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Abstract—We consider the following boundary value problem:

(~1)*PA™y = AF (k,y,Ay,...,A" 1Y), n>2 0<k<m,
Ay(0)=0, 0<i<p-1; Alym+n—-i) =0, 0<i<n—p—1,

where 1 < p < n -1 is fixed and A > 0. A characterization of the values of A is carried out so that
the boundary value problem has a positive solution. Next, for A = 1, criteria are developed for the
existence of two positive solutions of the boundary value problem. In addition, for particular cases
we also offer upper and lower bounds for these positive solutions. Several examples are included to
dwell upon the importance of the results obtained. © 1999 Elsevier Science Ltd. All rights reserved.

Keywords—Eigenvalues, Positive solutions, Difference equations.

1. INTRODUCTION

Let ¢,d (d > ¢) be integers. We shall define the discrete interval [¢,d] = {¢,c + 1,...,d}. All
other interval notation will carry its standard meaning, e.g., (0, 00) denotes the set of positive real
numbers. For a nonnegative integer n, we also define the factorial expression k(™ = H?z_ol(k —1)
with k@ = 1. Let Ay(k) = y(k + 1) — y(k) and for n > 2, A™y(k) = A(A Ly(k)).

*The author is grateful to A. von Humboldt Foundation for awarding him a Feodor Lynen Research Fellowship
to support this work.
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In this paper, we shall consider the following conjugate boundary value problem:

(=1)""PA™y = \F (k,y,Ay,..., A" 1y}, ke[o,m],

] . 1.1
A'y(0)=0, 0<i<p-1, Alyim+n—-1i) =0, 0<i<n-p-1, (1)

where A > 0 and n, p, m are fixed integers with n > 2, 1 <p <n —1, and m > p. Throughout,
it is assumed that there exist continuous functions f : (0,00) — (0,00) and u,v : [0, m] — R such
that

(Al) f is nondecreasing;
(A2) for z € (0, 00),

F(k,z,z1,...,Zn-1)

f(z)

(A3) u(k) is nonnegative and is not identically zero on [0, m]; also there exists 0 < ky < 1 with
u(k) > kou(k) for k € [0, m].

By a positive solution y of (1.1), we mean a nontrivial y : [0, m + n}] — [0, 00) satisfying (1.1).
If, for a particular A, the boundary value problem (1.1) has a positive solution y, then ) is called
an eigenvalue and y a corresponding eigenfunction of (1.1). We let E be the set of eigenvalues of
the boundary value problem (1.1), i.e.,

u(k) <

< w(k); and

E = {X> 0] (1.1) has a positive solution}.

Further, we introduce the notations

. flz) - f(z)
o= "o Je=dmT

Our first task is the characterization of the values of A so that the boundary value problem (1.1)
has a positive solution. Specifically, we shall show that the set E is an interval and establish
criteria for F to be an unbounded interval or a bounded (open or half-closed) interval. In addition,
without the monotonicity condition (A1), explicit eigenvalue intervals are derived in terms of fo
and foo.

Next, for the case A = 1, we shall develop criteria for the existence of two positive solutions
of (1.1). Further, we shall consider the following special cases of (1.1) (n =2, p=1):

A%y +a(k) (y*+y°) =0, kelo,m], y(0) =y(m+2)=0 (1.2)

and
A’y +a(k) e’ =0, ke0,m], y(0)=y(m+2)=0. (1.3)

It is assumed that 0 < a <1 < 8, ¢ > 0, and a(k) is nonnegative on [0, m| and is not identically
zero on [p,m]. In addition to providing existence criteria for two positive solutions of (1.2)
and (1.3), we also establish upper and lower bounds for these positive solutions.

The motivation for the present work stems from many recent investigations. In fact, whenn = 2
the boundary value problem (1.1) is a discrete model of a wide spectrum of nonlinear phenomena
such as gas diffusion through porous media, nonlinear diffusion generated by nonlinear sources,
thermal self-ignition of a chemically active mixture of gases in a vessel, catalysis theory, chemically
reacting systems, adiabatic tubular reactor processes, as well as concentration in chemical or
biological problems, where only positive solutions are meaningful, e.g., see [1-7]. For the special
case A = 1, (1.1) and its particular and related cases have been the subject matter of many recent
publications on singular boundary value problems, for this we refer to [8-15]. Further, in the
case of second-order boundary value problems, (1.1) occurs in applications involving nonlinear
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elliptic problems in annular regions, e.g., see [16-19]. Once again in all these applications, it is
frequent that only solutions that are positive are useful.

It is noted that the importance of (1.2) and of its continuous version have been well illustrated
in [20,21], respectively. With a(k) being a constant function, the boundary value problem (1.3)
actually arises in applications involving the diffusion of heat generated by positive temperature-
dependent sources [22]. For instance, if 0 = 1 the boundary value problem occurs in the analysis
of Joule losses in electrically conducting solids as well as in frictional heating.

Recently, several eigenvalue characterizations for related continuous systems have been carried
out. To cite a few examples, Fink, Gatica and Hernandez [23] have dealt with the boundary
value problem

Y +2(t)f(y) =0, te(0,1),  y(0)=y1)=0.

A more general problem, namely,
y™ +qt)f () =0, te(0,1), yP0)=y(1)=0, 0<i<n-2

has been discussed in [24]. Further, Eloe and Henderson [25] have considered a special case of
the continuous version of (1.1). As for twin positive solutions, several studies on boundary value
problems different from (1.1) can be found in {20,26-29]. Our results not only generalize and
extend the known theorems for all the above eigenvalue problems, but also complement the work
of many authors [9,15,30-38], as well as include several other known criteria offered in [39]. Note
also that our approach to the discrete problem (1.1) is similar to the methods we have used in
the continuous case [40]. }

The plan of the paper is as follows. In Section 2, we shall state a fixed-point theorem due
to {41], obtain the explicit expression of a certain Green’s function, and develop some properties
of this Green’s function for later use. By defining an appropriate Banach space and cone, in
Section 3, we shall characterize the set E. Explicit eigenvalue intervals in terms of fo and fo
are established in Section 4. We shall investigate the existence of double positive solutions in
Section 5. Finally, the boundary value problems (1.2) and (1.3) are treated, respectively, in
Sections 6 and 7. ‘

2. PRELIMINARIES

THEOREM 2.1. (See [41].) Let B be a Banach space, and let C(C B) be a cone. Assume €y,
are open subsets of B with 0 € 1, Q; C 9, and let

S:Cﬂ(Qz\Ql) - C

be a completely continuous operator such that, either

(a) ISyl <|lyll, y € CN O, and ||Sy|l = [lyll, y € C NIy, or
(b) WSyl = llyll, y € C N6, and ||Sy|| < |lyll, y € C N Q.

