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DISCONJUGACY AND TRANSFORMATIONS
FOR SYMPLECTIC SYSTEMS

MARTIN BOHNER AND ONDREJ DOSLY

ABSTRACT. We examine transformations and disconju-
gacy for general symplectic systems which include as spe-
cial cases linear Hamiltonian difference systems and Sturm-
Liouville difference equations of higher order. We give a Reid
roundabout theorem for these systems and also for recipro-
cal symplectic systems. Particularly, we investigate a con-
nection between eventual disconjugacy of linear Hamiltonian
difference systems and their reciprocals. Finally, we present a

~ disconjugacy-preserving transformation of a Sturm-Liouville
equation of higher order which transforms this equation into
another one of the same order.

1. Introduction. It has taken considerable effort to define discon-
jugacy for Sturm-Liouville difference equations of higher order

(SL) Z(—vl)VAV{T,(:)Auyk_Fn_u} =0, 0<k<N
=0

and to prove a so-called Reid roundabout theorem which contains the
statement that disconjugacy is equivalent to positive definiteness of a
certain related discrete quadratic functional. Recently, this problem
was solved in [10] by treating (SL) as a special case of a linear
Hamiltonian difference system

Azy = Apxii1 + Bruy,
(H) Auy = —Cir41 — AT uy,
0<k<N

(A, B, and C being square matrices) and by proving a Reid roundabout
theorem for such more general systems.

In this paper we present an extension of those results to symplectic
systems : ‘ '

(S) Ze+1 = Sk2k, 0<k<N
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708 M. BOHNER AND O. DOSLY

where the matrices Sy, are assumed to be symplectic. We define discon-
jugacy for symplectic systems and give conditions which are equivalent
to the positive definiteness of the discrete quadratic functional

N
Flz) = A {STKSk - K}z
k=0

For a more precise discussion of the above properties and quantities,

e.g., 'r,(c"), Ay, By, Cy, xk, uk, Sk, 2k, K, we refer to the next section.

The following are some of the advantages of our (symplectic) ap-
proach. First of all, any system (H) is covered by a system (S) but not
the other way around. So this gives access to many more systems and
at the same time to many more discrete quadratic functionals which
may arise as a second variation when trying to solve variational prob-
lems in control theory. Secondly, the objects connected to the system
(S), e.g., the so-called Riccati operator which plays an important role
for the characterization of positive definiteness, the results and their
proofs, e.g., results on certain transformations of a symplectic system
into another symplectic system, read much smoother and easier com-
pared to those for systems (H), although systems (S) are more general.
This is basically a consequence of the fact that all proofs for (H) need in
the essence its symplectic structure only, but this symplectic structure
is very well hidden in systems (H). Finally, by looking at reciprocal
symplectic systems

~

(S) zk = Syzp41, 0<Ek<N

it is possible to give results for reciprocal linear Hamiltonian difference
systems that have not been obtained in the previous literature. Our
main result concerning this topic states that a system (H) is under
certain additional assumptions eventually disconjugate if and only if
its reciprocal system is eventually disconjugate.

Let us briefly give an overview on the literature related to the above.
While (SL) for n € N has been investigated, e.g., by C. Ahlbrandt,
P. Hartman, and A. Peterson (see (7, 24]), there is a long list of authors
who dealt with (SL) in case n = 1, see for example [12, 23, 25, 26, 34)].
This is essentially because the B from (H) which corresponds to (SL)
for n =1 is invertible which is the easier case when looking at systems
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(H). The more general case of (H) with invertible B was first examined
in a series of four papers by L. Erbe and P. Yan in [19, 20, 21, 22] and
also by C. Ahlbrandt, S. Chen, O. Dosly, M. Heifetz, J. Hooker, T. Peil,
A. Peterson, and J. Ridenhour (see [2, 3, 4, 18, 29, 30, 31, 32, 33)),
while singular B has been allowed in the papers by M. Bohner [9, 10].
Finally, general symplectic systems were introduced by C. Ahlbrandt
and A. Peterson in [7].

What follows is a short summary of the set up of this paper. The
next section contains preliminary and partly well-known results on
symplectic systems and the corresponding functionals. In Section 3 we
introduce the concept of focal points for matrix-valued solutions of (S)
as well as the concept of generalized zeros for vector-valued solutions
of (S). Disconjugacy is defined in terms of generalized zeros and a
Reid roundabout theorem is proved. This theorem may be viewed
as a discrete analogue of W.T. Reid’s original (continuous) theorem
(see [36, Chapter VII], [37, Theorem V.6.3] and [27, Theorem 2.4.1)).

Moreover, we discuss the above concepts for reciprocal systems (é)
and prove a Reid roundabout theorem for those systems also. In this
section we also present transformations of symplectic systems which
preserve the important property of disconjugacy. With the aid of the
results of Section 3 we investigate in Section 4 a connection of systems
(H) with their corresponding reciprocal systems. Finally, we obtain
in Section 5 a result on disconjugacy-preserving transformations for
Sturm-Liouville difference equations. This result may be viewed as
the discrete counterpart of the (continuous) transformation method
suggested by C. Ahlbrandt, D. Hinton and R. Lewis in [6], and it
complements the results on transformations for systems (H) obtained
by O. Dosly in [18].

2. Preliminary definitions and results. Let n,N € N, J :=
[0, N]NZ, J* := [0, N+1]NZ. For a matrix- or vector-valued function f
defined on a subset of J* we write fi := f(k), and we sometimes refer to
the matrix or vector f using a slight abuse of language. The difference
operator A is defined by Afy := fi+1 — fi while the shift operator E
is given by Efy := fr+1. By M we denote the Moore-Penrose inverse
of a matrix M, i.e., the unique matrix satisfying MMM = M and
MTMM?' = M such that both MM* and MM are symmetric, see for
example [8]. For a symmetric matrix D we write D > 0 if D is positive
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definite and D > 0 if D is positive semidefinite. By Ker M, Im M,
rank M, MT and M~! we denote the kernel, image, rank, transpose,
and inverse of the matrix M, and we abbreviate (MT)~! by MT-1,
We use I for the n x n-identity matrix, and we also need the 2n x 2n-

matrices
0 I 0 0
y_(_I 0) and ;c_(I 0).

Finally, a 2n x 2n-matrix S is called symplectic if STJS = J holds.

Definition 1. Let S be symplectic and z : J* — R2".

(i) 2 satisfies the boundary conditions if Kz = Kzn41 = 0 and it
is admissible if it satisfies the equation of motion XSz = KCEz on J.
The Euler-Lagrange equation is given by KTSz = KTEz on J and the
corresponding symplectic system (S) by Sz = Ez on J.

(ii) The discrete quadratic functional F(z) = E,?;o zf {STKS;, -
K}zk is called positive definite (we write F > 0) if F (2) > 0 for all
admissible z satisfying the boundary conditions with Xz # 0 on J.

Remark 1. (i) Wehave 7' =JT =-J and T =KT - K. If S is
symplectic, then S is invertible and S~! = 78T J7T, §T = 78-1 77T
hold. Furthermore, S~ and ST are then symplectic also.

(ii) For a symplectic system Wronski’s identity holds, i.e., if vectors
or matrices f and g solve (S), then f¥ Jgx is constant on J. To see
this, just note that, due to simplecticity,

fi1T gksr = FESTT Skgr = FF T gk

holds. We denote vector-valued solutions z : J* — R2" of (S) by
small letters and use capital letters for 2n x n-matrix-valued solutions
Z of (S). Such a Z is called a conjoined basis of (8) if ZTJZ =0
and rank Z = n hold on J*. Two conjoined bases Z and Z are called
normalized whenever ZTJZ = I holds, and this is true if and only
if the matrix (z z) is symplectic. Note also_that, for any conjoined
basis Z, we can find another conjoined basis Z such that Z and Z are
normalized; just choose Z to be the (unique) solution of (S) satisfying

Zo = J1Zo(2§ Zo)™". Finally, the solution Z of (S) with Z,, = (g)
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is called the principal solution of (S) at m while the solution Z of (S)
with Z,, = ('61 ) is called the associated solution of (S) at m.

