Dynamic Systems and Applications 8 (1999) 345-352

DISCRETE REID ROUNDABOUT THEOREMS

MARTIN BOHNER*, ONDREJ DOSLY, AND WERNER KRATZ

University of Missouri—Rolla, Department of Mathematics and Statistics, 313
Rolla Building, Rolla, Missouri 65409-0020. E-mail: bohner@umr.edu

Masaryk University Brno, Department of Mathematics, Faculty of Science,
Janackovo ndm. 2a, CZ—66295 Brno, Czech Republic.

E-mail: dosly@math.muni.cz

Universitdt Ulm, Abteilung Mathematik V, Helmholtzstr. 18, D-89069 Ulm,

Germany. E-mail: kratz@mathematik.uni-ulm.de

ABSTRACT. We present a Reid Roundabout Theorem that relates positive definiteness of a
discrete quadratic functional to disconjugacy of a linear Hamiltonian difference system. This main
result applies to the so-called singular case, and it does not require a controllability assumption on
the system. First, we consider the case of general self-adjoint boundary conditions. Furthermore, a
simpler result is derived for the case of separated boundary conditions.
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1. INTRODUCTION AND PRELIMINARIES

Throughout we assume that N,n € N, that A, By, Cy are given real n X n-matrices
for k € J =10, N|NZ with

(A) A, = (I — Ag)™! exists and By, C, are symmetric for k € J,
and that R and S are real 2n x 2n-matrices such that

(Ay) S is symmetric.

We consider discrete quadratic functionals F of the form

F(z) = Fo(z) + (x_l\i()l)TS <37_Nx—|—01>

N

Folz) = Z {@f 1 Crars1 + uf Brug } -

k=0

where
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We say that F is positive definite if F(z) > 0 holds for all x # 0 (i.e., z # 0 for some
ke J*=[0,N+1]NZ) such that (x,u) is F-admissible, i.e.,

(1.1) Az = Akxk—H + Byuy, for k € J, (—.%‘0) e ImRT

IN+1

holds, where Axy = zy1 — xx and where Im denotes the image of a matrix. Reid
Roundabout Theorems, i.e., characterizations of positive definiteness of F, have been
given e.g. in [1, 6] (for invertible By) and in [3, 5] (for arbitrary symmetric Bg). An
up-to-date monograph on the subject is the recently appeared book by Ahlbrandt
and Peterson [2]. Note that the case of invertible By does not cover such important
functionals related to Sturm-Liouville difference equations of higher order. In the
present work, however, we require only symmetry of By (see our assumption (A)).
The purpose of this paper is to present a Reid Roundabout Theorem that does
not require an additional controllability assumption as is needed in [3, Theorem
3]. This we will do for the general case described above as well as for the case of
separated boundary conditions, i.e., if there exist real n x n-matrices Ry, Ryy1, So,
and Sy such that

(Ay) R= (f(f)o RO ) and S = (_(')SO SO ) with Sp, Sy4+1 symmetric.
N+1 N+1

For this case our corresponding Reid Roundabout Theorem will be in some sense

“better” than the one for the general case.

Let us introduce some terminology that is needed below. We deal with the linear

Hamiltonian difference system
(H) A:vk = Ak$k+1 + Bkuk, Auk = Ck:xlﬁ—l — Afuk,

for k € J. The principal solution (X,U) of (H) (at 0) is the matrix solution (X, U)
of (H) (i.e., X, and Uy are n x n-matrices solving (H)) that satisfies the initial
conditions Xy = 0 and Uy = I. Note that it exists uniquely due to our assumption
(A). A conjoined basis (X,U) of (H) (i.e., a matrix solution (X, U) of (H) satisfying
X$Uy = UJ Xy and rank(X],UJ) = n) is said to have no focal point in (k,k + 1]
provided

Ker X1 C Ker X, and Dy = XX}, ABy >0

holds, where Ker denotes the kernel of a matrix, “> 0” means positive semidefinitess,
and where we use t to denote the Moore-Penrose inverse of a matrix. Finally, the

system (H) is called disconjugate on J* if
the principal solution of (H) has no focal points in (0, N + 1].