Then, S has a fixed point in C N (Q2\Q1).
To obtain a solution for (1.1), we require a mapping whose kernel G(k, £) is the Green’s function
of the boundary value problem
Aty =0, A%0)=0, 0<i<p-1, Atyim4+n—-i)=0, 0<i<n-p-1,
or equivalently,
Aty =0, Aly(0)=0, 0<i<p-1, Aly(m+p+1) =0, 0<i<n—-p-1, (2.1)

where 1 < p < n—1 is fixed. We shall find the explicit expression of the Green’s function G(k, £).
For this, it is known from [42] that

m

y(k) — H(k) =Y _ G(k,£)A"y(0), (2:2)

=0
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where H is the two-point Hermite interpolating polynomial of degree (n — 1) satisfying

A'H(0) = A'y(0), ' 0<i<p-1,

. . 2.3
A'Hm+p+1)=Ay(m+p+1), 0<i<n-p-1 (2:3)

We shall need some notations. Let

(k- g)(n—p) (k — £)(n-1)
(n —p)! (n—1)!
H(k,£) = : :
~ _. (n—p) (n—-1)
p-1 (k Z) p-1 (k e)
A ———-————(n_p)! e A —-—————(n_ o
and (k — o) (k —£)(»-V
3 p! (n—-1)!
H(k,0) = : : )
An—r-1 (k - 2)(1,) An—r—-1 (k _ Z)(n—l)
p! (n—1)!
and put

H(k) = H(k,m+p+1)H'(0,m+p+1) and H(k) = H(k,0)H ' (m +p + 1,0).

Then, there exist co(k), .. ., cp—1(k), do(k), ..., dn_p—1(k) with

cwok) ... cpalk)
H(k) = P
" AP-ley(k) ... APle,_i(k)
and
do(k) . dn—p_1(k)
H(k) = : :
APPLdg(k) ... APP-ld,_, (k)

We have H(0) = Hm+p+1)=1I Ifn—2p+1>0, then Hm+p+1) =0andif n—-2p+1<0,
then the number of rows of H(m+p+1) is p > n—p+1 and the first (n—p) rows of H(m+p+1)
have only zero entries. If 2p — n 4+ 1 > 0, then H(0) =0 and if 2p — n + 1 < 0, then the number

of rows of H (0) is n —p > p+ 1 and the first p rows of H (0) have only zero entries. This implies

that
n—-p—1

Z c(k)A'Y0) + Y di(k)Ay(m+p+1)

j=0

is a polynomial of degree (n — 1) satisfying (2.3) and hence is our required Hermite interpolating
polynomial. In [42], the explicit expressions of ¢; and d; are given by

p_izl - (i+7)
- (n—p) n—p +7r 1 k
ci(k) = (m+n—k) g ( T il(m + n —3)(n—p+r) @4
and - .
n-p=j- _ L _ k)G
(EY = (1N R®) p+r—1\ (m+p+j+r—k)
di(k) = (-1)7k@ >~ ( i AICETES e ok (2.5)

r=0
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Now, we have by the discrete version of Taylor’s theorem [39, Theorem 1.7.5],
(y—H)(k)
AP~ (y—H)(k)

mp (k—g—1)"=D

An-P(y — H)(m+p+1) § ———‘n oA
=Ij(k,m+p+1)( : )_ ;

n—1¢, _ m+ —_ ¢ —1Yn-p)

A (y Hym+p+1) Zg}j (k (fl_lp})' Ary(0)

so that
mp (—f — 1)(n—1) n
APP(y— H)(m+p+1) Z Tmonr A
: liI lo,m+p+1) : ,

A" Yy —H)m+p+1) mAp (—f — 15(""1-’) "

£==0 (n_p)'
and hence,
( (y—H)(k) )
A”“(y H)(k)
mip (—f — 1)(n—1) n mip (k — £ —1)(n-1) n
L oo 2O (5T w40
= H(k) . _ :
m+p ( 3_1)(n ) n m+p (k—e—l)("—l’) "
ezo (n-p)! A0 i=k (n —p)! A%
Therefore,
m+p p—1 _ 1\(n—i-1) TP _p_1)(n-1)
W= HR =S > et AT D Ay - 3 E I Ay, 20
£=0 i=0 =k )

Similarly, we obtain

k=1 (k — £ — 1)(n—D

(y — H)(k) AP(y — H)(0) P WA"y(ﬁ)
= g(k,O) +
Ar=P=1(y — H)(k) A™=1(y — H)(0) (k—&— 1)(p)

5;: A
mip= O, Sy
Z YT Amy(0) ZZ=30 ) Amy(¢)
= —H(k) + :
i (m+p“e)(p) Any(8) kl(k —f-;— 1)( )A"y(ﬁ)
£=0 £=0 p

and therefore,

_ (n—l) m p (n—j-1)
y(k) — H(k) = Z(’“ o= —arn-y Y gy TR0 Anye). (2)

£=0 j=0 (n ] - 1)'
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Plugging (2.4) and (2.5) into (2.6) and (2.7), respectively, and then using (2.2), we find that the
Green’s function G(k, £) for (2.1) is given by

( p=1[p=j-1 ) JACRRY
n—-p+i—1
SIS Y e
(—¢— 1)(n—j—1) (n-p)
AT A - <pP< k-
X FICE ) (m+n-—k) , 0<¢<k~1,
G(k, €)= (2.8)
_.n_f‘:l ["_pi:j'I (i) (m+p+j+i- k)(”':)]
j=0 =0 o (mApt L+ 4) D)
(m+p—g)ni-Y
—1)7 (p) <f{<m.
Y oy T Rstsm
Further, it is known that [39,43]
(-1)""PG(k,£) > 0, (k,2) € [p,m + p| x [0,m]. (2.9)
For each ¢ € [0, m], we shall denote
SO = G(k,0)| = 1) . .
IGC,Ol =, max | [G(k,0] = _max (~1)""G(k,0) (210)
LEMMA 2.1. (See [43].) Let 6 € [p,m + p| be given. For (k,£) € [§,m + p| x [0,m}, we have
(_l)n-pG(k’e) 2 K&”G(,f)“, (211)

where 0 < K5 < 1 is a constant given by

[ minges mip AP+ 1,k)  minge(smap) AP, k) }
Ks = min , 2.12
’ { maXge(s,m+p) P +1,k)" maxXie(s m+p) (0, k) (212)
and
Mz, k) = kD (m +n — k)",
LEMMA 2.2. For (k,£) € [0,m + n] x [0,m], we have
(=1)""PG(k, L) = |G(k, £)] < max{q(¢£),r(€)} = ¢(¢), (2.13)

where

-1 [p—j-1 . i : i
q(e)=p2[pZJI (P }(“"‘” mE TP L

prd i m+n — j)(n—pt+i) Jin—j—1)

j=0
and

(m + pP— 2)("_-7—1) e(p)‘
jHn—j—1)!

T(Z)_"'z”“l "“i’—:"‘l p+i—1\ (m+p+j+i)itd
B por pord i (m+p+1+j+i)+d

PROOF. It is clear from (2.8) that
oo { X skt <o

For a nontrivial y : [0,m + n] — [0, 00), we shall denote

a= ¢(Ou@O)f(y(e) and b= lIG(,O)lu()f(y(e)). (214)

£=0 =0
In view of Lemma 2.2, (A2) and (A3), it is clear that a > b > 0. Further, we define the constant
NGOl
=K,k
TE R dom 90
where K, is given in (2.12). It is noted that 0 < v < 1.