(iii) Whenever we do not make any other assumptions, we will put

(¢ ) ()

with z,u4 : J* =+ R" and n x n-matrices A, B, C, and D. Then z
is admissible if xx4+1 = Agxi + Brui, holds, and it satisfies the Euler-
Lagrange equation in case of ug41 = Crx + Diug for all k € J. Also,
the conditions

{ATD ~CTB = ADT - BCT = DTA - BTC = DAT — CBT = I,
L ABT,CDT,CT A, DTB, BAT, DCT, ATC, BTD symmetric

are then easily seen to be necessary and sufficient for S to be symplectic.
In this case, one may easily check the formula

CTA CTB )

T —
SRS -K= (BTC DTB

so that F now reads
N .
F(z,u) = Z{x{CfAkxk + 2z C¥ Bruk + uf DF Brui }.
k=0
For admissible (x,u) it is readily verified that this formula reduces to

N

F(z,u) = Thy uns1 — 3 up + foﬂ{ckxk + Dyuk — Uk+1},
k=0

and this formula especially helps in those cases when Eu = Cz + Du
holds on a subset of J.

(iv) For k € J*\ {0} we define controllability matrices by

Gr = (Ak—1Ak-2- - A1By  Ag_1Ak-32--- ABy
Ag-1Bg—3 Bi_1).
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Then it is easy to check by induction that (z,u) is admissible with

zo = 0 if and only if
Uo
. Uk—-1

holds for all k € J* \ {0}.

(v) Let (X,U) be a conjoined basis of (S) with Ker EX C Ker X
on J. Then we have Ker EXT C Ker BT and z € Im X on J for any
admissible (x,u) with o = 0. To prove the first claim pick a conjoined
basis (X, U) such that (X, U) and (X, U) are normalized, compare (iii),
and ¢ € Ker X, so that Xi1 X7 e = Xpy1 X7, ;¢ =0 and

= XngAfc + (I +)~{kUE)B;{C
=X XL 1c=0

hold. For the second claim, we note that z € Im Xy is surely true and
that z = Xyc € Im X, implies

Tk+1 = ArXpe + Bruk = Xgy1c+ B (ux, — Ukc) € Im Xjy .

Finally note that KerV C Ker W if and only if W = WV1V, see 9,
Lemma 4].

Definition 2. (i) We say that a scalar function y : [0, N + 2n] N
Z — R satisfies the Sturm-Liowville difference equation (SL) given
by reals r,(c"), k € J, v e [0,n]NZ with r,(c") # 0 for k € J if
S o (=AY {r Avy 10—} = 0 holds on J.

(i) (3) : J = R solves the linear Hamiltonian difference system
(H) given by the symmetric n x n-matrices B, C, and by the n x n-
matrix A such that A := (I— A)~! exists if both Az = Agxie1+ Bruyg
and Aug = —CrZr4+1 — AT ux hold on J.

Remark 2. (i) As is well known, see, e.g., [22, Section 3] or (9,
Lemma 2], any equation (SL) is equivalent to a system (H) with the
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n X n-matrices
. 1
A-IcE (aij)? Bk=dlag(0"'- 0, —(n_)v
Tk

—C, = diag(r™, vV, ... 7" D)

(where a;; = 1 if j = i+ 1 and 0 otherwise) in the following sense:
(z,u) solves (H) if and only if y solves (SL) with

miy) = A My tn—v,
n
u) = 3 (AP Aty o}

u=v

1<v<n, keJ

(ii) Invertibility of I — A ensures that (H) may be equivalently written

()4 (2)
Uk+1 koo ug

S(H>=< A AB >

with
—CA —-CAB+1-AT

Note that S(H) is symplectic so that any (H) is a symplectic system.
Furthermore the corresponding functional then may be computed to
be, compare Remark 1 (iii),

N
F(z,u) =Y _{uf Brux — 241 CThs1}
k=0

whenever (z,u) is admissible, i.e., whenever zx4; = Agzi + ApBrug
or equivalently Az = Axxr+1 + Brug holds.

Lemma 1. The symplectic system zp+1 = Sk2zr with
_(AB
s=(¢3)

is a system of the form (H) if and only if the matriz A is invertible.
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Proof. One direction of the claim is already clear because of the
preceding Remark 2 (ii). Now define A := I — 4~1 B .= A-1B,
C := —CA~1, and then symplecticity forces, see Remark 1 (iii), B and
C to be symmetric and

D=AT"Y(1+C"B)
=AT"1+cAIB
=I-AT-Cc(I-A4)"'B

so that (S) may be written as a Hamiltonian system. 0O

3. Disconjugacy for symplectic systems and for reciprocal
symplectic systems. Now we may proceed similarly as in [10] to
prove our main result of this section, Theorem 1 below. We will need
four lemmas for the proof of the Reid roundabout theorem for general
symplectic systems, and for this purpose we put for convenience

(= _(X\ _(A B
-(2) =) s=(7 3).
and for symmetric Q

( T
mia=(g,, ) 75 (g,)
=Qk+1(Ax + BeQx) — (Ck + DrQx),

T T
= (35 (2) o, ) 5.2) - -0

™

Lemma 2. For admissible (:c,u) and symmetric Q we put s :=
u—Qzx. Then

(1)

A{zf Qrar} — z¥ CF Apzi — us DI Bruy, — 2ul B Crzr + sy Pi[Q]sk

= 2ui By Ry[Qlex + =i { RY [Ql Ak — QiBY Ri[Q]}ax,

(ii) {Dk ~ B{ Qu41}r41 = zx + Pi[Q]sk — BY R [Q)ax.
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Proof. Some computations (compare also [10, Lemma 2]), using
admissibility of (z,u), i.e., Zx4+1 = AxTk + Bruk, easily yield the above
claims. O

Lemma 3. Let (X,U) be a conjoined basis of (S) with Ker EX C
Ker X on J and suppose that Q is symmetric with QX =UX tX. Then
we have

Re[Q)Xx =0 and Pi[Q] = XiX], B

Proof. First, Remark 1 (v) yields XkX,z +1Xk+1 = X and
Xi+1X},1Bi = Bx. Now

T
waane- (g ) o7 (3

T
_ [ Qrt1 Xk+1) yty, —
..< iy Uest X Xk =0
yields the first claim, while
P[Q] = DF Xp41X] 1Bk — BY Quar Xu1 X[, Br = Xi X} 11 Br
takes care of the second statement. o
Definition 3. A conjoined basis (X,U) of (S) has a focal point in
(k,k+1], ke J,if
Ker X341 C Ker X, and XkX,:HBk >0
does not hold.
Lemma 4. Suppose that for all solutions (z,u) of (S) with xg =0

we have that X c > 0 whenever Zpy # 0 and Tmy1 = Bmc hold. Then
the principal solution of (S) at 0 has no focal points in (0, N + 1].

Proof. First, let a € Ker X,;,+1 and put

(%) = (g)a
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Then (z,u) solves (S) with g = 0, T,,41 = 0 € ImB,, so that Ty =0

also, i.e., Ker X, 11 C Ker X, holds. Now, let c € R™, a := X,‘;_,_IBmc,
and (:) = (g) . Again, (z,u) solves (S) with 7y = 0, 2,41 = Bne,
and z7.c = cT X, X}, B so that XmX!  1Bn >0holds also. O

Definition 4. A (vector-valued) solution (z,u) of (S) has a general-
ized zero in (k,k+ 1), k € J, if

xr # 0, Tk+1 € Im By, and w{B,ta:kH <0

hold. (S) is called disconjugate on J if no solution of (S) has more than
one and if no solution (z,u) of (S) with zop = 0 has any generalized
zeros on J.

Remark 3. Suppose Zpy,+1 = Bpc € Im B, for a solution (z,u) of (S).

