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1. INTRODUCTION

The investigation of the nonnegativity of discrete quadratic functionals corre-
sponding to symplectic difference systems attracted attention in several recent papers
8, 10, 13, 14]. In this paper we continue in this research and we present an alterna-
tive approach to necessary and sufficient conditions for the nonnegativity of discrete
quadratic functionals which were established in [8] by using the generalized Picone’s
identity and via constructing an example proving the necessity of the so-called “image
condition”. Here we use a different method introduced in [5] and further developed
and used in [11] and [10]. This approach is based on the diagonalization of a certain
“big” matrix which represents the quadratic functional under consideration. Also, the
construction of an example showing the necessity of the “image condition” presented
here is slightly different than the one given in [§].
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Our concern is the discrete quadratic functional

F(z,u) = zTozo+ h DTN
N
k=0
over the class of admissible sequences (z), i.e., the sequences satisfying the equation

of motion w1 = Agxp + Brug, k= 0,..., N, and endpoints constraints
xg € Ker My, xni1 € Ker M.

Sometimes we speak about an admissible sequence r = {xk};{\:’ol only. By this we
mean such an x for which there exist ug, ..., uy such that (i) is admissible.

It is supposed that Ay, By, Ci, D). are n X n matrices such that the 2n x 2n matrix

S = A By is symplectic for all k, i.e.,
Cr. Dy

(1) SijSk =7, where J = (Oj_ é) .

The matrices 'y, I', Mgy, M of the endpoints cost and boundary conditions are

symmetric n X n matrices, and we assume without loss of generality that Mg, M are
projections and that I'y = (I — Mo)T'o(I — M), I' = (I — M)I'(I — M). Note that
these identities together with the fact that My, M are projections imply

MOFO =0= FOMO and MF =0= FM

The quadratic functional F is closely related to the symplectic difference system

(2) Zkp1 = Spzp with 2, = (xk>7
Uy,
where S}, satisfies (1). This symplectic property of S translates in terms of its block
entries as
(3) ATc=C"A, B"™D=D"B, AT™D-C"B=1.

Since (1) is equivalent to SJST = 7, identities (3) are equivalent to
ABT = BAT, ¢Dp" =pC”, ADT - BCT =1.
The fact that we consider the functional F over the class of sequences satisfying the

separated boundary condition at £ = 0 and £ = N + 1 actually means no loss of

generality. Indeed, if we consider a more general functional

N
Fl(z) = ( o )f( o > + Z{xfcg.ﬁlkxk + 2uj B Crxp + ui Bl Dyuy}

TN+1 TN+1 —o

over the class of z = (jj) satisfying the equation of motion and the joint boundary

condition (xzoﬂ) € Ker M, where M is a 2n X 2n matrix, it is possible to use one
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of the procedures introduced in [6] and [14] to augment the problem into the “double
dimension”, but with separated boundary conditions at k = 0 and £ = N + 1. Note
also that extending the matrices in the augmented functional over the discrete interval
[—1,N + 2| in a suitable way, the separated boundary conditions at & = 0 and
k = N + 1 can be reduced to the zero boundary conditions at k = —1 and k = N + 2.
However, here we will not employ this transformation, since the reformulation of the

results to the extended functional brings no essential simplification of our problem.

The paper is organized as follows. In the remaining part of this section we briefly
recall the history of the investigation of the positivity /nonnegativity of discrete qua-
dratic functionals. We also compare this investigation with the same problem for
(continuous—time) quadratic functionals associated with linear Hamiltonian differen-
tial systems. Then, in Section 2, we state basic results concerning symplectic differ-
ence systems and their relationship to the quadratic functionals under consideration.
Section 3 is devoted to the introduction of the basic ideas of the diagonalization
method. The last section contains the main result of our paper — a “diagonalization

proof” of the necessary and sufficient condition for nonnegativity of the functional F.