(2.15)
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3. CHARACTERIZATION OF EIGENVALUES
Let B be the Banach space defined by
B={yly:[0,m+n]—R}
with norm ||y|| = maxge[o,m+n] [¥(k)|, and let
c={veBlut =0 kepmal, min y(k)>lul}.
We note that C is a cone in B. Further, we denote

C(N)={yeC||yll <N}
Let the operator S : C — B be defined by

m

Sy(k) =Y _(-1" PGk, OF (£,y(0), Ay(O),..., A y(®),  kelOm+n.  (31)
£=0

To obtain a positive solution of (1.1), we shall seek a fixed point of the operator AS in the cone C.
It is clear from (A2) and (2.9) that

m m

S (1) PGk, Qu(®) f(3(8) < Sy(k) < 3 (~1)*PG(k, (€ f(y(8), k€ [0,m +n]. (3.2)

£=0 £=0
THEOREM 3.1. There exists ¢ > 0 such that the interval (0,c] C E.
ProoF. Let N > 0 be given. Define

- }% [Z ¢(e)v(e)] . (3.3)
£=0

Let A € (0,c]. We shall prove that AS maps C(N) into C(N). For this, let y € C(N). We
shall first show that ASy € C. From (3.2) and (A3), it is clear that

(ASy)(k) > )\Z( D"PGk, Ou(€) f(y(€)) 20, ke [0,m+n] (3.4)
Z__
Further, it follows from (3.2), Lemma 2.2, and (2 14) that

Sy(k)<Z PGk, £)v(L) f e))<2¢ v f(y®) =a, kel0,m+n)].
£=0
Thus,

ISyl < a. (3.5)
Now, in view of (3.2), Lemma 2.1, (2.14), (3.5), and (2.15), we find for k € [p,m + p],

(ASY)(k) = XD KpllG(-, 0)l|u(8) £ (4(8)) = AEpb 2 Xvl|Sy|| = v[|ASyl.
=0

Therefore, 6
i k) > ASy|. 3.
. [I;Tm p]()\Sy)( )_ YH yll ( )

Coupling (3.4) and (3.6), we see that A\Sy € C.
Next, we shall verify that [|ASyl| < N. For this, on using (3.2), Lemma 2.2, (A1), and (3.3)
successively, we get for k € [0,m + n],

(ASY)E) S XD S(Ou(@)F(y(®) S XY ¢(Ou(O)F(N) <Y ¢(O)v(f) f(N) =
£=0 £=0 £=0

Hence, {|ASy]| < N. We have shown that (AS)(C(N)) C C(N). Also, the standard arguments
yield that AS is completely continuous. By Schauder’s fixed-point theorem, AS has a fixed point
in C(N). Clearly, this fixed point is a positive solution of (1.1), and therefore, ) is an eigenvalue
of (1.1). Since X € (0, ] is arbitrary, it follows immediately that the interval (0,c] C E.
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THEOREM 3.2. If Ao € E, then (0,A¢] C E. So E is an interval.

PROOF. The proof makes use of the monotonicity and compactness of the operator S on the
cone C. We refer to [23, Theorem 3.2) for details. :

THEOREM 3.3. Let A be an eigenvalue of (1.1) and y € C be a corresponding eigenfunction.
(a) Suppose that (n — p) is odd and A'y(0) = b;, p < i < n —1 with b,_; > 0. Then, \

satisfies
Y <) < . . o
og'}‘f}’f_lA(J’") <A< og’,-ngli,‘_lB(J’")’ ifn—-p2p (3.7)
and
Loy < . : o
. Sjglgfp_lA(J,H) SAs, gé“,f’_‘p_lB(J’ ), in-p<p, (3.8)
where
p—1 . ) n—p—1 i -
k@ k(i+2p—n)
n(k) = Z;bn—P+i T 0(k) = ; bp+i G+op—n)
k—1 - n—p-1 i
B (k—1—¢g)lp=1) _ . ki+p)
Aok =3 o) oo D= mex S bows
A( ) Tn’zﬂ) (Z) (Z"l‘n_p—l—j)(n—p-l_‘j) f(D)1nZH) ( e) (e+n_p_1_j)(n—p—l—j)- -
y )= T T v, s ’
PP & (n—p-1-7) 2P m-p=1-71 |
and
B, = | 3w Gnp ] [ SRy nopmt et
s L) = x v u, .
Gha) =12, h—p=1-7) 2P m-p-1-31 |

(b) Suppose that (n —p), (p—1) are even and Aly(m +n—1i) =a;, n—p<i<n—1 with
apn—1 > 0. Then, X satisfies

1 - < . P . . -
Osjrélgp_lA(J,ﬁ) <A< Osjggr_lp_lB(J,{), ifn-p<p (3.9)
and _ _
og’}‘g"",’f_lA(J’ P)<A< 05?‘51?-13(3’ ¥), ifn-p>p, (3.10)
where
n—p—1 :
; m—k+n —p)®
€)= Y (~1)*ayy, BTEER BT
i=0 ’
p—1 itn—
) (m—k+n—p)('+" 2p)
— —1)* .
m
(-k+n-p—1)n-pr-1)
T, k) =) xz(£ ,
B(z, k) ; ) CE—
p—1 —p+i
— . (m+n —_ k)(" p+i)
b keﬁfrﬁnlg( D an—pts (n-p+i)!
m+p —1—j m+p _1-p17t
N (m+p—£)p=1-3) _ (m+p—op-1-3)
A(j,2) = [; O T | |0 X s B ,
and

m+p L m+p i -
=\ (m+p—e)p-1-9 (m+p—£)p=1-9)
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PROOF.
(a) It is clear that y is the unique solution of the initial value problem

(=) PAMy = \F (k, ¥, Ay, .. .,A"_ly) , k € [0,m],

X ) 3.11
A'Y(0) =0, 0<i<p-1, AO)=b, p<i<n-L (311
We shall obtain an upper bound for y. For this, from (A2) we have
(=1)""PA"y(k) = AF (k,y(k), Ay(k), ..., A" y(k)) > du(k) f(y(k)) > 0. (3.12)
Hence, A"~ !y is nonincreasing and consequently,
A ly(k) < A 1yY(0) = by—1, ke [0,m+1] (3.13)
Using the relation
k—1
A’y(k) =bi+y AMly), p<i<n-2, ke0,m+n-—i (3.14)
£=0
and also (3.13), we find
' k—1
A™2y(k) =bp_a+ D A" 'y(l) <bpp+ba-tk, ke€[0,m+2]
£=0
Applying the above inequality and continuing summing, we get
n—p-l k(i)
APYy(k) < Y bppi ——,  ked,m+n-—p|. (3.15)
=0 il
Next, noting that
. k_l 13
Aly(k) =) A™'y(e), 0<i<p-1, ke[0,m+n~d, (3.16)
£=0
successive summation of (3.15) yields
noprl k(+p)
y(k) < ; bpyi —— S <D, ke[o,m+n]. (3.17)
Now, it follows from (3.11), (A2), (A1), and (3.17) that
Au(k)f(0) < (-1)""PA"y(k) < Aw(k)f(D), ke [0,m]. (3.18)

CASE 1. n —p > p. In view of the initial conditions A*y(0) = b;, (p <) n—-p<i < n -1,
repeated summation of (3.18) from 0 to (k — 1) provides

n(k) — Af(D)p(v, k) < A" Py(k) < n(k) — Af(0)p(u, k), k€ [0,m+p]. (3.19)

Then, using the boundary conditions Aty(m +n —i) =0, 0 < i < n —p— 1 or equivalently
Alym+p+1)=0, 0<i<n-—p-1, wesum (3.19) from k to (m + p) to get