Then zI B} 2,41 = 2T c. To see this, note that ZTm+1 = Bpc implies

Ty = D,q,la:mﬂ - B,T,’,um.*.l = B,f,(Dmc - Um+1)
and 23, Bl &mi1 = (Dmc = Um41) BB}, Bme = 2T c.
Lemma 5. If F > 0, then (S) is disconjugate on J.

Proof. Suppose that (S) is not disconjugate, i.e., (see Remark 3)
there exist m,p € J and ¢, ¢, € R™ with m < p and

T T '
zp, # 0, ZTpmCm <0, z,cp <0,

where (z,u) is some solution of (S). Define

5 {xk m+1<k<p
Tp =
0  otherwise,
[ Cm, k=m
Uk m+15k$p—1

Uk 1= 4
Up—c¢p, k=p

(0 otherwise,
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so that o = Zy41 = 0 and %, # 0 hold. Moreover, (Z,1) is easily
checked to be admissible and F(%,4) = zlcm + wfcp < 0 can be
verified by applying the formula in Remark 1 (iii). Thus F 0. O

Remark 4. We are now ready to prove our main result of this section,
the Reid roundabout theorem for general symplectic systems

(S) Ze+1 = Skzk, k€ J

Lemmas 2 through 5 will easily yield that (i), (ii), (iii), (iv), and (v)
below are equivalent. Applying this result to the system

) 2k = Sy loks1, k€ J,

the equivalence of (vi), (vii), (viii), (ix), and (x) will follow simi-
larly. Focal points of matrix-valued solutions and generalized zeros
of vector-valued solutions of (S) (and thus disconjugacy of (5)) are de-
fined roughly speaking by interchanging the roles of k and k + 1; for
convenience, we repeat the precise definitions in the statements (vi)
through (x) of the theorem below. Observe also that z (or Z) solves
(S) if and only if 2 (or Z) solves (S). Thus, we should actually talk
about focal points with respect to the reciprocal system (S) and also
about generalized zeros with respect to the reciprocal system (S), but
for convenience we will again use the terms focal point and generalized
zero. Finally, as a third step of the proof, we will show the equivalence
of statements (i) and (vi). Note that, in Theorem 1 below, we again
let S be symplectic and put

(19 ()

=(5). (2 2)

Theorem 1 (Reid roundabout theorem for symplectic systems). The
following statements are equivalent.

(i) F(2) = Ypp 2T {STKSk — K}2 > 0 for all z with
Kz ;é 0, ,CZ() = ’CZN.H = 0,
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and
’Czk+1 = ICSkzk, keJ.

(i) (S) is disconjugate on J; i.e., no solution of (S) has more than
one and no solution z of (S) with Kzy = 0 has any generalized zeros in
(0, N + 1], where (m,m + 1] contains a generalized zero of a solution z

of (8) i

Tm # 0, Tm+1 € Im By,

and
I Bl 2m11 <0 hold.

(iii) No solution z of (S) with Kz = 0 has any generalized zero in
(0,N +1].

(iv) The solution Z of (S) with Zy = ( g) has no focal points in
(0,N +1]:

Ker Xpy1 CKer X and XX, By >0 hold for all k € J.

(v) Ri[Q]Gk = 0 has a symmetric solution Q on J with B[Q] > 0;

where T
RilQ] = (Qlf+l) TSk (ék) ’
Pi[Q] = B{ Dy — BF Qx415x,

and

Gr = (Ak-1Ak-2-- - A1By  Ax_1Ap_2--- A28,
Ap-1Be—2  Bi_1).

(vi) F(2) = ZkNr_o zZH{S{‘l}CS;l — K}zkq1 <0 for all z with

Kz # 0, Kzp =Kzn41 =0, and Kz, = ICSk"lzk.,.l, ke J
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(vii) (S) is disconjugate on J, i.e., no solution of (S) has more than
one and no solution z of (S) with Kznx+1 = 0 has any generalized zeros
on [0, N +1), where [m,m+1) contains a generalized zero of a solution

z of (S) if

Tm+1 # 0, Ty € Im B,I,Z, and wg,",BLxmﬂ <0 hold.

(viil) No solution z of (S) with Kzny4+1 = 0 has any generalized zero
on [0,N +1).

(ix) The solution Z of (S) with Zy41 = (_OI) has no focal points
in [0, N +1):

KerX; C KerXp1 and Xip1 X]BF >0 hold for all k € J.

(x) Ri[Q]Gx = 0 has a symmetric solution Q on J with P[Q] > 0;
where

. Q:\ T Q .
Rial= (%) g7 (%), AlQI=BAT - BT,

and

X T T T T T T T T

Gk - (Dk+1Dk+2 ) "DN—IBN Dk+1Dk+2 ‘ "DN—2BN—-1
T T T
Dk+lBlc+2 Bk+1)°

Proof . (i) implies (ii) by Lemma 5, (iii) follows from (ii) trivially, and
Lemma 4 shows that (iii) implies (iv). Now, assume that (iv) holds.
Let (X, U) be the principal solution and (X, U) the associated solution
of (S) at 0, so that

Q:=UX'+UX'X-0)I-Xx'X)UT
satisfies the assumptions of Lemma 3. Thus Px[Q)] > 0 and R;[Q]Gx =

0 hold; the latter statement because of Remark 1 (iv) and (v). Suppose
now that (v) is true with some symmetric @ and pick an admissible
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(z,u) with g = 241 = 0. Then Ri[Q]zr = 0 because of Remark 1
(iv) and Lemma 2 (i) yields

N
F(z,u) = Zska[Q]sk > 0.
k=0

To show positive definiteness, assume that F(z,u) vanishes. Then
Pi[Q)sy = 0 for all k € J and Lemma 2 (ii) shows that z = 0. Thus
F > 0 and statements (i) through (v) are equivalent.

Now we will show the equivalence of conditions (vi) through (x). To
do so, we perform a transformation of variables as follows:

Gy = T+ KT Yoo
=(§ &)m-wn  0susw4y
| 8. = (K + KT)SE_ (K +KT)
DT_ BT
= —H N—p <u<N.
|-G &) osesy

The system (S) can be rewritten in terms of the new variables as

iNckt1 = T(K+ KTz = T(K + KT)S 241
- = (K+KT)Sk T 241
=(K+KT)ST(K +KT)T(K 4+ KT) 241
= S’N-—kZN—k, kedJ

or equivalently
S) Zkt1 = Skzk, k€ J,

and (S) is a system of the form (S) since § is symplectic. We may
apply what we have already shown to this system (S) and this yields
right away the equivalence of (vii), (viii), (ix), and (x). To see that (vi)
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is equivalent to those conditions also we note that
F(2) =)z {SiKSk - K}z

z%—k+1{JSN-k’CTSJI\;_kJT -~ IKT I} 2n—ka

[
M= 1= 1=

A1 {K — ST Yo = —F(2)

=
I
o

and that Kz # 0, Kz = Kznyy1 = 0, Kz = KS™1Ez if and only
if Kz # 0, K% = Kiny1 = 0, KEZ = KS% (use the identities
(K+KT)? =717 =1, (K+ KKK +KT) = KT, JKTIT = K,
and KJ (K + KT) = K). This shows the equivalence of conditions (vi)
through (x).

To end the proof of our Reid roundabout theorem we now show that
(i) and (vi) are equivalent. Assume that (i) holds and let z be such
that

Kz #0, Kz =Kzny1 =0, Kz, = ICS,:lzkH, keJ
Put 2; = S;'zky; for k € J and Zy4r = 0. Then Kz =
KSitzky1 = Kz for all k € J and Kzjy,; = 0 = Kzy41. It follows
that Kz, = Kzk41 = KSiz; holds for all £ € J and (i) implies

0 < F(2*) = —F(z) which shows that (vi) holds. Similarly, if (vi) is
true, let z be such that

Kz 74 0, Kz = ICzN+1 =0, sz+1 = ICSkzk, kedJ
and put 25, := Sx2x for k € J and 25 := 0. Again it follows by

(vi) that 0 > F(2*) = —F(2) so that (i) holds, and this completes the
proof. o

Remark 5. We will now look at the reciprocal symplectic system

(S*) 4=8 2}, keld
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with 2* := 772 and

* ,__ oT-1 _ T __ D -C
§* = —JSJ—(_B A).

