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ABSTRACT

We study a boundary value problem consisting of a second-order ¢-difference equation to-
gether with Dirichlet boundary conditions. Separation of variables leads us to an eigenvalue
problem for a second-order Euler ¢-difference equation. We determine the exact number of
eigenvalues.
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1 Introduction

While in ordinary calculus we study differential equations and in discrete calculus we study
difference equations, we study so-called ¢-difference equations in quantum calculus. Let

¢>1 and T={¢": keNy}. (1.1)

For a function v : T x T — R, we define the Jackson derivatives of u with respect to the first
and the second variable, respectively, by

u(qz,t) — u(w,t) u(z, qt) — u(z,t)
(¢— 1= (¢-nt

Let N € N. In this paper, we consider the boundary value problem

Uz(xvt) = and ui(x7t) =

gy = Pug,  w(l,t) =u(d™,t) =0, 1.2)

which is a second-order ¢-difference equation together with Dirichlet boundary conditions. For
material on quantum calculus we refer to the monograph by Kac and Cheung (Kac and Cheung
2002), the paper by Bohner and Unal (Bohner and Unal 2005), and the books about dynamic
equations on time scales by Bohner and Peterson (Bohner and Peterson 2001, Bohner and
Peterson 2003).
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Now we rewrite the second-order ¢-difference equation in (1.2) as a second-order g-recursion
relation. By the definition of the Jackson derivative, the second-order partial of u with respect

to z is given by (@0 .0
U \GT, 1) — Ug\ T,

z(T,t) = 1.3
Usa (T, 1) (¢— 1) (1.3)
When we expand equation (1.3), we obtain
u((lzg,:,t)lf)u(q:l:,t) _ u(q:lz,t)flgj‘(:lr,t)
= q—Dgz q—Dz
tea{1) (¢— 1z

Similarly we can compute the partial u;:. Thus, the second-order ¢-difference equation in (1.2)
is equivalent to

22 (U(q%,t) — (g + Du(ge, t) + qu(z, t)) _p (U(T ¢*t) — (g + Du(z, qt) + qu(%t)) ’

x? t2
ie.,
u(g®e,t) — (g + Vulge, t) + qu(z,t) = u(z,¢*t) — (¢ + Du(z, gt) + qu(=,1). (1.4)

The setup of this paper is as follows. In the next section, we use separation of variables to
arrive at a certain eigenvalue problem. Finally, in Section 3 we determine the eigenvalues and
the number of eigenvalues of the resulting eigenvalue problem. An example is given as well.

2 Separation of Variables

We let u(z,t) = f(x)g(t) so that u(qz,t) = f(qz)g(t) and u(¢?z,t) = f(q?z)g(t). This is also
applied to the terms u(z, qt) and u(z, ¢*t). When we substitute these values into the partial
q-difference equation (1.4), we get

F(@P)g(t) — (g + 1) f(qz)g(t) + af(x)g(t) = f(x)g(q*t) — (q+ 1) f(z)g(at) + qf (z)g(t). (2.1)

Now we divide each side of (2.1) by f(x)g(t) to gather like terms and then set both sides equal
to a constant X to arrive at

f(@Px) = (g +1)f(gx) + af (x)  g(g®t) — (g + Dglgt) + q9(t)

7(a) B a0t - @2
Hence, from (1.2) and (2.2), the eigenvalue problem for f is
F(@*2) = (g + D f(gz) + (¢ = N (@) =0, [(1)=f(g")=0. (23)

The second-order ¢-difference equation in (2.3) is an Euler—Cauchy ¢-difference equation as
studied in (Bohner and Unal 2005). We let f(z) = !¢, which in return gives us

flgz) = a'®% = af(x) and f(¢’z) = f(q(qr)) = af(qz) = *f(z).
Now we make these substitutions into the Euler—Cauchy equation in (2.3) and get

o’ f(x) — (q+ Daf(x) + (g — M) f(z) = 0.
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The characteristic equation therefore reads
o —(g+Da+(g—\) =0. (2.4)

We solve (2.4) for o and get

1+ 02 —4(qg— —1\?
oo 9t (¢+1)*—4(q A):q;rli (q21) A

Hence we let
_arl (et 2+)\ and _at! a1 2+/\
M= 2 2= 2 ‘
We distinguish the following three cases:

Case | /\>—(

g1\’

Casell. A\=—(—) ;
2

Case III. /\<7<q%1) .