Consider the linear Hamiltonian difference system
(4) Al’k = Akl’k+1 + Bkuk, Auk = C’kxk+1 - Azuk,

where A, B,C are n x n matrices, B,C are symmetric and [ — A is invertible. Ex-
panding the forward differences in this system, it is easy to see that (4) is a special
case of (2), see [4, p. 714]. The problem of the positivity of the quadratic functional
associated with (4)

N
Fu(x,u) = Z{x;{HCkka + u} Bruy}
k=0

over the class of sequences (z) satisfying Axy = Agxpi1 + Brug and g = 0 = xyq 1S
systematically studied in [1], where the so-called roundabout theorem is established.
This theorem presents several conditions which are equivalent to the positivity of
Fu. The results of [1] were extended to “Hamiltonian” functionals Fy with general
boundary conditions in subsequent papers [2, 3, 6, 12]. In particular, it is shown that
the general joint boundary conditions can be reduced to zero separated conditions
for a certain associated augmented functional. Concerning the roundabout theorem
for quadratic functionals F corresponding to symplectic difference systems (2), the
roundabout theorem (i.e., the characterization of the positivity of F) is presented in
[4]. The papers [7, 15] continue in this research and relate the oscillation properties of
(2) to the number of negative eigenvalues of a certain eigenvalue problem associated
with (2).
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The continuous counterparts of the functional F and of the system (2) are the

functional

Fo(z,u) = /b[uT(t)B(t)u(t) + 2T ()Ct)x(t)] dt
and the linear Hamiltonian differential system
(5) ' = Alt)r + B(t)u, u =C(t)r — AT (t)u.

A comprehensive treatment of the relationship between oscillatory properties of (5)
and the positivity (nonnegativity) of the functional F¢ can be found in the books
[16, 17], see also the papers [9, 18, 19, 20, 21]. Note that the problem of the positivity
and the nonnegativity of F¢ is of the same difficulty in the continuous—time case, but
under a normality condition (or, equivalently, under a controllability condition), see
(16, 17].

In contrast to the continuous-time case, here we suppose no normality condition.
It turns out that the “gap” between the characterization of the positivity and the
nonnegativity of F is bigger than in the continuous case, in a certain sense, as pointed

out in Remark 2 of the last section.

2. AUXILIARY RESULTS

First let us recall the relationship between the symplectic system (2) and the

quadratic functional F. Functional F can be written in the form
F(2) = x{Tozo + zy Tanis + Folz),

where

Fo(2) = EN:z,f{S;flCSk—lC}zk, K = (? 8) .= <z)

k=0

and the equation of motion then reads as Kzp, 1 = KSkzp.

Lemma 1. Let 2z, = (z’;), Zy = (2’;), k =0,...,N, satisfy the equation of motion

and define the bilinear form associated with Fy by

N

Folz.2) =Y a{SEKS, — K}z

k=0

Then
N

Fo(z,2) =Y {atsy (Cedin + Drilig — tigrr) + Azl i) }.

k=0
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Proof. Using the equation of motion, we have

N
Fo(z,2) = D {(Asxx + Brw)" (Chiix + Dyiix) — 2 iy}

k=0
N
= Z{wiﬁl(cki"k + Dylig — Upt1) + Thoy Ukg1 — T Ug )
k=0
This shows the result. O

The equivalent time-reversed system to (2) is the system z, = Sk_lzk_i_l, which can
also be studied as a discrete symplectic system [4]. In particular, this time-reversed

system has the form
(6) T = DZ;{L‘k_H - B,{ukﬂ, U = —Cgl'/ﬁ_l + AZukH.

For any two (vector or matrix) solutions z, Z of (2) we have that 2] JZ is constant
for k = 0,...,N 4+ 1. This is known as the Wronskian identity [4, Remark 1(ii)].
In particular, if we have Z7JZ = 0 for a 2n x n matrix solution Z = (5) of (2),
i.e., if XTU is symmetric, then we call Z a conjoined solution of (2). If, in addition,
rank Z = n, then Z is called a conjoined basis. Two conjoined bases Z = (X) and

U

Z = (5) are normalized if ZTJZ = I, i.e.,if XTU—UTX = I. The natural conjoined

basis at k = 0 is the solution Z = (7)) of (2) given by the initial conditions
Xo=1—-My, Uy=Ty+ My

and for this natural basis we have

(7) XIToXo = X Uy =T,.