Again note that z* (or Z*) solves (S*) if and only if z (or Z) solves (8S).
Therefore we should strictly speak about focal points with respect to
the system (8*) or with respect to the second component of a solution
z of (8), etc., in the next theorem below, but for convenience we will
use the same terminology as before.

Theorem 2 (Reid roundabout theorem for reciprocal symplectic
systems). The following statements are equivalent.

(i) F(z) < 0 for all z with
/CTZ 75 0, ’CTZQ = )CTzN+1 = 0,

and
K:Tzk+1 = ICTSkzk, keJ.

(i) (S) is disconjugate on J, i.e., no solution of (S) has more than
one and no solution z of (S) with KTzy = 0 has any generalized zeros
in (0, N +1], where (m,m+ 1] contains a generalized zero of a solution

z of (S) if

Um # 0, Um+1 € ImC,,, and u,T,‘,C};umH >0 hold.

(ili) No solution z of (S) with K2 = 0 has any generalized zero in
(0,N +1]. |

(iv) The solution Z of (S) with Zy = (é) has no focal points in
(0,N +1]:

KerUks1 CKerUy  and UxUJ,,Ck <O hold for all k € J.
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(V) Rx[Q]Gk = 0 has a symmetric solution Q on J with B[Q] > 0;

where i
Ri[Q] = (QkI+1> Sk (ék) '
P[Q] = —CFf Ak — CT Qr41Cr,

and

Gk = (Dk-1Dk—2-+*D1Cp Dr-1Dk—2 -+ D2Cy
Di_1Ck—2 Cg-1).

(vi) F(2) > 0 for all z with
ICTZ # 0, ’CTzo = ’CTZN+1 = 0,

and
KTz = /CTS,c-lzk+1, keJ

(vii) (S) is disconjugate on J, i.e., no solution of (S) has more than
one and no solution z of (S) with KTzy41 = 0 has any generalized
zeros on [0, N + 1), where [m,m + 1) contains a generalized zero of a
solution z of (S) if

Um+1 # 0, Um € ImCYL, and uTClumsr >0 hold.

(viii) No solution z of (S) with KTzy,1 = 0 has a generalized zero
on [0, N +1).

(ix) The solution Z of (S) with Zn41 = (';)I ) has no focal points in
[0,N +1):

KerUp C KerUry1 and U UICF <0 hold for all k € J.
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(x) Ri[Q)Gr, = 0 has a symmetric solution Q on J with B.[Q] > 0;

where T
Rdal= (%) stz (),
B[Q) = —Ck DT - CuQiCF,

and

A T T T T T T T T

Gk = (Ak+1Ak+2 e 'AN—ICN Ak+1Ak+2 . 'AN—ZCN—I
T AT T
Ap+1Civ2 Chy1)-

Proof. This is just a restatement of items (vi), (vii), (ix), and (x) of
Theorem 1 applied to the system (S*). o

We finish this section with two results on transformations of symplec-
tic systems that will be needed later on. First, we give transformations
that transform symplectic systems into other symplectic systems. We
note that the proof of this result is much easier than the proof of the
corresponding result for linear Hamiltonian difference systems which is
given in [18, Theorem 1]. Secondly, we present transformations that
preserve the important property of disconjugacy. Again, this result
contains the more special result of [18, Corollary 3.1] for linear Hamil-
tonian difference system with nonsingular B.

Lemma 6. Let R be symplectic. Then the transformation z := R™1z
takes the symplectic system Ez = Sz into another symplectic system
Ez=5z%.

Proof. We have Sy, = ’R,:_}_lSk'Rk because of
Zor1 = Rip12e+1 = Riy1Sk2zk = Ry Sk R
and the computation
SETSk = R{SFRE 1 TR+ SkRe = RESTTSkRy = RETRi =

shows that we have obtained another symplectic system using this
transformation. o
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Lemma 7. Let Hy, and K, be n X n-matrices with Hy = I such that

the matriz
2 (He O
k — Kk HZ’—I

is symplectic and put 2, = RiZx. Then system (S) is disconjugate on
J if and only if the transformed system zk+1 SkZi is disconjugate on
J, where, as in Lemma 6 above, S = R:. +1.S'k’Rk

Proof. Let (X,U), (X,U) be the principal solution of (S) and the
transformed system, respectively. Then X, = Hp & 1X) and By =
k _HBkHT 1. Obviously we have Ker X;4+1 C Ker X} if and only

if Ker Xj4+1 C Ker X and (use Remark 1 (v))

Py = Xi X[, B = H' Xp(Hi X )1 H B HE 1
= H ' Xe Xt Herr Ho X (H )l X))
X H{¢1Xk+1X,1+lBkHT‘1

= H' X X}, \BeHY ' = H'PHT .

Thus Py > 0 if and only if f’k > 0 what we needed to prove. o

4. Reciprocity of linear Hamiltonian difference systems.
In the theory of continuous linear Hamiltonian systems the so-called
reciprocity principle plays an important role. It says that if the matrices
B and C are nonnegative definite and both systems

(1) z' = A(t)x + B(t)u, v = -C(t)z — AT (t)u
(2) v =-AT()y+C(t)z, 7 =-B(t)y+A(t)z

are identically normal for large ¢ (i.e., if z(t) = 0 (u(t) = 0) on a
nondegenerate subinterval of an interval [T, 00), T sufficiently large,
then (z,u) = (0,0)—an alternative terminology is controllable for
large t—see [14]) then (1) is nonoscillatory at oo if and only if (2)
is nonoscillatory at oo, see [35].

This reciprocity principle is of particular importance when (1) and
(2) correspond to self-adjoint, even order, differential equations

(3) (=D)™r@y™)™ = w(t)y



726 M. BOHNER AND O. DOSLY

and

(n)
4) (—1>"(w—}t—)y<">) - b

where r(t), w(t) > 0. By this principle, equation (3) is nonoscillatory at
oo if and only if (4) is nonoscillatory at oo, and this statement has many
applications in the spectral theory of singular differential operators, see
(5, 15, 28|.

The reciprocal symplectic system (S*) was introduced in Remark 5
as a symplectic system which results from (S) upon the transformation

() =7"(2)-

If (S) is a linear Hamiltonian difference system then y = —u, z = z and
(S*) may be written in the form

(H)  Ayp = —AFye + Crzras, Azk = —Byyx + Ak 241

Substituting for Sy = S,(CH), compare Remark 2 (ii), the equation of
motion for the quadratic functional F introduced in Theorem 2 reads

Ayx = —Afyr + Crzky1, e, Aug = —CiTr41 — Af up

and the quadratic functional F(z, u) is

N
Flzu) == [~af,,(I — Af ~ CLAxBy) AT Cransy
k=0

+ 2u{+1Akkai£Ckak+1 + UZ.*_lfikBkA'guk_*.l]

N
T T
= E [€k41CkZi+1 — uj Brug)-
k=0

In this section we prove that under certain additional assumptions
system (H) is eventually disconjugate if and only if (H) is eventually
disconjugate. First we reformulate main definitions and statements of
Sections 2 and 3 to linear Hamiltonian difference system (H) and its
reciprocal system (H).
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The concept of identical normality (controllability) of continuous LHS
has the following discrete analogy introduced in [9, Definition 3].

Definition 5. System (H) is said to be controllable for large k if there
exists an integer k, the so-called controllability indez, and M € N such

that z,, = -+ = T4, = 0 for some m > M implies 2, = ux, = 0 on
[M,00) N Z.
Similarly, system (H) is said to be controllable if Ym ="' =Ymtx =0

implies yx = 2, = 0 on [M,00) N Z.