QU k) < (1Y AVy(k) <T(j,k), 0<j<n-p-1, kel0O,m+n—j],  (3.20)
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where

m+p _ o1 \(n=p-1-j)
Qup =Y e E=trnop o to T
=k

(n-p-1-j)
m-+p . ;
(¢—k+n—p—1-;j)nr1=)
—Af(D v, £): -
10) 3wty =
and
m+p . —p—1—13j
) (—k+n—p—1—jn-r-1-5)
T(j,k) = £ -
(4, k) ;n() n—p—1-j)!
30) 32 ook np 1))
rerii (n-p—1-j)

In order to have AJy(0) =0, 0 < j < p—1 (< n—p—1), from inequality (3.20), it is necessary
that

or equivalently,
A2 A(Gn) and A<B(G,m), 0<j<p-1
Coupling the above two inequalities, we get (3.7) immediately.
CASE 2. n — p < p. Using the initial conditions A*y(0) = b;, p < i < n —1, and Aty(0) = 0,
n—p<i<p—1, wesum (3.18) from 0 to (k — 1) to get (3.19)’ which is (3.19) with 5 replaced
by 8. Next, applying the boundary conditions A*y(m+p+1) =0, 0 <i < n—p—1 and summing
(3.19) from k to (m + p), we obtain (3.20)" which is (3.20) with 7 replaced by 8. In order that
AJy(0) =0, 0 < j <n—p- 1, we follow a similar argument as in Case 1 and obtain (3.8).
PROOF.
(b) Clearly, y is the unique solution of the initial value problem
(-1)*"PA"y = \F (k,y,Ay, ... ,A"‘ly) , k € [0,m],

. ) 3.21
Aly(m+n—i)=0, 0<i<n-p-1, Alyim+n—i)=a;, n-p<i<n-1 (3.21)

Once again, we shall obtain an upper estimate for y. For this, since (n—p) is even, from (3.12),
we see that A"~ !y is nondecreasing, and hence,

A lyk) < A" lym+ 1) =apn-1, ke€0,m+1]. (3.22)
Since
) m+4n—i—1 )
Alyky=a;— > A™ly@), n-p<i<n-2, ke0,m+n—i], (3.23)
’ =k

we find, in view of (3.22),

m+1
A™2y(k) = an-2 — Z A y(8) 2 an_2 — an_1(m —k +2), ke lo,m+2].
=k

Using the above inequality and continuing the process, we get, on noting that p is odd,

p-1

A Py(k) < Y (—1)'an—psi

=0

(m~k+p)@

p] , ke [0,m+ p]. (3.24)
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Next, applying the relation

m+p
Aly(k) = ZA’“y(K 0<i<n-p-1, ke0,m+n-—i, (3.25)

and summing (3.24), we finally obtain, on noting that (n — p) is even,

p-1 i
. m+n—k)r-rtd
< ST (-1Ditn_pri ( o i <D kelm+nl (3.26)
i=0 '

Subsequently, it follows from (3.21), (A2), (A1), and (3.26) that
(k) £(0) < (—=1)""PA™y(k) < dv(k)f (D), k € [0, m]. (3.27)

CASE 1. n — p < p. Using the initial conditions Ay(m +n —4) =a;, (n—p<)p<Li<n-—1,
successive summation of (3.27) from k to (m+1), 0 <i<n—p-1 gives

—&(k) + Af(0)B(u, k) < APy(k) < —E(k) + Af (D) Bv, k),  ke€[0,m+n—pl.  (3.28)

Next, noting the initial conditions Aty(0) =0, 0<i<p—1, we sunz (3.28) from 0 to (k — 1) to
get

QU k) < Aly(k) <T@,k), 0<j<p-1, ke[0,m+n-—j], (3.29)
where
k-1 . k—1 R
Al (k—1- ¢)(p=1-3) (k—1—¢)-1=9)
and -
_ g)(p—l ) _ (k—1- )(p—-l-—j)
T(j.k) = Zs(e o MDA Ty

Hence, in order to have Aly(m +n —j) =0, 0 < j < n—p—1(< p~ 1), or equivalently,
Aly(m+p+1) =0, 0 <j <n—p-—1, from inequality (3.29), it is necessary that

OG,m+p+1)<0 and T(G,m+p+1)>0, 0<j<n-p-1

or
/\SB(J)g) and )‘ZA(j,g)a OSJSn_‘p_l

A combination of the above two inequalities leads to (3.9) immediately.

CASE 2. n — p > p. Noting the initial conditions A'y(m +n —i) =a;, n—p<i<n-1,and
Aiy(m+n—i) = 0, p < i < n—p—1, successive summation of (3.27) gives (3.28)" which is the same
as (3.28) with ¢ replaced by 1. Next, using the boundary conditions Ay(0)=0,0<i<p-1
and summing (3.28)’ from 0 to (k — 1), we obtain (3.29)" which is (3.29) with ¢ replaced by 9.
In order that Afy(m +n—3) =0, 0 < j < p—1, we follow a similar argument as in Case 1 and
obtain (3.10).

THEOREM 3.4. Let A be an eigenvalue of (1.1} and y € C be a corresponding eigenfunction.
Further, let d = ||ly||. Then,

-1
d m
2 ) [g ¢(Z)U(3)] ) (3.30)
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and for all z € [p,m + p),

d

A< Fod)

-1
[Z(—U""’G(z, f)U(f)] . (3.31)

{=p

PRroOF. First, we shall prove (3.30). For this, let ko € [p, m + p| be such that d = |ly|| = y(ko).
Then, applying (3.2), Lemma 2.2, and (A1), we find

d =y(ko) = (ASy)(ko) <A dOv(OF () S AY_ $(O)(O)f (d)‘
€=0 £=0

from which (3.30) is immediate.
Next, using (3.2) and (A1), we have for any z € [p,m + p],

d>y(2) 2 A (-1)"7PG(z, Ou(®)f(y(8) 2 XY _(-1)"PG(z, Ou(¢) f(vd),

t=p ¢=p

which is exactly (3.31).

THEOREM 3.5. Let

Fg = {f ‘%5 is bounded for z € (0, oo)},

8

. T . T
hm——=0}, and F°o={f mlgrgom=

o5 F(z)

Fo={f

J

(a) If f € Fp, then E = (0,¢) or (0,c] for some ¢ € (0, 0).
(b) If f € Fo, then E = (0, ] for some c € (0, 0).
(¢c) If f € Fe, then E = (0, 00).

PRrOOF.

(a) This is immediate from (3.31).

(b) Since Fy C Fpg, it follows from Case (a) that E = (0,¢) or (0,c] for some ¢ € (0,00). In
particular, ¢ = sup E. Let {\,}3%_, be a monotonically increasing sequence in E which
converges to ¢, and let {y,,}5°.; in C be a corresponding sequence of eigenfunctions.
Further, let d;; = [lym|l- Then, (3.31) implies that no subsequence of {d,,}3°_; can
diverge to infinity. Thus, there exists L > 0 such that d,, < L for all m. So w,, is
uniformly bounded. Hence, there is a subsequence of {ym,}%.;, relabeled as the original
sequence, which converges uniformly to some y € C. Since A\, Sym = Ym, it'follows that

cSYm = )\i Ym- (3.32)
m
Further, noting that {cSym }55_, is relatively compact, y, converges to y and A, converges
to ¢, we let m — oo in (3.32) to obtain ¢Sy =y, i.e., ¢ € E. This completes the proof for
Case (b).
(¢) This follows from Theorem 3.2 and (3.30).