It plays the role of the principal solution of (2) at k& = 0 used in [4] and reduces to
this principal solution, when the left endpoint of F is zero, i.e., when My = I. In
this special case one has Xqg = 0 and Uy = I. A conjoined basis Z = (g) is said to

have no focal points in the interval (k, k + 1] if the “kernel condition”
(8) Ker X;11 C Ker X,

and the “P-condition”

(9) Py = X, X B >0

hold. Here Ker, T and > stand for the kernel, the Moore-Penrose generalized inverse
and the nonnegative definiteness of the matrix indicated. Note also that if (8) holds,
then the matrix P is symmetric, see [4, p. 714 and Lemma 3|. Equivalently, Z has
a focal point in (k,k + 1] if either Ker X3 € Ker Xy, or (8) holds but P, 2 0.
The nonnexistence of a focal point of the principal (?]() at £k = 0 in the discrete
interval (0, N +1] is a necessary and sufficient condition for positivity of (1) with zero

boundary conditions xy = 0 = xy41, see [1, 4].
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Next we define for Kk =0,..., N + 1 the n x n matrix
(10) o= UpnX] 4+ (U X)X — O (T = X X0)UE,

where Z = (g) is the natural conjoined basis at k = 0 and Z = ()5) is the conjoined

basis completing Z to a pair of normalized conjoined bases of (2). The existence of 7 is
proven e.g. in [10, Remark 3(ii)]. The matrix Q satisfies the identities QX = UXTX,
XTQX = UTX, and it solves the implicit Riccati equation R[Q]z X} = 0, where the
Riccati operator R[Q]) associated with (2) is defined by

R[QJk := Qry1(Ax + BpQr) — (Cr. + D Q).
We also introduce the (symmetric) matrix
Pr = B Dy — B Qu11By.

The matrices @, P appear in the proof of the main results of our paper in the last

section.

Finally, let us recall some results of the paper [15]. For a conjoined basis Z = ()[5)

of (2) we define the n x n matrices
(11) My = (I - Xen1 XJ B, Tii=1— MM, Py:=TPT.
Note that T are symmetric and the properties of the Moore—Penrose inverse imply
(12) XMy =0, MT, =0, BTXe1X), BTy
Let Z7 = ()(5) be any conj~oined basis of (2). Then we have the following properties
of the matrices M, T, P,’P. By [15, Lemma 1(ii)], the kernel condition (8) holds iff
My =0, ie., iff By = Xj1 X}, By Further, using (6)
XkX]1+1Bka = (Df Xi+1 — BkTUkH)X;ZHBka
= Dng+1XZ+1Bka - BgUk+1Xli+1Xk+1Xli+1Bka
= Dy BTy, — B Qi Xis1 X[ BT,
= DZ;Bka — BZQk+1Bka — 75ka;
consequently, P, = T,CT 75ka is always symmetric.

If z = (i) satisfies the equation of motion at k, i.e., 11 = Az + Bruy, and if

x € Im Xj, then x4, can be (uniquely) written as a sum
(13) Trp1 = Xpp10pq1 + Mydy,

where, by (12), the vectors Xy 10441 and Mygdy, in the last sum are orthogonal. More

precisely, suppose that xp = Xyap and set diiq := ux — Ugay.. Then
D1 = Arp + Brwr = A Xpay + Brug = (X1 — BeUyg)ou, + Brug
= X104 + Bdp = Xprop + (Mg + Xk+1X]lL+1Bk)dk = Xipp10041 + Mydy,
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where we take a1 = ap + X Z 41 Brdi. The previous computation means that if
xp € Im X}, (which holds e.g. if zg € Im X, and if the kernel condition holds up
to k — 1), then the reachable set at k£ + 1 is an orthogonal sum Im Xj.; @& Im M.

Moreover, the vector xp,q will stay in Im X iff Myd = 0.

3. ADMISSIBILITY

In this section we recall some results from [10], where the space of admissible

x = {x}5 1 is characterized without assuming the kernel condition.

