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Abstract

Using the concept of focal points for so-called conjoined bases of linear Hamiltonian
difference systems we present discrete analoga of Sturm’s separation and comparison
results.
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1. Introduction

The books [8] by Werner Kratz and [1] by Calvin Ahlbrandt and Allan Peterson
contain surveys on linear Hamiltonian systems

(He) X=AWX +Bt)U, U=Ct)X-AT@t)U
and on their discrete counterparts, so-called linear Hamiltonian difference systems
(H) AXy = A Xpq1 + BpUy, AUy, = CpXyp1 — AL Uy,

respectively. (All occuring objects are real n x n-matrices and ¢ € R while k£ € Z.)
Conjoined bases (X,U) of (Hc) and (H), respectively, are solutions of (H¢) with

X (to)

X (to)U(t tri k
(to)U(ty) symmetric, ran (U(to)

) =n for some ¢, € IR
and of (H) with

X
X,Z; Uy, symmetric, rank (Uko) =n for some kg € Z,
k

0

respectively. It is common to call ¢y € IR a focal point for a conjoined basis (X, U)
of (H¢) provided

(FP¢) X (to) is singular

holds (see [8, Definition 1.1.1 (ii)]). Chapter 7.3 of [8] deals with Sturmian theory
for conjoined bases of (Hc), Le., gives separation results of focal points for two
conjoined bases (X,U) and (X,U) of (Hg) and gives comparison results of focal
points for a conjoined basis (X, U) of (H¢) and another conjoined basis (X, U) of
some other system

(Hc) X=AMX+B0OU,  U=0@®mX-A" (1)U

in the following manner: Subject to certain assumptions, if (X,U) has a focal
point in (a, b] C IR, then so does (X, U). It is the purpose of this survey to present
discrete analoga of these kind of results for system (H), and for the comparison
results we will compare conjoined bases of (H) with conjoined bases of some other
linear Hamiltonian difference system

(H) AXy = Ak X1 + BilUy, AU = Cr X1 — AL Us.
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In order to do this it is necessary to define focal points for conjoined bases of dis-
crete systems, and this has been done by the author in [3, Definition 3]. According
to this definition, we say that the interval (k, % + 1] contains a focal point of a
conjoined basis (X, U) of (H) provided

(FP) KeerH ¢ Keer or Keer+1 C Keer, XkX]I_H(I — Ak)_lBk Z 0

holds. Here, Ker denotes the kernel, the dagger denotes the Moore-Penrose inverse
(i.e., M is the unique matrix that satisfies MMM = M and MTM M = M' such
that both M M' and M'M are symmetric), and > means positive semidefiniteness.
Also, throughout, we impose the assumption

(A) I — A, is invertible and By, C}, are symmetric forall k € Z

on systems (H). Justifications for this kind of strange looking definition (FP) are
contained in [3] as well as in the next section. However, it is clear on the first view
that working with condition (FP) is much more complicated compared to condition
(FP(). Discrete versions of Sturm-type separation and comparison results are given
in Section 3 and 4, respectively (see also [5]). We finally wish to remark that those
results also apply to so-called Sturm-Liouville difference equations (see also [4]) for
they are special cases of systems (H).

2. Focal Points

The starting objects for the theory are discrete quadratic functionals of the form
(with throughout the paper fixed integers M and N such that M < N)

N
F(z,u) = Z {z} 1 Crari1 + uf Brug},

k=M

and they are called positive definite whenever
F(x,u) > 0 for all admissible (x,u) with ), = zy41 =0 and x # 0

holds. (Here, z and u are sequences of IR™-vectors, and they are called admissible
provided Azy = Agzgi1 + Byuy holds for £ € Z.) This notion of positive definite-
ness is motivated from the study of discrete variational problems where functionals
of the form F arise as so-called second variations (see [2]). Now, the main tool for
the theory is the following discrete version of Picone’s identity.



Lemma 1 (Picone’s Identity). Let be given a conjoined basis (X, U) of (H) with
KerXy,1 C KerXy for all M < k < N, and let (x,u) be admissible with z;; €
ImX,,. We then for all M < k < N have Dyz, = XkX,IHa:kH — 1z and

$f+10k33k+1 + UkaUk =A {mngmk} + Z;kaZk,
where D, = XkXII—I—l(I — Ak)_lBk, Qk = XkXIIUkX]L 2k = U — Qk.’lik.
This lemma immediately proves one direction of the following result.

Lemma 2 (Jacobi’s Condition). F is positive definite if and only if the principal
solution of (H) at M has no focal points in (M, N + 1].

(Above, the unique solution of (H) satisfying X, = 0 and Uy, = I is called the
principal solution of (H) at M.) Proofs of these two results may be found in [2, 3]
and in Chapter 8 of the textbook [1]. It is remarkable that the continuous version
of Lemma 2 (see [8, Theorem 2.4.1]) reads precisely like Lemma 2; however, the
definition (FP) of a focal point in the discrete case differs significantly from (FP¢)
in the continuous case.