ExAMPLE 3.1. Consider the boundary value problem

(y+2)"
k(k-1D)A1-k)(12—k) + 2]’

Aty(k) =X kel0,8],  y(0)=Ay(0)=y(12)=Ay(11) =0,
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where A > 0 and r > 0. Here, n = 4, p = 2, and m = 8. By taking f(y) = (y + 2)", we may
choose

k,y, Ay, A%y, Ady) 1
f(y) [k(k - 1)(11 - k)(12 — k) + 2]
All the Hypotheses (A1)-(A3) are satisfied.
CASE 1. 0 <7 < 1. We have f € Fy. Therefore, by Theorem 3.5(c) the set E = (0, 00). For

instance, when A = 24, the boundary value problem has a positive solution given by y(k) =
k(k —1)(11 - k)(12 — k).

CASE 2. r = 1. Since f € Fp, by Theorem 3.5(a) the set E is an open or a half-closed interval.
Further, from Case 1 and Theorem 3.2, we note that E contains the interval (0, 24].

CaAsE 3. r > 1. Clearly, f € Fy. Thus, by Theorem 3.5(b), the set E is a half-closed interval.
Again, as in Case 2, it is noted that (0,24] C E.

w(k) = v(k) = & (

4. EIGENVALUE INTERVALS

In this section, we shall not require the monotonicity condition (A1). Further, let the integer
z* € [p,m + p| be defined by

g)(—l)n—PG(z*, Ou(l) = pelmax g(_1)n—v0(k, O)u(e). (4.1)

THEOREM 4.1. Suppose that (A2) and (A3) hold. Then, (L, R) C E where

-1

l=p

L= [Kpfoo Z(—n"'vc:(z*,e)u(a] and R= [foz¢(€)v(5)]
=0

PROOF. Let A € (L, R). Noting that v < K, we let € > 0 be such that

m -1 m -1
[v(foo—e)z(—l)"-PG(z*,e)uw)} S/\s[(foJre)Zab(ﬂ)v(f)} L ()

t=p £=0

Next, we choose w > 0 so that
f@) s (fotez, O<z<w. (4.3)

Let y € C be such that |y]| = w. Then, applying (3.2), Lemma 2.2, (4.3), and (4.2) successively,
we find for k € [0, m + n],

(ASY)(k) < XD d(@v(O)(fo + )y(®) < XD d@u(O)(fo + Iyl < liyl-

£=0 £=0

Hence,
IASyll < llyll- (4.4)

If we set Qy = {y € B | |ly|| < w}, then (4.4) holds for y € C' N 99Q;4.
Further, we pick T > 0 so that

f(x) 2 (foo — €)x, z>T. (4.5)

Let y € C be such that |jy|| = T’ = max {2w, T/v}. Then, for k € [p,m + p|, y(k) > 7|yl >
~-T/~v =T. This, in view of (4.5), leads to

fy(k)) = (fo — €)y(k),  ke€[p,m+p|. (4.6)
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Using (3.2), (4.6), and (4.2), we find

ASU(E) 2 A3 (1P DuBf W(®) = A (1 PC( Ou(l) (oo — (E)

l—p i{=p
>/\§:( "Gz, Ou(f)(foo — Nyl 2 Y-
{=p
Therefore,
ASyll = llyll- (4.7)

By setting Q2 = {y € B | |lyll < T"}, we see that (4.7) holds for y € C' N 0Q,.
Now that we have obtained (4.4) and (4.7), it follows from Theorem 2.1 that AS has a fixed
point y € C' N (Q2\Q) such that w < [|y|| < T’. Obviously, this y is a positive solution of (1.1).

THEOREM 4.2. Suppose that (A2) and (A3) hold. Then, (L', R') C E where

m -t m -1
L= [KpfoZ(—l)""’G(Z*J)U(f)] and R = foo2¢<e)v(e>} :
£=0

=p

PRroOOF. Let A € (L', R’). Again, in view of the inequality v < K, we pick € > 0 so that

m -1
(foo +€) ZW)U(E)} : (4.8)

=0

-1
I:’Y(fo —€) Z(—l)"_”G(z*, e)u(E)] <A<

e=p

Let @ > 0 be such that
f(x) 2 (fo — €)=z, 0<z <. (4.9)

Further, let y € C with ||y|| = @. Then, on using (3.2), (4.9), and (4.8) successively, we get
m
(ASY)(z*) 2 A Y _(-1)" PG (2", &yu(t)(fo — e)y(€) = |yl|-
{=p

Therefore, inequality (4.7) follows immediately. If we set ; = {y € B | ||y|| < @}, then (4.7)
holds for y € C N 8%Y;.
Next, we may choose T > 0 such that

F(2) € (foo + €)z, z>T. (4.10)

There are two cases to consider, namely, f is bounded and f is unbounded.
CASE 1. Suppose that f is bounded. Then, there exists some M > 0 such that

f@) <M, ze(0,0). (4.11)
We define T = max {2, AM Y _,2 #(€)v(€)}. Let y € C be such that [[y|| = T1. From (3.2),
Lemma 2.2, and (4.11), we find for k € [0,m + n],

m

(ASy)(k) < Z Yv(€) f(y(€)) <AZ¢(@)v(£)M<T1 llyll.

L= =0

Hence, (4.4) holds.
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CASE 2. Suppose that f is unbounded. So there exists 7; > max{2w, T} such that
fl) <f(T), O0<z<Th (4.12)

Let y € C be such that |ly|| = T3. Then, applying (3.2), Lemma 2.2, (4.12), (4.10), and (4.8)
successively, we obtain for k € [0,m + n],

(ASY)(k) S XD S(Ov(OF(T1) <A D d(Ov(8)(foo + €Ty < Ty = [lyl.

£=0 £=0

Thus, (4.4) follows immediately.
In both Cases 1 and 2, if we set 22 = {y € B | ||y|| < T1}, then (4.4) holds for y € C N 9.
Now that we have obtained (4.7) and (4.4), it follows from Theorem 2.1 that AS has a fixed
point ¥ € C N (2\) such that @ < |lyll < Ty. It is clear that this y is a positive solution
of (1.1).
REMARK 4.1. If f is superlinear (i.e., fo = 0 and foo = o0) or sublinear (i.e., fy = oo and
foo = 0), then we conclude from Theorems 4.1 and 4.2 that E = (0, o), i.e., the boundary value
problem (1.1) has a positive solution for any A > 0.

EXAMPLE 4.1. Consider the boundary value problem

1
[ak(k=1)(m +3—k) + 0"
¥(0) = Ay(0) = y(m + 3) =0,

—Ady = (ay +b)", k € [0,m],

where A, a, b > 0, and r < 1. In this example, n = 3 and p = 2. Choosing f(y) = (ay + )",
we may take u(k) = v(k) = [ak(k — 1)(m + 3 — k) + b]™". The Hypotheses (A2) and (A3) are
satisfied.