The general solution of the Euler—Cauchy equation in (2.3) for each case is found in (Bohner
and Unal 2005) as follows:

S
m‘l
—
N———
no

Casel: f(z)= clallogq ‘4 0204120&1 ‘ (2.5)
1 log, ©

Casell: f(z)=(c1lnz+ c2) (%) ’ , (2.6)

Case lll:  f(z) = |o|'%a(¢; cos (0 log, ) + c2sin (0 log, x)), (2.7)

la]

where 0 = arccos (Re"’> and ¢y, co € R.

3 Finding Eigenvalues

Our next step is to look at the three different cases and thus find the eigenvalues of (2.3).

Case |

We apply the first Dirichlet condition f(1) = 0 to (2.5) to obtain
(1) = clozllogq1 + CQaIQqul =c1+c=0 sothat c:=c¢ = —cs.

Now we use the relationship between ¢; and ¢, and apply it to the general solution and then
use the other Dirichlet condition f(¢"¥) = 0 to find

log, ¢V log, ¢V
0:f(qN):c(oz1 T —ay ! )zc(o/lv—ozév).
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Since ¢ = 0 results in the trivial solution, we shall discuss

o = ay
This can occur if a3 = ag or (for even N) if a3 = —aw. First, ag = ay implies

q+1 g—1\* . g+1 g—1\2

I [P L e
2 2

2“(%) +A=0 sothat A:—(%),

which is not a valid value for X in Case |. Next, a; = —as implies

g+1 -1\ . q+1 qg—1\2
5 +1/( 5 > A== ) A

which results in ¢ = —1, contradicting (1.1). Thus there are no eigenvalues in this case.

Case ll

Now we look at the case where \ = 7((1;21)2 and use equation (2.6) with the first Dirichlet

condition to find

1 logql
0=f(1)=(c1lnl+¢2) (%) =ca.

We let ¢ := ¢; and apply the second Dirichlet condition, which gives

log, ¢ N
1 a 1
0=f(¢N) =clng" (L; ) :chnq<L;r ) .

For this to be true either ¢ = 0, N = 0, ¢ = 1, or ¢ = —1, which would all not lead to any
eigenvalues. Hence there are no eigenvalues in this case also.
Case lll

Finally we look at the case where A\ < —(%)2 and use equation (2.7) with the first Dirichlet
condition to find

0= f(1) = |o* (¢ cos(h log, 1) + casin(flog, 1)) = c1.
We let ¢ := ¢o and apply the other Dirichlet condition to obtain

0= /(") = |a# " (csin(01og, ")) = cla|" sin(ON). (3.1)
Note now that

Rea qg+1
al=+q—X and 6= arccos (—) = arccos (7>
lo] = Vg =X o] 2V/q = A

Therefore we obtain from (3.1) that

0=f(¢")=c\/q— N sin(dN). 3.2
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When looking at (3.2), we can see that A = ¢ would work, but this is not in the range of values
we are looking at for this case. So we consider the only other possible solution, which is
sin(fN) = 0. This leads us to 6,, N = mm, which gives us the values \,,, m € Ny, where

areeos (A) _mm (3.3)
24— /) N '
Solving for \,,, provides
WP (RUES N (3.4)
m =g 2 cos (RF) '

form=1,...,(N—-2)/2if Nisevenand m =1,...,(N —1)/2if N is odd. Hence we arrive at
the following main result of this paper.

Theorem 3.1. Let N € N. The problem (2.3) has exactly

N-1 . .
{ J , where |-| denotes the greatest integer function,

eigenvalues, and they can be calculated from the formula (3.4). The corresponding eigenfunc-
tions are given by

mm log, t) . (3.5)

f(t) = q— )\mIqutSin (T

Example 3.2. Let N = 6. For m = 0, f given by (3.5) is trivial, so this case does not lead to an
eigenvalue. For m = 1, the eigenvalue and corresponding eigenfunction is

2 log, t
¢ +qg—1 g+1 ot (mlog,t
AM=—+"— and t) = — 511N .
! 3 fl() <\/§) ot ( 6

For m = 2, the eigenvalue and corresponding eigenfunction is

log, t
Mo=—(®+q+1) and fo(t) = (q+ 1) sin (%)

Next, m = 3 would imply by (3.3) that ¢ = —1, which therefore does not lead to an eigenvalue.
Similarly, (3.3) implies that m = 4 and m = 5 leads to ¢ < —1. Further values of m result in
repetition of the above arguments. Hence there are only two eigenvalues in this case as given
above. In particular, if ¢ = 2, then the eigenvalues are —1 and —7.
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