3. Separation Results

The proof of our first separation result combines Lemma 1 and Lemma 2.

Proposition 1. If the principal solution of (H) at M has a focal point in (M, N +
1], then so does any conjoined basis of (H).

Proof. We assume that there exists a conjoined basis (X, U) of (H) without focal
points in (M, N + 1], i.e., with

KerXy,1 C KerXy and Dy > 0 forall M <k < N.

Let (z,u) be admissible with z3; = zy41 = 0. Then z), € ImX,, and Picone’s
identity, Lemma 1, yields

WE

Flz,u) = {z4, Crri1 + up Byug }

i
S

I
WE

k=M
N

T T T

= $N+1QN+1$N+1 — T, Qurr + Z 2 Dizg
k=M

N

= E z,{Dkzk > 0.
k=M



If F(z,u) =0, then Dz =0 for all M < k < N, and the first assertion of Lemma
1 together with xy,1 = 0 shows zy = 2y 1 = ... = 241 = 2y = 0. Hence we
have that F is positive definite. This in turn, by Jacobi’s condition, Lemma 2,
proves that the principal solution of (H) at M has no focal point in (M, N + 1]l

Let us remark that at this point we don’t care so much about positive definiteness
any more; it in fact became a major tool in order to create a theory centering
around focal points although it was originally motivated by the examination of
discrete variational problems. It is e.g. the proof of Proposition 1 which illustrates
these remarks.

Our goal in this section is not only to compare a conjoined basis with the principal
solution but to obtain results for two arbitrary conjoined bases. To do so, an
extension of Lemma 2 in the following sense is needed (see [5, Lemma 3]).

Lemma 3. The conjoined basis (X, U) of (H) has no focal points in (M, N + 1] if
and only if
F(z,u) + 2¥,Qpxpr > 0 for all admissible (z,u)
with 23, € ImXy;, xy1 =0, and z # 0.

We are now ready to state this section’s main result.

Theorem 1 (Sturm’s Separation Theorem). Let (X,U) and (X,U) be conjoined
bases of (H) with

If (X, U) has no focal points in (M, N + 1], then neither does (X, U).

Proof. Assume that (X, U) has no focal points in (M, N+1|. Via applying Lemma
3 to (X, U) we now wish to show that (X, U7) has no focal points in (M, N41] either.
To do so, let (z, u) be admissible with z, € ImX v and xy11 = 0. The assumption
ImX v C ImX,, yields xy, € ImX,, so that Lemma 1 becomes applicable. We
obtain

N
F(z,u) + 2y Qury = Y {2f Chompr + uf Byug} + 23, Quzy
k=M
N
= > {22 Quzi + 2 Dz} + 2l Qurzn
k=M
N
= x%+1QN+1$N+1 - JUI/[QMQCM + Z Z;?Dkzk + 3371\1{QM33M
k=M
i N
= 23(Qu — Qu)zir + Y 2 Dz > 0
k=M
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due to our assumption X7 (Qu — Q)X > 0. If F(z,u) + 2T,Quan = 0, then
Dyz, = 0 for all M < k < N so that the first assertion of Lemma 1 together with
xn+1 = 0 again shows z = 0. |

4. Comparison Results

In this section we consider two systems (H) and (H) that both satisfy our general
assumption (A) and put for k € Z

_( —Cr A [ QA . _ t_ gt

We need the following auxiliary result which is the contents of [5, Lemma 2].

Lemma 4. Let (z, u ) be admissible with respect to (Ii ) and suppose that
KerBy C KerB;  and Im(Ag — ék) C Im(B — Qk)

hold for k € Z. Then (z,u) with uy := B (Azy — Agzgyr) is admissible with
respect to (H) and we have

*

T T _ T T T IS o *
xk+lgkxk+1 + lﬁk Ekfy.;k = xk+1ck$k+l + Uy, Bkuk + 2 (/Hk — ﬂk)zk + 2} Dkzk,
5 I
where 2, = (,pk)l“kﬂa % = Pptpyr + up, Py = (B — By) (A — Ap).

For the remainder of this section we will now impose the following comparison
assumption on the two systems (H) and (H). We require that

(C) Hi > Hi, KerBy C KerBy, and Dy >0

hold for all k¥ € Z. Observe that Hy > H, implies Im(Ay — ék) C Im(By, — Ek)
by [8, Lemma 3.1.10].

Proposition 2. Assume (C). If the principal solution of (H) at M has a focal

point in (M, N 4 1], then so does any conjoined basis of (H).
Proof. We assume that there exists a conjoined basis (X, U) of (H) without focal
points in (M, N + 1], i.e., with

KerXy,; C KerXy and Dy > 0 for all M < k < N.