CASE 1. r < 1. It is clear that f is sublinear. Hence, in view of Remark 4.1, for any A > 0 the
boundary value problem has a positive solution. Further, we remark that for the special case
0 < r < 1, Hypothesis (Al) is fulfilled and f € F. Thus, by Theorem 3.5(c), we also have
E = (0,00). In fact, it is noted that when A = 6, the corresponding eigenfunction is given by
y(k) = k{k — 1)(m + 3 — k).

CASE 2. r = 1. Here, fy = o0 and foo = a. As a specific example, we let m = 6, a = 0.1, and
b = 150. By direct computation, we obtain from Lemma 2.2 that ¢(¢) = ¢(¢), £ € [0,6]. Hence,
by Theorem 4.2, we have

-1
ED (0, 10 [Zs:q(l?)v(f)} ) 2(0,7.91).

£=0

As an example, when A = 6 € (0,7.91), the corresponding eigenfunction is given by y(k) =
k(k —1)(9 — k).
ExAMPLE 4.2. Consider the boundary value problem

Aty =AN(k+2)2y+1)—y-1, ke[0,8,  y(0)=y(12) = Ay(11) = A%y(10) =0,

where A > 0. Here, n =4, p=1, and m = 8. Let f(y) =y + 1. Then, fo = o0, foo = 1 and
we may take u(k) = k + 1 and v(k) = 2k + 3. Hypotheses (A2) and (A3) are satisfied. From
Lemma 2.2, we obtain ¢(0) = ¢(0) and ¢(£) = r(¢), £ € [1, 8]. Hence, Z?:o d(£)v(€) = 10764 and
we conclude by Theorem 4.2 that (0,9.29 x 107%) C E.
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5. EXISTENCE OF TWO POSITIVE SOLUTIONS

In this section, let A = 1 in (1.1). Further, we shall not require the monotonicity condition (A1).

THEOREM 5.1. Let w > 0 be given. Suppose that f satisfies

0< flz) < [qu E)v(é)} , O<z<w. (5.1)

(a) If fo = oo, then there exists a positive solution g of (1.1) with 0 < [|y1|| £ w.
(b) If foo = 00, then there exists a positive solution yp of (1.1) with |yz]| > w.
(c) If fo = foo = 00, then there exist two positive solutions y1 and yz of (1.1) with

0 < [lnll < w < iyl

ProOOF. Let
(a)
~ -1
A= [y ()" PG, Lu(e)| . (5.2)
¢=p
Since fo = 00, there exists r € (0, w) such that
f(z) > Az, O<z<r. (5.3)
Let y € C be such that {[yl| = r. Then, on using (3.2), (5.3), and (5.2) successively, we
find
m m
Sy(p) > D (-1)"PG(p, Hu()A y(£) = Y (-1)*PC(p, Ou()Avlyll = lyll.  (5.4)

¢=p t=p

This immediately implies that
1Syl = lyll- (5.5)

If we set Q; = {y € B | |ly|l <r}, then (5.5) holds for y € C'N 9.
Next, let y € C be such that ||y]| = w. Then, in view of (3.2), Lemma 2.2, and (5.1),
we find for k € [0,m + n],

m

Sy(k) <Y $(0()f (y(©) < w = |lyll.

=0

Hence,
1Syl < llyll. (5.6)

By setting Q2 = {y € B | ||yl| < w}, we see that (5.6) holds for y € C'N 552s.
Having obtained (5.5) and (5.6), it follows from Theorem 2.1 that S has a fixed point
y1 € CN(§2\Q1) such that r < ||y1]] < w. Clearly, this y; is a positive solution of (1.1).
(b) Asin Case (a), condition (5.1) gives rise to (5.6). Hence, if we set 2, = {y € B |ly|l < w},
then (5.6) holds for y € C' N 09;.
Next, let A be defined as in (5.2). Since foo = 00, we may choose T' > w such tha’c

f(z) > Ax, z>T. (5.7)
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Let y € C be such that |jy|| = T/~. Then, for k € [p,m + p], y(k) >yl =~v-T/y =T,
which, in view of (5.7), leads to

fluk)) 2 Ay(k), kelp,m+pl (5.8)

Using (3.2), (5.8), and (5.2), we find (5.4) and so (5.5) holds. If weset Qy = {y € B| ||y|| <
T/~}, then (5.5) holds for y € C N 9.
Now that we have obtained (5.6) and (5.5), it again follows from Theorem 2.1 that S
has a fixed point yo € C N (Q2\Q;) such that w < ||yz|| < T/v. It is clear that this y, is
a positive solution of (1.1).
(c) This is a direct consequence of Cases (a) and (b).

THEOREM 5.2. Let w > 0 be given. Suppose that f satisfies

-1
f@) 2w [Z(—l)"-"c(p, e)u(@)] . w<u<w. (5.9)

{=p

(a) If fo = 0, then there exists a positive solution y; of (1.1) with 0 < |1 < w.
(b) If foo = 0, then there exists a positive solution y, of (1.1) with |ly2|| > w.
(¢} If fo = foo =0, then there exist two positive solutions y; and ys of (1.1) with

0 <lyall £ w <yl

PROOF.
(a) Let

m -1
€= lz ¢(e)v(e)] . (5.10)
£=0

Since fo = 0, there exists 6 € (0, w) such that
f(z) <ex, 0<z<é. (5.11)

Let y € C be such that ||y|| = 8. Then, applying (3.2), Lemma 2.2, (5.11), and (5.10) successively
yields

Sy(k) <Y ¢(Ov(0)e y(8) <Y $(O)(@e llyll = lyll, k€ [0,m+n] (5.12)
£=0 £=0

Hence, (5.6) follows. If we set 2; = {y € B| ||ly|| < 6}, then (5.6) holds for y € C N 8Q;.
Next, let ¥ € C be such that ||y|| = w. Then, it follows from (3.2) and (5.9) that

m
Sy() = > _(-1)"PG(p, u(t) f(y(&)) = w = ||y].
&=p
Thus, (5.5) holds. By setting Q3 = {y € B | ||y|| < w}, we see that (5.5) holds for y € C N 8Qs.
Having obtained (5.6) and (5.5), it follows from Theorem 2.1 that S has a fixed point y; €
C N (Q2\Q) such that § < ||y1]| < w. Clearly, this y; is a positive solution of (1.1).
Proor.
(b) As in Case (a), condition (5.9) gives rise to (5.5). So if we set Q, = {y € B | ||y} < w},
then (5.5) holds for y € C N 9Q;.
Next, let € be defined as in (5.10). Since fo, = 0, we may choose M > w such that

fl@)<ex, > M. (5.13)
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Let y € C be such that |ly|| = M. Then, by (3.2), Lemma 2.2, and (5.13) we obtain (5.12) and
50 (5.6) holds. If we set Qy = {y € B | |lyl| < M}, then (5.6) holds for y € C' N 895,

Now that we have obtained (5.5) and (5.6), once again it follows from Theorem 2.1 that S has
a fixed point yo € C N (2\1) such that w < |ly2)| < M. It is clear that this y, is a positive
solution of (1.1).

Proor.
(c) This is immediate from Cases (a) and (b).