Let us introduce (in accordance with [10], see also [5, 11]) the matrices @y, ; :=
Aoy Ay for k> j, @y =1, Py = XpX]1Bj, j = 0,...,N, Punir = Xp,
k=0,...,N, Pvitint+1 := Xn41. Further, for m =0,..., N + 1, define

PO,O PO,l s PO,m—l PO,m
_MO Pl,l S Pl,mfl Pl,m
Nm — _<D2',1MO _Ml s P2,7'n—1 P27m ,
_q)mfl,lMO _(I)mfl,2M1 SR mel,mfl mel,m
_q)m,lMO _(I)m,QMl s —ilm-—1 Pm7m

and set N := Ny,1. Also, form =0,...,N +1 we put

T S 0 ... ... 0

SIS '
K = 0 & T :

S 0

: Y S

0 ... ... 0 8§, T,

where 7, .= ALE A, — ALC, — &1, Sp = CL — A&, k=10,...,N, and Ty, =
[ + Ey. The matrix &, is any symmetric matrix satisfying B} EBr, = DLBy (e.g.
EL = BkB,ZDkB,E), and £_1 := Ty, see [10, 11]. Let

Ui (~OyaaMy —®npioMy . By nMyoy My Xnp),
(i.e., W is the last row in /) and finally let

Zo
V= : , such that {z; }27 is admissible

TN+1

Now, by [10, Theorem 2], we have the following characterization of admissible vectors
Tk, kZZO,,N—f-l
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Lemma 2. [10, Theorem 2] The vector
Lo
T = : €Y <= x=Nd, de Ker MV.

TN+1

4. DIAGONALIZATION AND NONNEGATIVITY

The following diagonalization result extends [11, Proposition 1] to the case when

the kernel condition (8) is replaced by a weaker image condition
(14) .’L‘kGIka, kZO,,N—l—l,
as we will see later.

Theorem 1. Let m € {0,..., N} and U, = diag{Ty,..., T} with T} given by (11).
Then
UTNT I Nolhy 0 )

Z/{T T ’Cm Nm Z/{m _
m+1Y Y m+1 +1 +1 +1 0 Perl

Proof. Using sightly modified computations from [5] and [11], we have

NTK N QX 0B )

N KNy =
Hm <B£+1(X;+2)T9ﬁ (X o Bons) A (X5 Brn)

where
Qm = ./\CEICQO +N75Rme+17
Am = £+1Km+1 Qerl

== QZ;ICm Qm + Qg,;Rme—i-l + szr;+1R7Tn Qm + X£+1Tm+1Xm+la

with n(m + 1) x n matrices

0
Xo .
Qm = ) 7zm = :
0
Xom
Sm

Concerning the matrices 2 and A, again using computations from [5, 11]

Q
Qm 1 = " )
’ <B£+1(X;+2)T{Am + X77T@+1Sm+1Xm+2}>
Am = XnTHl[UmH + (AngSmHAmH - CZLHAerl)XmH]-

Hence, (we skip the index m + 1 in the next computations), by using the identity

PT = XX ,BT = B (D — Q,,12B8)T = PT
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derived in Section 2, where @ is given by (10), we have
TTBY(X] o) { A + XTS X nia}
= TTBY(X] ) {XTU + XT(ATEA — CTA)X + XTSX,10}
= (XX ,BT)T{U + (ATEA - CTA)X + (CT — ATE)(AX + BU)}
= T(D" - BQu2){BU + B(ATEA - CT A)X + B(CT — ATE)(AX + BU)}
= TT(D" — BQu2){BU + (BCT — BATE)BU}
= TH(D" — BQ,.2){BU + (BCT — AD")BU}

= 0.
Consequently, since €y = 0, by a similar computation as in [11, Lemma 5], we have
Q, =0, m=1,...,N, by the induction principle. Finally (again, no index means
index m + 1),

(X oBT) A (X0 BT)
= T7(X! ,B)T{XTU - XT(ATEA - CTAX}X! BT
= (XX] BT)T{U + (ATEA - CTA)X}X] BT
= T7(D — Qi 2B)T{BU + BATEA — BCTA)X} X BT
T(BUX] B+ (ABTEA — BCTA)BY(D — QniaB)}T

The proof is complete. O

The previous statement shows what role is played by the matrices Py in the
investigation of the nonnegativity of the functional F. They are the block diagonal
entries of the “big” matrix which represents the quadratic functional F. Another
view on these matrices is presented at the end of this section.