In the next theorem we specify some items of Theorem 1 to linear
Hamiltonian difference system and its reciprocal system. We restrict
essentially our attention only on those parts which we use for investi-
gation of eventual disconjugacy of (H) and (H). Recall that by Defi-
nition 4 and Remark 3 applied to (H), a solution (z,u) of (H) has a
generalized zero in (m,m+1) if 2, # 0, Tyy1 = A, Bme for some
¢ € R™ and z%c < 0. Similarly, by Theorem 2 (vii), a solution (y, 2)
of (H) has a genemlzzed zero in [m,m + 1) if Y41 # 0, Ym = AT Cne
for some ¢ € R™ and cTy,n41 < 0. Systems (H) and (H) are said to be
eventually disconjugate if there exists N € N such that these systems
are disconjugate on [N, M| for every M > N, whereby disconjugacy on
[N, M] is defined in the same way as disconjugacy of (S) and (S*) on
J introduced in Section 3.

Denote by D(N) the class of pairs of n-vector sequences (z,u) such
that Az, = AgTryr + Brug for k > N, , Zx = 0 for k < N and only
finitely many z; are nonzero. Similarly, D(N) denotes pairs (z, u) such
that Aux = —CrZk41 — AT ug, only finitely many wu # 0 for k > N
and uy =0 for kK < N.

Proposition 1. Suppose that (H) is controllable for large k. Then
the following statements are equivalent.

(i) There ezists N € N such that

oC
F(z,u) = Z [uk Bruk — Ti1CkTrs1] > 0  over D(N).
k=N

(ii) System (H) is eventually disconjugate.
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(iii) Let (X, U) be the solution of (H) with (Xn,Un) = (0,1) for some
N € N sufficiently large. _Then Ker Xi41 C Ker Xi, X is eventually
nonsingular and XX, _:lAkBk > 0 for large k.

(iv) There exist N € N and symmetric n X n-matrices Qi such that
(I + BxQx)™ By >0 for k> N and

(5) Qi+1 = —Cx + AL 'Qu(I + BeQi) 1 A7

Proof. The statements (i), (ii) and (iii) are only immediate refor-
mulations of the corresponding statements of Theorem 1 (in (iii) the
eventual nonsingularity of X follows from controllability of (H)). Con-
cerning the statement (iv), the eventual nonsingularity of X from (iii)
implies that for Qx = Up X, ! we have

Ri[Q] = Qr414k(I + BrQx) — [-Cr Ay, + (—Cr Ap By + AT1Qx)
= (Qr+1 + Ck)Ac(I + ByQy) - AT-1Q,
= [Qk+1+ Ck — ALT1Qi(I + BeQy) " A7 Y Ak(I + BrQu),

hence Ri[Q] = 0 if and only if (5) holds.
Further, if Rx[Q] =0

P[Q] = By A{ (~Cr Ak B + AT — Qi 4141 By)
= By — By AL (Ci + Qx+1)Ax B
= By — BrQx(I + BrQi) ™' By
= (I + BxQr — BxQr)(I + BxQx) 1By
= (I + BrQx) ' B.
Controllability of (H) implies that the controllability matrices G given
in Remark 1 (iv) (with indices k¥ and 0 in the righthand side replaced

by N + k and N, respectively, and 4 = A, B = AB) eventually have
rank n, hence Ri[Q]Gx = 0 if and only if Rx[Q] = 0 for large k. n]

In a similar way, combining Theorems 1 and 2, we have

Proposition 2. Suppose that system (f{) is controllable for large k.
Then the following statements are equivalent.
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(i) There exists N € N such that

oo
F(z,u) = Z [uf Biuk — Tiy 1 CkTr41] < 0 over D(N).
k=N

(i) System (H) is eventually disconjugate.

(iii) Let (Y, Z) be the solution of (H) with (Yn,Zn) = (0,1) for some
N € N. Then KerYi41 C KerYy, Y is eventually nonsingular and
Yit1Y PATCr > 0 for large k.

(iv) There erist N € N and symmetric n X n-matrices Vi such that
(I — CkVi41)"2Cx > 0 for k > N and

(6) Vi = Bi + A7 Wi (I = CiVipr) AT 72

In our considerations so-called recessive solutions of (H) and (H) at
oo play an important role. A conjoined basis (X,U) of (H) is said
to be recessive at oo if X is eventually nonsingular and there exists
another conjoined basis (X ,U) with X eventually nonsingular such
that XT U, — UT X}, is nonsingular and limg_,o X, > X) = 0. Recessive
solution at oo of (H) is defined in a similar way. We briefly show that
the construction of a recessive solution of eventually disconjugate three
recurrence equation given in [2, Theorem 4.1] applies also to eventually
disconjugate general linear Hamiltonian difference systems which are
controllable for large k.

Let m € N be such that (H) is disconjugate and controllable on
[m,o0) and (X,U) be the solution of (H) given by the initial con-
dition (X,Unm) = (0,I). Controllability and disconjugacy imply
that X is nonsingular for & > m + x, where k is the controllabil-
ity index, and disconjugacy implies that Py = (I + BxQr)™'Bi =
Xi(Xk + BkUk)_lBk = Xka_.:lAkBk = Xk[X;ilAkBkXE_l]Xg is
nonnegative definite, hence also Br=X k- jlﬁkBkX ,Z' ~1is nonnegative
definite. Let N > m + x and consider the solution of (H)

k—1 k-1
Xk=xk(§:3j), 0k=Uk<ZB,-) 4+ xT-1

i=N i=N
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(the fact that (X,U) is really a solution of (H) is proved, e.g., in
[20, Proposition 2.2]). Since Xy = 0 we have that Xj and hence
Zf__'_k, Bj; is invertible for all k > N + K, again due to controllability
and disconjugacy of (H) on [m,00). Then XTU — UTX = I and
X71Xy = (Z;:zlv B;)~! for k > N + k. Consequently, the solution
(X,U) of (H) is recessive at oo if and only if

k -1

. -1z T-1

kllglo(z X;114;B;X; ) = 0.
i=N

Similarly, the solution (Y, Z) of (H) is recessive at oo if and only if

k -1
lim ( > Y;.-lfig!’cjyjﬂ;l) = 0.

k—
o0 j=N

The following construction of the recessive solution at oo of eventually
disconjugate and controllable system (H) is the same as in Ahlbrandt [2,

p. 1601]. Denote Sk n(X,U) = f;}v Xj'_ﬁlﬁijXf"l and consider
the solution of (H)

Xk = Xk[I + Sk,N(X, U)], [?k = Uk[I-i- Sk,N(X, U)] + Xg"l.
By a direct computation we have
Xi =Xkl - Spn(X,0)), Uk =Tl - Spn(X,0)) = XT-1,

hence Lo
I'=[I-8,n(X,0) + Sk,n(X,U)).

Since the second factor in the last product is nondecreasing with
k, the first factor is nonincreasing and 0 < Sy n(X,U) < I for
all kK > N + k. Hence there exists a nonnegative definite limit

SOO,N(X', (7) = limg_, oo Sk,N(X', (7). Now, it is easy to see that
Xy = Xi[Soo,n (X, ) = S n(X,0)]
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is a recessive solution of (H) at oo.

The construction of the recessive solution of (H) at oo is quite ana-
logical. Recall only that recessive solution of (H) at oo has essentially
the same properties as the recessive solution of (H) at —oo. For a more
detailed study of this problem in case of the three recurrence matrix
equation we refer to [1, 2].

Let (X,U) be the recessive solution of (H) at co. The solution
Q~ = UX™! of the associated Riccati matrix equation R[Q] = 0 is said
to be distinguished (another terminology is eventually minimal) at co.
Similarly as in [1, Theorem 5.1] it may be shown that any solution Q
of (5) which exists up to co eventually satisfies the inequality @ > Q™.
For reciprocal system (H), if (Y, Z) is the recessive solution at oo, the
associated solution V+ = ZY ~1 of the time-reversed Riccati equation
(6) is eventually maximal in the sense that any solution V of (6) which
exists up to oo satisfies eventually the inequality V < V7.