Note that this definition of disconjugacy is not formulated in terms of so-called gen-

eralized zeros of vector solutions (z,u) of (H) as is done in [3, Definition 4]. But, by
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[3, Theorem 2], our definition here is the same as [3, Definition 4]. We will use the

following result (see [3, Theorem 2]).

Lemma 1.1 (Reid Roundabout Theorem when R = S = 0).
Suppose (A) and R =S = 0. Then the following statements are equivalent:

(i) F = Fy is positive definite;
(ii) (H) is disconjugate on J*.

The next section contains an analogue of Lemma 1.1 for general R and S without
any further assumptions (e.g., controllability of (H) as is required in [3, Theorem
3]), and we will present the corresponding result for the case of separated boundary

conditions (i.e., when R and S are of the form (As)) in the concluding Section 3.

2. THE GENERAL CASE

We need some additional notation. Let
Qr = U X + (U X[ Xy, — Up) (I — X1 X)UT,
Qr = X| + X[ X (I - X[ X,)UT,

(2.1) A N
or — ~XI X XIXe Qn
k Qr Qx
and
(2.2) xi= (2 1) aa w10,
Xk ch Ulc Ulc

where (X,U) and (X,U) denote the special normalized conjoined bases of (H) (at

0), i.e., the matrix solutions of (H) satisfying the initial conditions

(23) XO = 0, UO = I, XO = —I, UO = 0

By a direct computation (see also [3, Remark 8 (iii)]) the matrices X;7 U} are sym-
metric and

(2.4) Q:X;=UrX'X; forall ke J"

The following results are crucial for the proof of our Theorem 2.3 below.

Lemma 2.1. Assume (A), suppose that Ker Xy 1 C Ker Xy and that (z,u) satisfies
the equation of motion Axy = Agxy 1 + Brug for all k € J. Then

T N
—X « —X
Folz) = (33N+1> QN1 ($N+1> + Z 2t Dy,
k=0

where z, = u, — (UkX,I)Ta:k + (X,I)Txo, D, = XkX,IHAkBk as in Section 1, for
k € J, and where we use the notation (2.1), (2.2), and (2.3).
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Proof. This is a special case of Picone’s identity [3, Proposition 4] with o = —x
(observe that @Q§ = 0). O

Lemma 2.2. Under the assumptions and with the notation of Lemma 2.1 we have

that
—X
( ‘ ) e Im X}, ;.
ITN+1

Proof. This is a special case of [3, Remark 3 (iii)]. Indeed, by [3, Lemma 3], (X*, U*) is
a conjoined basis of the “large” Hamiltonian system (H*) (as introduced in [3]), and,
by our assumptions, Ker X}, C Ker X} for all k € J, (¢*, u*) with 2} = (_mi"), uy =

(uok) satisfies the corresponding equation of motion, and (_;(”)0) = —X(jzp € ImXj.

Hence, [3, Remark 3 (iii)] implies recursively that z},, € Im X}, for k € J. O

QOur main result now reads as follows.

Theorem 2.3 (General Reid Roundabout Theorem).

Assume (A) and (Ay). Then the following statements are equivalent:

(i) F is positive definite;
(ii) (H) 4s disconjugate on J* and

o\ [~z —zo\" [ u
(o) 5() () () o
TN+1 ITN+1 TN+1 UN+1
holds for all solutions (z,u) of (H) with (w:le) € Im R™ \ {0},

(iii) (H) is disconjugate on J* and
d"(S+Qy:1)d>0  forall deImRT"NImXjy,\ {0},

where we use the notation (2.1), (2.2), and (2.3).

