case of our theorem.

(iv) Note that the controllability assumption on (H) implies that
N + 1 > k, where « is the controllability index of (H) (com-
pare Definition 3). Furthermore, in the time-invariant case, the
controllability assumption may for convenience be replaced by the
rank condition given in Remark 2 (ii).
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(v) Finally observe that F > 0 is hard to check (one has to show

F(z,u) > 0 for any admissible (z,u) € R with x # 0), while
the conditions (1) und (2) are very easy to check, since Lemma 1
gives an easy formula on how to compute the important objects
(X,U) and (X,U). Of course, if R = 0, one does not even need
to compute the associate solution of (H) at 0. |
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