The transformation (see Lemma 7)

(2)= (5 #t) ()

where Hy = I, Hypyy = fika, transforms (H) into the linear Hamil-
tonian difference system of the same form with Ay = 0. Since this
transformation preserves oscillation behavior and controllability both
of (H) and (H), we may suppose without loss of generality that Ay =
i.e., Ay = I, in (H) and (H), such systems we will call reduced Hamﬂ-
tonian systems. Hence, in the remaining part of this section we deal
with the reduced systems

(Hr) Az = Byug, Aug = —CxTr+1
and
(ﬁR) Ay = Cr2k+1, Azy = — Biyk.

Observe that in case Ay = I we may write the Riccati operator in the
form

(7) Rx[Q] = AQx + Ck + Qk(I + BkQx) ™' Bx Q.
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Indeed, we have

Qr+1+ Ck — Qi(I + BeQx)™ = AQx + Cy — Qr(I + BrQx)™' + Q1
= AQk + Ck + Qr(I + BrQxr) B Q.

Similarly, for the time-reversed equation (6) we have in case A = I

(8) AVi = =By = Vg1 (I = CiViy1) "1 Ci Vs,

Lemma 8. Suppose that C;, > 0 for large k, Q is a symmetric
solution of (5) on [M,00), M € N, such that (I + BxQx)™'By > 0 for
k> M. If Q is any symmetric solution of

(9)  AQu=-Qu(I + BrQr) ™' By Qs

such that Qar > Qur, then Q ezists on the whole interval [M, o0) and
satisfies there inequalities (I + BrQy)~1By > 0, Qk > Q.

Proof. Let (X,U) be the solution of (Hg) given by the initial
condition Xpr = I,Up = Qpr. Then Q; = Uka'l, Xk is nonsingular
and X X' Ak By = (I + ByQy)~'By > 0 for k > M, i.e,, (X,U) has
no focal point in [M,c0). By [11, Theorem 3] this is equivalent to the
fact that for any N > M

N
:L'LQM:EM + Z [uka'u,k - xZ"HCka:Hl] >0
k=M

for any (z,u) satisfying Az = Bjug, k € [M,N]NZ, zn,; = 0 and
z # 0. Now, let (X,U) be the solution of AXy = ByUy, AU, = 0
satisfying Xp = I, Up = Qum. Then for any N > M and any
nontrivial (z,u) satisfying Az = Byuy, k € [M,NINZ, zxy1 =0
the last inequality implies

N
T Qmay + Z ui Brug, > 0,
k=M

hence by the above mentioned Theorem 3 of [11] ()g' ,U) _has no
focal point in [M, 00), i.e., X is nonsingular and XX, _:lAkBk =
(I+ BrQx)™'By > 0 for k > M.
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To prove the inequality Qr > Qy, we proceed similarly as in [22,
Theorem 2]. Consider the matrix functional

N
F(X,U)= Y [UFBeUk — XF11Ci X1
k=M

Substituting (X,U) = (X,U) and using the Picone’s identity we have

o~ o~ ~ ~ |N+1
F(X,0) = X,{QkxklM
N - -~ -~ -~
+ 3 (O — QuXi)T(I + BQx) " Bi(Tr — Qi Xx)
k=M
S ~ |N+1
> Xi Qka’M

On the other hand, since C; > 0, we have (again by the Picone’s
identity)

N
F(X,0)< Y OF B

k=M
N+1
— XTH. % ’
= k
k Qk .
Hence
T oo [N¥L on o N4
XkaXkI < X Qr Xk
M
and thus

X£+1(QN+1 — Qn41)Xn41 < X5 (Qum- Qum)Xum <0.

Since Xn41 is nonsingular, we have Qn4+1 < QN+1 for any N > M.
a
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Lemma 9. Suppose that (Hg) is eventually disconjugate, controllable
for large k, and let Q~ be the eventually minimal solution of the
associated Riccati equation R[Q] = 0 given by (7). If Cx > 0 for large
k and (E;;N B;)™' = 0 as k — oo, then Qx >0 for large k.

Proof. Suppose that there exist « € R” and m € N arbitrarily large,
such that o7 Q;,a < 0. Since the matrix sequence {Q;} is nonincreas-

ing, aTQra < 0 for k > m. The assumption (EJ_N B;)"! - 0 as
k — oo implies that (X,U) = (I,0) is the recessive solution at oo of
the system

Amk = Bkuk, Auk = 0,

hence @~ = 0 is the eventually minimal solution of the corresponding
Riccati equation (9). Let W be the solution of (9) given by the initial
condition W,,, = Q.. If m is sufficiently large, assumptions of Lemma 8
are satisfied, hence W exists up to oo and Wy > Q for k > m. The
matrix sequence {Wj} is nonincreasing, thus o’ Wia < 0 = aTQ;
for k > m which contradicts the fact that Q‘ = 0 is the eventually
minimal solution of (9). u!

Using essentially the same argument as in Lemmas 8 and 9 and using
the reciprocal Picone’s identity we may prove the following statement.

Lemma 10. Suppose that (ﬁR) s eventually disconjugate, control-
lable for large k, and let V' be the eventually mazimal solution at co
of the time-reversed Riccati equation (8). If By > 0 for large k and

(Z;?:N C;)~! = 0 as k — oo then V¥ <0 for large k.

Now we are ready to prove the statement concerning relation between
eventual disconjugacy of (H) and (FI). As we pointed out above,
without loss of generality one may suppose that A = 0, i.e., we consider
the reduced systems (Hg) and (Hg) instead of (H) and (H)

Theorem 3. Suppose that (Hr) and its reciprocal system (HR) are
controllable for large k (not necessarily with the same controllability
index) and By > 0, Cx > 0 for large k. Then (Hr) is eventually
disconjugate if and only if (Hg) is eventually disconjugate.
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Proof. Let (Hg) be eventually disconjugate and Q~ be the eventually
minimal solution at co of the associated Riccati equation R[Q] = 0
given by (7). First suppose that (E;?:N Bj)™» 5 0 as k = co. By
Lemma 9 Q. > 0 for large k. We shall show that controllability of
(F) implies that actually Qi > 0. The sequence Q} is nonincreasing,
hence there exists m € N such that rank Qi and ind @, are constant
for k > m (ind @}, denotes the index of Qy , i.e., the number of negative
eigenvalues). This follows from monotonicity of Q) since ind Q is
nondecreasing and if rank Q;; changes its value, some eigenvalue, before
being zero, becomes negative. This change of rank Qr and ind Q; may

happen only finitely many times, hence there exists m € N with the
claimed property.

Now, by (7) we have

m+k m+k
mike1=Qm = Y Cj— > Q7 (I+B;Q;) ™' B;Qy,
j=m j=m

hence for any a € R™

m+k
T - T - T
o Q1@< Qra—a (ZCj)a.

j=m

If @ # 0 and k > m + &, & being the controllability index of (I:I), at
least one of the terms a”Cja must be positive, hence Qrtrsr < Qx>
but this contradicts the fact that rank Q) and ind @, do not change
for k > m. Consequently Q} is eventually nonsingular and hence, by
Lemma 9, positive definite.

Set Vi, = —(Q)"! = =X Uy 1. Directly one may verify that Vj is
a solution of the time-reversed Riccati equation (8) and since Q; > 0
this solution exists up to infinity. To prove eventual disconjugacy of
(ﬂR) we need to show that (I — CxVi41)~1C) > 0 for large k. We have
Uk+1 = Ux — Cx Xi41, hence

0<C = UkX,;]:I - Uk+1Xk-.§1

= Xei1 XUk = Xia U] Xy,
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. - 1 -

ie, XiUs 2 XUkt = X{1Qy1 Xka1 > 0, thus Uy XTI <
T-1

Ui X and

(I = CkViy1) ' Cr = Upr U ' Ck = Ur+1 X5}y - Uk+1U,:1Uk+1Xk—+1

= Uen (Ui Xt = U X U 2 0.