Let (z, u) be admissible with respect to (H) such that xpy = zy41 = 0 and define

u as in Lemma 4. Then we have by Lemma 4 (and by applying Lemma 1 since
zy € ImX)y, and (z,u) is admissible with respect to (H))

N
_ T T
)= {$k+1gk$k+1 + uy Ek}\{k}

k=M

I
WE

{kaC’kka + uf Bruy + 2 (Hy — ’Hk)zk + 2 Dkzk}

T
S

N
{ A2} Quak + 2} Dz} + Z { (Hi — Hi) 2k + 25 Dkz,’;}
k

Il
WE

T
<

=M
N
k=M
N

= Zngkzk+ sz Hi — Hi) 2 + sz Dz >

If F(z,u) = 0, then Dyzy = 0 for all M < k < N and hence z = 0 as before.

Thus F is positive definite and Lemma 2 yields our desired assertion. |

As before we can obtain a more general result by employing our Lemma 3 from
the previous section.

Theorem 2 (Sturm’s Comparison Theorem). Suppose (C). Let be given two con-
joined bases (X,U) and (X, U) of (H) and (H), respectively, with

ImXy CImXy and  X3(@yv — Qum)Xw > 0.

If (X, U) has no focal points in (M, N + 1], then neither does (X, U).
Proof. Assume that (X,U) has no focal points in (M, N + 1]. Let (z,u) be
admissible with respect to (H) such that zy € ImX s and zy41 = 0. Hence (z,u)

with u defined as in Lemma 4 is admissible with respect to (H) and xps € ImXy,
holds. Thus, by Lemma 4 and Lemma 3

N
T _ T T T
f(%}\{) + »’UMQMJCM = E {$k+1gkxk+1 + Uy Ek}\{k} + IL‘MQMSEM
k=M

N
T T T s T e _x T
E {xk+10kxk+1 + up Brug, + 2 (He — Hi) 2k + 2 Dkzk} + 23 Qs
k=M



N
Z {Amf@kmk + 2 Dy + 2 (Hy — Hpi) 2y, + zZTD};zZ} + -’L'ZJC/[QM-’L'M
k=M

N N N
:ETA}(QM - QM)Q?M + Z ZZDka —+ Z 2,?(7’[19 — %k)ék + Z ZZTDZZZ > 0.
k=M k=M k=M

If 7(z, u) = 0, then as before z = 0. Hence, our result is shown by Lemma 3. H

We shall conclude this survey with some remarks.

(i)

(iii)

First, if By = By, for all k € Z, then condition (C) reduces to

Ak_ék 0 -

Of course, if in addition A; = ék and C), = Qk for all k£ € Z, then condition
(C) becomes empty, (H) and (H) are the same systems, and Theorem 2
becomes nothing but Theorem 1.

Next, if By is positive definite for all £ € Z (which is the case e.g. in [7]; see
also the comparison theorem [7, Theorem 3]), then (C) reduces to

= Cr A—di )
Ak_ék Bk—Ek -

When trying to check such conditions, the follwing result provides two useful
characterizations (see also [6, page 28] or [8, Lemma 3.1.10]).

Lemma 5. Let Q,R, and S be matrices of size (o, ), (5, 5), and (a, §),

SC?T ]S% ) is positive semidefinite if and only if

respectively. Then (
KerR C KerS, R >0, and SR'ST —Q >0
hold, and this is equivalent to

KerQ ¢ KerST, @ >0, and R— STQ'S > 0.

It is common to call a system (H) disconjugate (on [M,N + 1] N Z) if the
principal solution of (H) at M has no focal points in (M, N + 1]. With this
terminology, Jacobi’s condition reads as follows.

7



Corollary 1. F > 0 iff (H) is disconjugate.

A special case of Theorem 2, namely with (X,U) and (X,U) being the
principal solution of (H) and (H), respectively, then is the following.

Corollary 2. Suppose (C). If (H) is disconjugate, then so is (H).

Finally, we briefly mention the important case of
0 1 0

Ak: h ) Bk: - ’

T](Cn_l)

where the corresponding linear Hamiltonian difference system is equivalent to
a Sturm-Liouville difference equation (in the sense described more precisely

in [3]). Above we require that 7'1(:) € Rforall £ € Z and 0 < v < n and that
r,(cn) # 0 for all kK € Z. Hence the condition

KerB, C Kergk is automatically satisfied,

where By (and also ék and Qk) are matrices of the form as above with

T ](C“) € R etc.. We furthermore have

Dy = By(Bl — B)Bx = 0

~ (n)



so that D} > 0 iff LEC”) > r,(cn). Since

Hi — Hi = 0 5

L1
\ oLl
we have that condition (C) for the Sturm-Liouville case reads

(Csr,) ) >r forallke€Zandall0 < v <n.
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