Proof. First, (ii) follows from (i) by the implication “(i) = (ii)” of Lemma 1.1 and
by the formula Fy(z) = (-’E:VTI)T(UJtil) which holds for solutions (z,u) of (H) (see

e.g. [3, Lemma 1]).

Next, suppose (ii) and let d € Im R" N Im X3, \ {0}. Then there exists ¢ € R"
such that d = X}, c € Im RT. We put

(xk>: X )N(k ¢ for kelJ.
U Uk Uk

Then (z,u) is a solution of (H) satisfying

— X, —-X
( xO): © TN ) e= Xy e=deImR"\ {0}
TN+1 Xnvyr Xnqr
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so that by (ii),
U U

—d¥'sSd < d¥
Uvi1 Unta

_ JT'rr* _ T yT *
)c-d Unpc=c Xy Uyyqc

_ Ty« * _ TrmT * - * T ~yxT * - *
= ¢ UN+1XN+1C =cC UN+1XN+1XN+1XN+1C =cC XN+1UN+1XN+1XN+1C
_ T v*T * * _ JT y*
= ¢ XN+1QN+1XN+1C =d QN+1d,
where we also used (2.4). This yields (iii).

Finally, assume (iii), and let (z,u) be F-admissible. Without loss of generality
(observe the implication “(ii) = (i)” from Lemma 1.1) we may assume d := (zjvf:’l) #
0. Now Lemma 2.2 yields d € Im X}, so that we have by (1.1)

d€ImR" NIm Xy, \ {0},
and hence, by (iii) and Lemma 2.1,

N
0 < d'(S+Qns1)d <d"(Qxy +8)d+ D 2 Dz

k=0
zo \ 7T T N
—40 * —40 T T
= + 2 Dz +d°Sd = F(x).
(:vzv+1) QN1 (ch+1> ; k Drzi (z)

Hence F is positive definite and the proof of our result is complete. O

Remark 2.4. Observe that, if Ker X1 C Ker Xj, for all £ € J, Lemma 2.2 together
with the proof of the implication “(ii) = (iii)” from Theorem 2.3 above describes
exactly the set of all “reachable boundary states”, more precisely: There exists an
(x,u) satisfying the equation of motion and (w_N‘TI) = c if and only if ¢ € Im X} ;.
Moreover, all these boundary states can be reached with trajectories (z,u) that solve
the full Hamiltonian system (H).

3. THE CASE OF SEPARATED BOUNDARY CONDITIONS

Besides of (A) we also assume (Aj) in this section, and then (z,u) is F-admissible
provided

(3.1) Az = Akibk_H + Byuy for k € J, x5 € Im Rg, TN41 € Im RJZ\;_H.

According to [7, Corollary 3.1.3] there exists an n x n-matrix S§ with

(3.2) rank(Sy, Ry) =n and Im S{;T = Ker Ry.
We put

(3.3) Ry = RySy + S,

so that

(3.4) rank(R}, Ro) =n and RiRY = RySoR}  is symmetric.
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Therefore [7, Theorem 3.1.2] implies the existence of some ¢ > 0 such that
A ;= (Ry+¢eRy) " exists.
Moreover, let us put
Ay=1-A7], Ay =1, Ay =0, BLy = —AZIR}, Byy1 = Ry By
The following result is needed for the proof of our Theorem 3.2 below.

Lemma 3.1. Let Qk =Cy for0<k<N-1, Q,l =el, QN =Cn+ Sni1 —B}LVH,
and QN+1 =0. Then .Z-:O, defined by

N+1
.Zo(l‘) = Z {$Z+1Qkxk+1 + ukauk}
k=-—1

is positive definite (i.e., Fo(z) > 0 for all x # 0 such that (z,u) is Fo-admissible
(i.e., with Axy = Apxpy1 + Brug for all =1 < k < N+1, 21 = zy42 = 0)) if and
only if F 1is positive definite.