By using the statement of Theorem 1 we can prove the following necessary and

sufficient condition for the nonnegativity of F.

Theorem 2. Let Z = (g) be the natural conjoined basis at k = 0. Then the functional

F is nonnegative definite iff the following three statements hold true:

(i) The “image condition” (14) holds for every admissible ().
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(ii) The “P condition” holds:
(15) P =TI X X} BT >0, k=1,...,N.
(iii) The “endpoint condition” holds:

(16) Qni1+T>0 on  KerMnN Im Xyy.

Proof. First we prove the sufficiency of conditions (i), (ii) and (iii) for the nonneg-
ativity of F. Let (z) be any admissible pair, i.e., it satisfies the equation of mo-
tion and the boundary condition Myxg = 0 = Maxyy;. By Lemma 2, there exists
d=(df,...,d5, )" € R+ d e Ker MV, such that

o do
z=| ¢ |=Nd=N]| : |,
TN4+1 dn+1

ie.,

k—1 N
Ik = —Zq)k7j+1Mj+X]€ <ZXJT+1BJ+dN+1> .
j=0 j=k

For k =1 (we always have zy € Im X, even without image condition (14)),
N
I = —M()d() + Xlozl, a1 = ZXjJ’r—i-lBjdj + dN+1
j=1

and the condition x; € Im X implies dy € Ker My = Im Ty, hence dy = Ty for
some vy € R™. By using the same argument, dy = Ty, k =2, ..., N. The condition
MUd = 0 then reads as M Xy 1dy,1 = 0 and it is satisfied for dy1 € Ker MXy.1.
Consequently, if the image condition (14) holds, then

T
Yo 7o
F(x,u) = : U A NN A KNy Un
TN YN
dni1 Ayt

By a similar computation as in the proof of Theorem 1,

ULNTEKNN Uy Q
Uy Ny KNyl g = (N NN N)

0% L
[ diag{F,..., Py} O
- 0 L)’

where

L o= Avi+ X5 Sh Xy + (XESy + Xy Tnen) X
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Now, substituting for Ay_1, we have (we skip the index N in the next computation)

L=Av_1+X"SXni1+ X3S X + X T X
= XTU + XTATEAX — XTCTAX + XT(C— ATE) Xy

+ X (CT = EAX + X3 (T +E) Xy
= XU + (— X3y + UTBNE(— Xy + BU) — XTAT(CX + EXny1)

+ XTCT X1+ X1 CX — X3 EAX + X DX vt + X3 EX N
=X"U+U"B"™DU —U"(I = D" A)X + X"C" Xn1 + X 1 T X
=U"D"(BU + AX) + X"C" Xn11 + X 1T X v
= U1€+1XN+1 + ij\;HFXNH
= X341 (Qnp1 + 1) X1

Consequently,
U ANy A KNy lngs = diag{ Py, ..., Py, X3 (Qngr + T) Xy}

This proves the sufficiency part of this theorem, since X%, (Qn+1+I')Xni1 > 0 on
Ker MXn iff Qni1 +T>00n Ker M N Im Xnyg.

Concerning the necessity part, suppose first that (i) is violated, i.e., there exists
m € {0,..., N} and an admissible z = (2) such that z, € Im X, for kK =0,...,m,
and z,,.1 € Im X,,11. Then, by (13),

Tm4+1 = Xm+1am+1 + Mmdm

for some a,,1,d,, € R" with M,,d,, # 0. Let S’ be the n x n matrix satisfying
Xmi1S' =0, U1 S = M, the existence of such a matrix is proven in [8]. Put
a =t5'd,,, define

(j) ()U(:g)’ k:(),...,m,

(8), k=m+1,...,N+1,

and let z* = z + Z. Then this z* is admissible (since it is the sum of admissible

sequences) and by a direct computation we have F(Z) = 0. Hence
F(z*) = F(2) + 2F (%, 2),

where
N
F(z,2) = @iToro+in Tone+ Y 5 {SEKS, — K}z
k=0
N
= xgTofio + 2h  Tin + Y 20 {SEKSk — K}
k=0
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By using Lemma 1 and (7), together with xy = Xyaq for some oy € R", we have

N
F(22) = xiToFo+ ah Taner + > {2h (Coy + Dyl — tirr) + Az i) }
k=0

= 2] (ConXom + CrUn)a + ol (XIT0 X — X Up)a
= (Xt 1Qmi1 + Midy) " Upia @

=t dyMyUpni1S'd,

= t-dX M M,d,

= t||Mndy,|* = —o0 ast— —oo.