Now, if (E;; ~Bi)™! # 0 as k = oo, replace B by a matrix B for
which B > B and (EL,\,_B-J-)‘1 — 0 as k = oo. By the previous
argument the system

Az = Brug, Aup = —CrTr41

is eventually disconjugate and by Proposition 2
— w  or—
Flz,u) = z [uf Bruk — 2541 Crrs1] < 0
k=N

for any nontrivial (z,u) € D(N) where N € N is sufficiently large.
Since B < B, the same holds for F, i.e., (Hg) is also eventually
disconjugate.

Conversely, suppose that (Hg) is eventually disconjugate and let V+
be the eventually max1ma.l solution at oo of the time-reversed Riccati
equation (8). If (E .~Ci)™! = 0 as k — oo then by Lemma 10

Vk+ < 0 for large k and controllability of (H) implies in the same way as
in the previous part of the proof that V;t < 0 and hence Q) = -Vt
is a solution of (9) which exists up to co. Since X1 = Xi + BiUx,
we have

0 < By = X1 Uy = Xp Ut = UF UL Xiopr — UF XRUY,
ie, Ul Xp41 > UF Xy = =UFV,Y Uy > 0 which implies Xeh ULt <
X U, E =1, Consequently,

Py[Q] = (I + BxQx) ™' By = Xx X; 1, B
= XpUg! = Xe X XUt
= Xe[Ug ' X, 7 - XUy T 2 0.
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This means that (Hg) is eventually disconjugate.  Finally, if
(Z;;N C;)~! # 0 as k = oo, replace Ci by Cj such that Cj > Ck,

(Ef,_ N Uj)-l — 0 as k — oo and apply the same argument as in the
first part of the proof. O

Remark 6. (i) Consider the self-adjoint, even order, two-term differ-
ence equation (which is a special form of (SL))

(10) (=1)"A™(rk A™yk) = WikYk+n,

where 7, wi > 0. Directly one may verify that 23 = ryA™y; solves the
(reciprocal) equation

1
Tk+n

(11) oran (g-ama ) = oy,

Equations (10) and (11) may be written in the form of (H) and (H)
with A, B, C of the form given in Remark 2 (i) and

Yk+n-1
AYktn—2
T = . y
A";lyk
(12)
(_1)n-—1An—1(rkAnyk) (_l)n—lAn—lzk
Uk = =
——A(rkA"yk) -Az
YA T Zk

Hartman [24] defined a generalized zero of order n for (10) with
Tk = 1 as follows. A solution y of (10) is said to have a generalized zero
point of multiplicity n at k+1if yx # 0, Yht1 = **+ = Ypgn-1 = 0
and (—1)"yxYr4+n > 0. In [10] it was shown that the definition of
a generalized zero point in interval (k,k + 1] for linear Hamiltonian
difference systems (H) with A, B,C given by Remark 2 (i) complies
with Hartman’s definition.

Similarly, if [m,m + 1) contains a generalized zero of (H), i.e., there
exists ¢ = (c1,...,¢n)T € R™ such that um = ATCpe, ul ¢ < 0
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then, taking into account that u,, is given by (12), we have u,, =
ATCpc if and only if zym = wmey, Zm4l = *** = Zmyn-1 = 0 and
Um+1¢ = (=1)* "' -2 2Zm+n. Here we have only one difference with
respect to the Hartman’s definition, the condition z,, # 0 is replaced
by the condition 2,,,, # 0, but this difference is immaterial. Since
systems (H) and (H) corresponding to (10) and (11) are controllable
with controllability index n, see [9], Theorem 3 implies that (10) is
eventually disconjugate if and only if (11) is eventually disconjugate
in the sense that there exists N € N such that the interval [N, o)
contains no pair of generalized zeros of order n.

(ii) Theorem 3 establishes duality between eventual disconjugacy of
original and reciprocal system only for linear Hamiltonian difference
systems (H) and its reciprocal (H) since in the proof we needed the
fact that the matrix A = (I — A)~! is nonsingular (which is equivalent
to possibility to transform (H) into the system (Hgr) with 4 = 0, i.e.,
A =0). We conjecture that under the assumption ATC < 0, BAT >0
and suitable controllability assumption this statement also holds for a
general symplectic system (S) and its reciprocal (S*).

5. Transformations for Sturm-Liouville equations. In this
section we establish a discrete version of Theorem 2.1 of [15]. In the
continuous case this transformation turns out to be a useful tool in
oscillation theory of Sturm-Liouville equations of higher order, cf., e.g.,
[16].

Theorem 4. Let hy > 0, L(y) =Y (—1)"A"(r,(c")A”yk+n_.,,) and

v=0
consider the transformation yx = hi2r. Then we have
n

hrinL(y) = Y (=1)" A% (RY A2 in-),

v=0

where R;cn) = hk+nhkr,(c") and R,(co) = hk+nL(h).

Proof. We proceed similarly as in the continuous case treated in [15].
We write equation L(y) = 0 in the form of linear Hamiltonian difference
system (H) and we consider the transformation of (H)

(2)= (% w) (1)
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We shall show that the n x n-matrices H, K can be chosen in such a
way that this transformation transforms (H) into the system

(ﬁ) Ay = Akyk+1 + Bkzk, Az = —C’kyk+1 - Akzk

with 4 = A, By, = diag{0,...,0,1/(hnsrher(™)}, and Cj diagonal.
According to Corollary 3.1 of [18]
Ay =1 — (Hy + BpKi) YA Hy 1,
By = (Hy + ByKy) !B HF 1,
k= —Hi 1 [~ Ki1 = CoHiy

+ fif_lKk(Hk + BkKk)-lz‘il:lHk.;.l].

Ql

Let

(13) Hy=H® = (; ~ i) A Thgneiy, G4,i=1,...,n.

The identity A = A gives
(14) (Hk + BkKk)(I - A) = (I — A)Hk.|.1

and this identity determines the last row of K. Indeed, directly one
may verify that the first n — 1 rows of H given by (13) satisfy (14) and

n,J -1 n—j
[(I—A)Hk+1]( 7 = (? 1) A" Thy g,

(5 + BRI - A7 = ;7 ) anim

(5ot

1 n,j n,j—1
+ W(K -K )

(with the convention K*/ = 0if i =0 or j =0 and (}) = 0 if ! < 0).
Particularly, K™! = r{" Anp,.
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Next we prove that the matrix H + BK is nonsmgular and compute
the matrix B. From (14) we have Hyl, = (H+BK)p? - (H +

BK)~1, hence

n

(H+BE}" = S By, =Y (;‘_ . ) A" Fhkt1 = B,
j=1 j=1

Since the matrix (H + BK) is lower triangular, det (H + BK); =
HJ—-1 hi+5 > 0.

We have B = (H + BK)~ 1BH T-1 where B has the only nonzero
entry B™" and the matrix H is upper triangular, hence B is
diagonal with only nonzero entry in the right lower corner where

1 11

B," = [(H +BK)™'BHTY|}" =

.. -1 . 1
H-Yoi = (’. )A"J( )
(Hy™) j—1 Pktn—i

Finally, we show that the remaining entries of K can be chosen such
that the matrix C' in (H) is diagonal. Using the identity A = A we
have

since

(15) Cr = —Hi [~ Kit1 — CxHiy1 + (I - AT)Ki (I - A)).