ExAMPLE 5.1. Consider the boundary value problem

6

Ay(k) = kB -k)(7—k)]Z+M

(v’ +M), kel0,5, y(0)=Ay(7)=y@8) =0,

where M > 0. Here, n = 3, p = 1, and m = 5. By taking f(y) = y? + M, we may pick
u(k) = v(k) = 6{[k(8 — k)(7 — k))2 + M}~. Clearly, Hypotheses (A2) and (A3) are satisfied.
Further, from Lemma 2.2, it is computed that ¢(0) = ¢(0) and ¢(¢) = r(¢), £ € [1,5].

It is obvious that fy = foo = 0c0. We aim to find some w > 0 such that condition (5.1) is
fulfilled. To begin, we see that

Sooene) <360 7= 22
£=0 =0

This implies that
m -1 M
[Z ¢(3)U(Z)] 2 5445
£=0
Thus, noting that f(y) = y*> + M < w? + M for 0 < y < w, condition (5.1) is fulfilled provided

M

m -1
f(y)Sw2+MS’wm3Sw[gﬂe)")“)J ) O<y<w

The above relation reduces to 244.5w? — wM + 244.5M < 0. Clearly, this quadratic inequality
holds for some w > 0 if and only if M > 239121.
As an example, take M = 239121. Then, in order that (5.1) is satisfied, we set

m -1
fly) < w?+239121 < w [Z qb(é)'u(f)} <989w, O<y<w.
£=0

This gives 421 < w < 568. Hence, (5.1) holds for any w € [421,568]. By Theorem 5.1(c), there
exist two positive solutions y; and y; with 0 < |ly1{] < w < ||y2]|. Since w € [421, 568], it is clear
that

0< |yl <421 and [jys > 568.

In fact, one positive solution is given by y(k) = k(8 — k)(7 — k) and we note that [ly|| = 60 is
within one of the ranges given above.

6. POSITIVE SOLUTIONS OF (1.2)

THEOREM 6.1. Let w > 0 be given. Suppose that

w

_— 6.1
w + wh (6-1)

1 m
— g(m +1-0)(€+1)a(l) <
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Then, the boundary value problem (1.2) has two positive solutions y, and ys such that

0 <yl <w <lly2f.

PrOOF. In (1.2), F(k,y) = a(k) (y* + v®). If we take f(z) = z® + 2P, then we may pick
u(k) = v(k) = a(k). It is also noted that fo = fo.o = oco. Next, since f(z) < w® + w? for
0 < z < w, it follows that (5.1) is fulfilled provided that

m -1
w® +w? <w [}: ¢(€)v(€)} . (6.2)

£=0
Noting that n = 2 and p = 1, from Lemma 2.2, we compute that

(m+1-0+1)

HO)=q) =3

, £ € [0,m].

Therefore, inequality (6.2) is exactly (6.1). The conclusion is now clear from Theorem 5.1(c).

REMARK 6.1. In [15], we have also discussed the boundary value problem (1.2). The condition
corresponding to (6.1) is obtained as [15]

w

E (m+1-0a(f) < ——.
we 8
=0 +w

Clearly, this is a stronger condition than (6.1), and hence, (6.1) is an improvement.

EXAMPLE 6.1. Consider the boundary value problem (1.2) with m = 7. Let w = 1 be given.
Then, condition (6.1) reduces to

-

(6.3)

co
N~

i .
=N -0+ 1)a(e) <
=0

By Theorem 6.1, for those a(k) which fulfill (6.3), the boundary value problem has double positive
solutions y; and yo such that 0 < ||ly1|| £ 1 < |ly2|- Some examples of such a(k) are a(k) =
[8(k + 1)L, (k+2)/147.

Now, we shall establish upper and lower bounds for the two positive solutions of (1.2).

THEOREM 6.2. We define

A@) = mox s (e )zi(m+1~e)a(e>,

seimim+2\m+2-6 oy

wy = [A(a)]l/l‘“, and wy = [A(ﬂ]l/1 -8,

Let w > 0 be given. Suppose that (6.1) holds. Then, the boundary value problem (1.2) has two
positive solutions y; and ys such that

(a) if w < min{w;, we}, then 0 < ||y1]| € w < ||y2|| £ min{w,w.};
(b) if min{w;,ws} < w < max{wy,ws}, then

min{wy, w2} < fly1ll € w < |y2ll < max{ws, we};

(¢) if w > max{wi,ws}, then max{w;, w2} < ||yl < w < ||y2ll.
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PRrROOF. Since (6.1) is satisfied, it follows from Theorem 6.1 that (1.2) has double positive solu-

tions y3 and y4 such that
0 < lyall < w < lyal|- (6.4)

To establish upper and lower bounds for the two positive solutions, for an arbitrary é € [1,m],
we let Cs be a cone in B defined by

1
k)i ti 0, 2|, i ky> ———— . .
y(k) is nonnegative on [0,m + 2], min y(k) my2—% Il } (6.5)

= B
Ce {y € k€[6,m+1]

Define the operator S : Cs — B by

m

Sy(k) =" —g(k,0a(®) [y(O +y(®°], ke[o,m+2]
£=0

where g(k, £) = G(k,£)|n=2, p=1. To obtain a positive solution of (1.2), we shall seek a fixed point
of S in the cone Cs.

First, we shall show that the operator S maps Cj into itself. For this, let y € Cs. It is obvious
that Sy(k) is nonnegative on [0, m + 2]. Further, we have

Sy(k) <Y llg(, Olla(®) [y +y(0)°], ke [0,m+2],
=0

which gives
ISyl <" llgC- O)lla(e) [y(&)* +y(&)7] . (6.6)
£=0

Now, from (2.12) (n = 2, p = 1), we compute that

K = min d L = L
8= m+1" m+2-6f m+2-6

Thus, applying Lemma 2.1 and (6.6), we find for k € [6,m + 1],

e 1 1
Sy(k) 2 D ——— 19, 0)l1a(®) [y(O* +y(8)°] 2 ——— [ISy].
=0
Consequently, .
- o1
pein Sy(k) 2 w2 3 ISyl

and so Sy € Cs. Also, the standard arguments yield that S is completely continuous.
Let y € Cs be such that ||y|| = w. Then, in view of Lemma 2.2 and (6.1), we find

sy <3 PO o e wf) sw=l, ke fom+a)
=0

Hence, (5.6) follows. If we set @ = {y € B | |ly|| < w}, then (5.6) holds for y € Cs N Q.
Now, let y € Cs. It follows that

ISyl >~ —g(6,0)a() [y(O)* +y(&)°] = D —9(6,0)a(8) [y(&)* + y(&)”]
=0 =6

m 1 a ) 1 B
> ) —g(6,) (3)[ — ) l*+{—=—=) | llﬂ]-
; g <m+2—6) y (m+2—6) y
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From (2.8), we find that —g(6,£) = §(m +1 — £)/(m + 2). Using this in the above inequality and
then taking maximum over 4, it follows immediately that

ISyl > A@)ligll* + AB)IIy|° (6.7)
Let y € Cs be such that ||y|| = wi. Then, (6.7) provides
1Syl > A()llyl® = Ay Iyl = llyll- (6.8)

If we set 3 = {y € B | |lyll < w1}, then (6.8) holds for y € C5 N 3Q;. Now that we have
obtained (5.6) and (6.8), it follows from Theorem 2.1 that S has a fixed point y5 such that
min{w;,w} < ||ys|| < max{w;,w}. (6.9)
Likewise, if we let y € Cs be such that ||y|| = we, then from (6.7) we get

ISyl = AB)lIyl® = AWB)IylI~ iyl = [yl (6.10)

By setting 5 = {y € B | ||y|| < wz}, we see that (6.10) holds for y € Cs N 8Q,. Having

obtained (5.6) and (6.10), once again by Theorem 2.1, we conclude that S has a fixed point yg
such that

min{wsy, w} < |lys|| < max{wq,w}. (6.11)

Now, a combination of (6.4), (6.9), and (6.11) yields our result. To be more precise, in Case (a),

we may pick
Ys, Wi S wsz,
y1=ys and yp=
Yo, w1 2 W2.
In Case (b), it is clear that
(y5,y6)7 w1 .<_ waz,

(Y6, ¥5), w1 > wa.