Consequently, F(z + z) = F(z) + 2t(d" MTMd),, < 0 for t sufficiently negative.

Now let us suppose that (ii) does not hold, i.e., the matrix P,, fails to be non-
negative definite for some m € {0,..., N}, then F # 0 by [10, Theorem 1]. Recall
that the admissible pair z = (%) for which F(z) < 0 is in this case e.g.

T
u

Urd for k=0,....m—1
Xgd for k=0,...,m
Ty 1= up =< Upd—Trc for k=m

0 for k=m+1,...,N +1,
0 fork=m+1,...,N +1,

where ¢'P,,c < 0, d := X:,LHBmec and, where (g) is the natural conjoined basis at

k = 0. It is shown in the proof of [10, Theorem 1] that F(z) = ¢ P,,c < 0.

Finally, suppose that (iii) does not hold, i.e. the endpoint condition (16) is not
satisfied, i.e. dT(QN+1 + F)cz < 0 for some d € Ker M N Im Xny1, ie., d= Xny1€
and Md = 0. Then d = (0,...,0,é")7 € R™"V+2) gatisfies d € Ker M¥. Hence,
= (zf,...,25,1)" := Nys1d is admissible and (with associated u) we have F(z) =
d"(Qn41 +T)d < 0. O

Remark 1. Observe that Theorems 1 and 2 are closely related, in a certain sense,
to the generalized Picone identity [8, Proposition 2.1]. Indeed, this identity states
that if Z = ()U() and Z = ()U{) are normalized conjoined bases of (2), @ is given by
(10), z = (i) satisfies the equation of motion at k, i.e., xp41 = Apxy + Brug, and

xr € Im Xi, 1 € Im Xjiyq, then

r1 CL Apry, + 2ul Bi Covy, + uj B{ Dyuy, = s} Prsy + A2} Qry),
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where s, = u, — Qrry. Hence, if Z = (g) is the natural conjoined basis at £ = 0,

i.e., XgroXo = XngXo, then

N
,7:(2) = lj]\}-{—l (F + QN+1)93N+1 + Z SZPk:Sk
k=0
T
S0 So
= xj]:/+1 T+ OQnp)onp + | diag{Fy, ..., Py}
SN SN
T
S0 So

— : diag{Fy,..., Py, '+ Qni1}
SN SN

TN+1 TN+1

Remark 2. Let us compare the necessary and sufficient condition for the positivity
and the nonnegativity of F in case of zero boundary conditions xg = 0 = xn41.
The positivity of F is equivalently characterized by conditions (8), (9), while the
nonnegativity of F is characterized by (14) and (15). Thus, the gap between the
positivity and the nonnegativity of F is as big as the gap between the image condition
(14) and the kernel condition (8). But since F > 0 implies the image condition,
the gap between F > 0 and F > 0 is in fact the kernel condition itself, see [10,
Corollary 3] with M = I. In the continuous—time case, and under the normality
condition (i.., the trivial solution () = (J) is the only solution of (5) for which
x(t) = 0 on an interval of positive length), and B(t) > 0, we have Fo(z,u) > 0 iff
the principal solution at t = 0 (i.e., the conjoined basis given by the initial condition
X(a) = 0,U(a) = I) satisfies det X (t) # 0 for t € (a,b]. Moreover, under the same
assumptions, Fe(x,u) > 0 iff det X (t) # 0 for ¢ € (a,b). The last two conditions on
det X (t) are much closer, in a certain sense, than conditions (8), (9) and (14), (15)

in the discrete case.
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