Proof. First, we assume that F is positive definite in the above described sense. Let
(xz,u) be F-admissible with = # 0. According to (3.1) there exist ¢g, cy41 € R* with

Ty = RgCO and IN+1 = R’IJ\}+ICN+1. We define

T 1 =TN42 = 0, U_1 = —Cp, and UN+1 = _R}-\H—ICN-H'
Then
A_lxo + B_lu_l = (I — A:%)l‘o + A:}RECO = Ty = A.T_l
and
Ant1ZN41 + Bypiung: = _R%+1RN+1R}L\]+1CN+1 = —Ry,icN41 = —Tnp1 = ATy

so that (z,u) is Fo-admissible. Hence by (3.4)

0< Folz) = xgg,lxo +u' B quy + Fo(z) + 21 (Sve1 — B}LVH)xNH
Uy BrpiUng
= ec RyRYcy — c§ (Rl + eRo)RE co + F(z) + 23 Soxo
—$%+1B;v+1xN+1 + Uy By iy

= F(z) — 2% Bhiione + Ul Bypun s = Flz),
where the last equality sign follows from
uj 1 Byyitivgr = Uy By BY  Byyiun i = o BNy aa

Therefore F is positive definite.
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Conversely, assume that F is positive definite and let (z,u) be .Z—jo-admissible
such that x # 0. Then

Ty = A_l.’l}_l + A_lB_l’U,_l = —ROTu_1 € Im Rg

and
$N+1 N+1UN+1 N41 N+]_U/N+]_ m N4+1

imply that (x,u) is also F-admissible. Hence by (3.4) as above
0 < F(z)=Folx) - 25C 170 — ul,Byu_y — w41 (Sn1 — Bl 1)za
—U%+1BN+1UN+1 + 3571\}+1SN+1$N+1 - xoTSOxO
= Folz) — eul | RoR{u_y +u” (R +eRo)Ru_1 — u’ | RoSoRtu_y = Fo(z)
so that positive definiteness of ZJ:O follows. O

By the aid of Lemma 3.1 and Lemma 1.1 we can now prove our final result which
has the advantage (compared to Theorem 2.3) that we need only one solution of (H)
(instead of two of them in Theorem 2.3). As before we do not require any additional

assumption in contrast to the corresponding result given in [4, Theorem 3].

Theorem 3.2 (Reid Roundabout Theorem for separated boundary conditions).
Assume (A) and (Ay). Let (X,U) be the conjoined basis of (H) satisfying

Xo=-RI' and Uy=RY,

where R is given by (3.2) and (3.3). Then F is positive definite if and only if (X, U)
has no focal points in (0, N + 2], where we put

Xnt2 = (I - BN+1BL+1 + BN+ISN+1) Xn+1+ BytiUngr and Byy = R%HRNH-

Proof. From the equivalence “(i) <= (ii)” of Lemma 1.1 it follows that F, is positive
definite (in the sense of Lemma 3.1) if and only if the solution (X, U) of

AXy = ApXp1 + BelUy,  AUp = CpXpr — AfU,  for —1< k< N+1
with ,)5—1 =0 and Q—l = [ satisfies
Kerr)\gkﬂ - Ker,)v(k, Qk = ,)\,(k,)\,(LHAkBk >0 for —1<k<N+1.
We have
Xo=A,B.i=-Ry =X, and Ug=C_Xo+ (Rj+eR)" =Ry =0

so that )f\{ = Xk, Q x = Uy, follows for k € J (again note that the corresponding initial

value problems have unique solutions according to our assumption (A)). Moreover,

Xni1=Xnt1, Uvi1 = Unpr + (Sv1 — Bva+1)XN+1, and

?SN—}-Q = Xyt + BN+1QN+1 = ([ + Bnt1SN41 — BN+1B;rv+1> Xni1+ ByviiUnia

= Xnyo-
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Observe that Ker 2\,( o C Ker ?)V( _1 =R"” and Q*l = 0 > 0 hold trivially, and then our
assertion follows from Lemma, 3.1. O
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