(y1,92) = {

Finally, in Case (c), we shall take

Y, Wi S wa,
= and Y2 =ys.
Y5, w1 > Wy,
EXAMPLE 6.2. Consider the boundary value problem

A%y + S +y!) =0, ke0,6], y(0)=y(8) =0.

7
(2k + 3)2
Here, a = 0.5, 3 = 1.1, and a(k) = (2k + 3)~2. Condition (6.1) is equivalent to
6
(7T-8)(£+1)
D > 0.248
2 — b
— (2¢+ 3)
which is satisfied for any w > 0.0956. By direct computation, we find that
wy = [4(0.5)]* =4.18 x 107* and wy = [A(1.1)]71° = 5.45 x 10%L.

CASE 1. Let w € [0.0956, w3). Then, by Theorem 6.2(b), the boundary value problem has two
positive solutions y; and y2 such that w; < |lyif] € w < |jy2]| € wo. Noting the range of w, this
inequality leads to

418 x 1074 < ||y1] £ 0.0956 and 5.45 x 102! — € < ||yz|| < 5.45 x 10%, (6.12)

w 1
w0 il 2 8

where ¢ > 0 is small.
CaSE 2. Let w > wy. Then, it follows from Theorem 6.2(c) that the boundary value problem
has two positive solutions y3 and y4 such that ws < ||ys|| € w < |jysl. Therefore,

5.45 x 10%! < ||lys|| £ 5.45 x 102! + ¢ and |lys] > 5.45 x 102! + ¢, (6.13)

where € > 0 is small.

Combining (6.12) and (6.13), we see that the boundary value problem has (at least) four
positive solutions.
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7. POSITIVE SOLUTIONS OF (1.3)
THEOREM 7.1. Let w > 0 be given. Suppose that
1S 1 £+ 1)a(l) < wev. (7.1)

m+2£=0

Then, the boundary value problem (1.3) has two positive solutions y; and y2 such that
0 <lsnll € w < Jlyal-

ProoF. In (1.3), F(k,y) = a(k) e°¥. By taking f(z) = e°*, we may choose u(k) = v(k) = a(k).
Also, it is obvious that fy = fo = co. Noting that f(z) < e for 0 < z < w, we see that
condition (5.1) is satisfied provided that

m -1 m -1
v <w [Z ¢<e>v(e)] —w [Z (mt1=9C+D 44|
=0

e m+ 2

or equivalently, condition (7.1) holds. The conclusion of the theorem follows immediately from
Theorem 5.1(c).

ExAMPLE 7.1. Consider the boundary value problem
A%y ta(k)ev =0, ke[0,9, y(0)=y(l1) =0.

Let w = 1/2 be given. Then, condition (7.1) reduces to

9
TII > (10— 0)(2+1)a(t) < % e1/2. ; 72
=0

By Theorem 7.1, for those a(k) which fulfill (7.2), the boundary value problem has two positive
solutions y; and yz such that 0 < |ly1|| £ 1/2 < ||y2||. Some examples of such a(k) are a(k) =
[6(k® + 3k + 1)]71, (k2 + 1)/2000.

The next result offers upper and lower bounds for the two positive solutions of (1.3).

THEOREM 7.2. Let 1 # j be given integers in the set {0,2,3,...}. We define

D(a) = > 3 (555s) Sm+1-000)

T seimmt2\m+2-68) £

wy = [D()]Y*9, and we = [D@)]V1E

Let w > 0 be given. Suppose that (7.1) holds. Then, the boundary value problem (1.3) has twin
positive solutions y, and yg such that conclusions (a)—(c) of Theorem 6.2 hold.

Proor. Since (7.1) is fulfilled, by Theorem 7.1 the boundary value problem (1.3) has double
positive solutions y3 and y4 such that (6.4) holds.

To establish further upper and lower bounds for the two positive solutions, let § € [1,m] and
Cs be a cone in B defined by (6.5). Further, we define the operator S : C5 — B by

Sy(k) =Y —g(k,0)a(0)e’?®, ke [0,m+2),
£=0
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where g(k, £) = G(k, £)|n=2, p=1. To obtain a positive solution of (1.3), we shall seek a fixed point
of S in the cone Cs. As in the proof of Theorem 6.2, it can be verified that S maps Cjs into itself
and S is completely continuous.

Let y € Cs be such that ||y|| = w. Then, an application of Lemma 2.2 and (7.1) yields

Sy(k) <> (m + ;;f)g(z D a@e <w =y, keom+3
=0

Hence, (5.6) holds. By setting Q@ = {y € B | ||yl| < w}, we see that (5.6) holds for y € Cs N 0.
Next, let y € Cs. We find that

m m

1Syl 2 Y —9(6,0a(0)ev® > Z‘g (6,000 > S —g(8, Ha(@)ele/m+2-Dlh
=0 =6
m

> Z —9(6,£)a(®)

( o 6)’ IIz;lV <m+2 5) nyn’}

where in the last inequality we have used the relation

P
et > -—,f—+.—’, x> 0.
gt 4

Upon substituting —g(6,£) = 6(m + 1 — £)/(m + 2) and taking maximum over §, we get

ISyl = DGyl + D)yl (7.3)

Following a similar technique as in the proof of Theorem 6.2, from (7.3) we obtain (5.5) for
y € C NNy as well as for y € C N s, where

={yeB ||yl <wi} and Q= {yeB| |yl <ws}.

Now that we have obtained (5.6) and (5.5), by Theorem 2.1, S has a fixed point ys satisfying (6.9)
and also a fixed point yg such that (6.11) holds. As in the proof of Theorem 6.2, a combination
of (6.4), (6.9), and (6.11) leads to conclusions (a)—(c) immediately.

ExXAMPLE 7.2. Consider the boundary value problem
2
A2y + o(8k—Fk%)/10000 ev/10000 0, k € [0,6], y(0) = y(8) = 0.
Let i = 3 and j = 0 be given. Here, o = 1/10000 and a(k) = 2e~(8k—k")/10000 By direct

computation, condition (7.1) is satisfied provided that 21.1 < w < 82809. Further, we compute
that

wy = D(0) =749 and wy = [D(3)]7'/? = 5660249.

Since w € (wy, wa), it follows from Theorem 7.2(b) that the boundary value problem has two pos-
itive solutions y; and y» such that wy < ||y1|| < w < ||y2|| < we. Further, since w € {21.1, 82809,
we may conclude that

749 < |lin] <21.1 and 82809 < ||yal < 5660249. (7.4)

In fact, a positive solution is given by y(k) = k(8 — k) and we note that ||y|| = 16 is within the
range obtained in (7.4).
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