First we determine K*4, 1 <i<n-1,1<j <4, in such a way that
the matrices M}, := [—-Kk+1 +CrHgy1+(I - AT)Kk(I A)] have only
zero entries below the diagonal. We have My’ = —K}4, — CiiH} e

Kk’J K,'c_l” K"’" +K' L3=1 hence if
(16) K"' J Kl:il C’"'H,’;’ K"’ K;;'j—l'i'K;;_l’j—l

for 2 < i < n1 < j < i, Mis upper triangular. Now let us
write K in the form K = K + K where K is upper triangular
with zeros on the diagonal and K is lower triangular with entries

determined by (16). The identity HTK = KTH (which follows from
the symplecticity of the transformation matrix converting (H) into (H))
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yields HTK ~ KTH = K'H — HTK. The matrix KTH — HTK
is antisymmetric, hence the last identity may be written in the form
E'H - HTK = U — U7, where U is a lower triangular matrix with
zeros on the diagonal. Setting K = HT~1UT we have defined all entries
of K. Since both M}, and H ,{ +1 are upper triangular, C has the same
property and its symmetry implies that C} is diagonal. It remains to
show that _C’—,lc’l = -—R,(co) = —hp4+rL(h). From (16) and the fact that
Kt = r{™ Ak, follows

n
AKY! = Kty = K = Y (-1) A% A By,

v=1

Cy = —(HG )" =K + Kt - CI:’IHI:L

= —hk4n [Z(_I)VAV(TI(cV)Ath+n-u) + rl(cO)hk-i-n]

v=1

= —hk+nL(h),

Remark 7. In the previous theorem we computed only the first and
last coefficients R;c") and Rfco) of the transformed equation. The re-
maining coefficients can be also computed explicitly (in the continuous
case this is done [17, Theorem 3.1]), but the formulae are rather com-
plicated and in most applications only formulae for the first and last
coefficients are needed.

REFERENCES

1. C.D. Ahlbrandt, Continued fraction representations of mazimal and minimal
solutions of a discrete matriz Riccati equation, SIAM J. Math. Anal. 24 (1993),
1597-1621.

2. » Equivalence of discrete Euler equations and discrete Hamiltonian
systems, J. Math. Anal. Appl. 180 (1993), 498-517.

3. C.D. Ahlbrandt and M. Heifetz, Discrete Riccati equations of filtering and
control, in Conference proceedings of the first international conference on difference
equations (S. Elaydi, J. Graef, G. Ladas, and A. Peterson, eds.), Gordon and Breach,
San Antonio, 1994.

4. C.D. Ahlbrandt, D.B. Hinton, and R.T. Lewis, Necessary and sufficient
conditions for the discreteness of the spectrum of certain singular differential
operators, Canad. J. Math. 33 (1981), 229-246.




742 M. BOHNER AND O. DOSLY

5. y The effect of variable change on oscillation and disconjugacy criteria
with applications to spectral theory and asymptotic theory, J. Math. Anal. Appl. 81
(1981), 234-277.

6. C.D. Ahlbrandt and J.W. Hooker, Recessive solutions of symmelric three term
recurrence relations, Canad. Math. Soc., Conference Proceedings, 8 (1987), 3-42.

7. C.D. Ahlbrandt and A. Peterson, The (n,n)-disconjugacy of a 2nt® order
linear difference equation, Comput. Math. Appl. 28 (1994), 1-9.

8. A. Ben-Israel and T.N.E. Greville, Generalized inverses: Theory and applica-
tions, John Wiley & Sons, Inc., New York, 1974.

9. M. Bohner, Controllability and disconjugacy for linear Hamiltonian difference
systems, in Conference Proceedings of the First International Conference on Dif-
ference Equations (S. Elaydi, J. Graef, G. Ladas, and A. Peterson, eds.), Gordon
and Breach, San Antonio, 1994.

10. M. Bohner, Linear Hamiltonian difference systems: Disconjugacy and Jacobi-
type conditions, J. Math. Anal. Appl. 199 (1996), 804-826.

11. M. Bohner, Riccati matriz difference equations and linear Hamiltonian
difference systems, Dynamics of continuous, discrete and impulsive systems 2
(1996), 147-159.

12. S. Chen, Disconjugacy, disfocality, and oscillation of second order difference
equations, J. Differential Equations 107 (1994), 383-394.

13. S. Chen and L. Erbe, Oscillation and nonoscillation for systems of self-
adjoint second-order difference equations, SIAM J. Math. Anal. 20 (1989), 939-949.

14. W.A. Coppel, Disconjugacy, Springer-Verlag, Berlin, 1971.

15. O. Dogly, Oscillation criteria and the discreteness of the spectrum of self-
adjoint, even order, differential operators, Proc. Roy. Soc. Edinburgh, Sect. A, 119
(1991), 219-232.

16. » Oscillation theory of self-adjoint equations and some its applications,
Tatra Mountains Math. Publ. 4 (1994), 39-48.

17. y Oscillation and spectral properties of a class of singular differential
operators, to appear in Math. Nachr., 1997.

18. » Transformations of linear Hamiltonian difference systems and some
of their applications, J. Math. Anal. Appl. 191 (1995), 250-265.

19. L. Erbe and P. Yan, Disconjugacy for linear Hamiltonian difference systems,
J. Math. Anal. Appl. 167 (1992), 355-367.

20. » Qualitative properties of Hamiltonian difference systems, J. Math.
Anal. Appl. 171 (1992), 334-345.

21. » Oscillation criteria for Hamiltonian matriz difference systems, Proc.
Amer. Math. Soc. 119 (1993), 525-533.

22. » On the discrete Riccati equation and its applications to discrete
Hamaltonian systems, Rocky Mountain J. Math. 25 (1995), 167-178.

23. L. Erbe and B.G. Zhang, Oscillation of second order linear difference .
equations, Chinese J. Math. 16 (1988), 239-252.

24. P. Hartman, Difference equations: Disconjugacy, principal solutions, Green’s
functions, complete monotonicity, Trans. Amer. Math. Soc. 246 (1978), 1-30.




SYMPLECTIC SYSTEMS 743

25. J.W. Hooker, M.K. Kwong, and W.T. Patula, Oscillatory second order linear
difference equations and Riccati equations, SIAM J. Math. Anal. 18 (1987), 54-63.

26. J.W. Hooker and W.T. Patula, Riccati type transformations for second-order
linear difference equations, J. Math. Anal. Appl. 82 (1981), 451-462.

27. W. Kratz, Quadratic functionals in variational analysis and control theory,
Akademie Verlag, Berlin, 1995.

28. R.T. Lewis, The discreteness of the spectrum of self-adjoint, even order,
differential operators, Proc. Amer. Math. Soc. 42 (1974), 480-482.

29. T. Peil and A. Peterson, Criteria for C-disfocality of a self-adjoint vector
difference equation, J. Math. Anal. Appl. 179 (1993), 512-524.

30. A. Peterson, C-disfocality for linear Hamiltonian difference systems, J.
Differential Equations 110 (1994), 53-66.

31. A. Peterson and J. Ridenhour, Atkinson’s superlinear oscillation theorem for
matriz difference equations, SIAM J. Math. Anal. 22 (1991), 774-784.

32. , Oscillation of second order linear matriz difference equations, J.
Differential Equations 89 (1991), 69-88.

33. , A disconjugacy criterion of W.T. Reid for difference equations, Proc.
Amer. Math. Soc. 114 (1992), 459-468.

34. J. Popenda, Oscillation and nonoscillation theorems for second-order differ-
ence equations, J. Math. Anal. Appl. 123 (1987), 34-38.

35. C.H. Rasmussen, Oscillation and asymptotic behaviour of systems of ordinary
differential equations, Trans. Amer. Math. Soc. 256 (1979), 1-48.

36. W.T. Reid, Ordinary differential equations, John Wiley & Sons, Inc., New
York, 1971.

37. y Sturmian theory for ordinary differential equations, Springer-Verlag,
New York, 1980.

UNIVERSITAT ULM, ABT. MATHEMATIK V, HELMHOLTZSTR. 18, D-89069 ULM,
GERMANY
E-mail address: bohner@laborix.mathematik.uni-ulm.de

MASARYK UNIVERSITY, DEPARTMENT OF MATHEMATICS, JANACKOVO NAM. 2a,
CZ-66295 BRNO, CzECH REPUBLIC
E-mail address: dosly@math.muni.cz



