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FLOQUET THEORY AND STABILITY OF
NONLINEAR INTEGRO-DIFFERENTIAL

EQUATIONS

R. AGARWAL (Melbourne, Florida), M. BOHNER (Rolla),

A. DOMOSHNITSKY and Y. GOLTSER (Ariel)∗

Abstract. One of the classical topics in the qualitative theory of differential
equations is the Floquet theory. It provides a means to represent solutions and
helps in particular for stability analysis. In this paper first we shall study Flo-
quet theory for integro-differential equations (IDE), and then employ it to address
stability problems for linear and nonlinear equations.

1. Introduction

The extensive use of mathematical models including integro-differential
equations (IDE) is one of the main reasons explaining the fast development
of the theory of these equations (see, for example, [2, 7, 24] and the references
therein). There are several groups of such models. Integral forms are widely
used in the literature on viscoelasticity [21, 27]. Many applications of IDE
stability to viscoelasticity can be found in [17, 18, 37].

An important group of processes described by integral PDE is connected
with memory effects in phase transitions (see [38] presenting a phenomenolog-
ical theory of phase transition dynamics with memory). Note that a partic-
ular application of the approach proposed here to the Gurtin–Pipkin model
consisting of phase transition and energy balance equations was proposed
in [11, 12]. The approaches in the study of stability of integro-differential
equations are different from classical methods of stability theory for ordi-
nary differential equations, since the classical methods are essentially based
on the local character of each term in ordinary differential equations. We
can refer, for example, either to methods connected with roots of character-
istic equations in the case of autonomous systems or to the Floquet theory in
the case of systems with periodic coefficients. However, it is not clear how to

∗This research was supported by the program KAMEA (Ministry of Absorption, State of Israel).

Key words and phrases: integro-differential equations, reduction method, Floquet representa-

tions, exponential stability, distance between zeros.

2000 Mathematics Subject Classification: 34D05, 47G20.

0236–5294/$ 20.00 c© 2005 Akadémiai Kiadó, Budapest
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find analogues of autonomous and periodic objects for the integro-differential
equation

x′(t) +A(t)x(t) +
∫ t

0
K(t, s)x(s) ds = 0, x : [0,∞) → Rn, t ∈ [0,∞).

(1.1)

with continuous n× n-matrix-valued functions A and K.
With respect to research on the stability of IDE in the case of time-

dependent coefficients, note the averaging method developed in [20]. Instead
of IDE, a corresponding ordinary differential equation with averaged coeffi-
cients was considered, and the stability of this ODE can be interpreted as the
stability of IDE. Another approach is a direct Lyapunov method described,
for example, in [28] and, more recently, in [16]. In the book [36], Laplace
transforms are combined with Lyapunov’s technique (see also [14]). In the
papers [15, 26], Lyapunov’s method is combined with the method of integral
estimates. In fact, this method of integral estimates is a particular case of
a more general operator approach elaborated by Azbelev et al. (see [1] and
the references therein). The idea of this approach can be demonstrated by
the equation

x′(t) +A(t)x(t) +
∫ t

0
K(t, s)x(s) ds = ξ(t), x : [0,∞) → Rn, t ∈ [0,∞).

For n = 1, this is a scalar first-order equation equivalent to the integral equa-
tion

x(t) = (Tx)(t) + η(t), x : [0,∞) → Rn, t ∈ [0,∞),

where the operator T : C → C is defined by

(Tx)(t) = −
∫ t

0
e−A(s)(t−s)

{∫ s

0
K(s, θ)x(θ) dθ

}
ds

and

η(t) =
∫ t

0
e−A(s)(t−s)ξ(s) ds+ x(0)e−pt.

For ‖T‖ < 1, any solution x is bounded for each bounded η, and for a wide
class of kernels K (see [1, Theorem 3.5 (p. 95)] the solutions of the homo-
geneous equation (1.1) satisfy an exponential estimate: There exist positive
constants α and β such that

∣∣x(t)∣∣ 5 βe−αt for t ∈ [0,∞). In this case we
also say that the equation is exponentially stable. In order to reach the in-
equality ‖T‖ < 1, one has to require A to be positive and the kernel K to be
small.
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Remark 1.1. Notice that the stability conditions obtained using the Lya-
punov method and the operator approach coincide (see [15, Theorem 2] and
[26, Theorem 3.1]). The essence of such results is as follows: The differential
part of IDE (1.1)

(1.2) x′(t) +A(t)x(t) = 0, x : [0,∞) → Rn, t ∈ [0,∞),

possesses some stability, and the integral term should be small enough not
to disturb this stability. It should be noted that various results based on the
semigroup equality lead to the same restriction. It is due to the following:
The semigroup equality is not valid for equations possessing memory (see
[1, p. 84]). Consequently, the semigroup approach is applicable only to the
ordinary part and requires the smallness of the integral term. Therefore,
all these methods cannot be used for stabilization, because usually a given
ordinary differential system is unstable, and the aim of stabilization is to
obtain a stable system introducing integral terms.

We now formulate some basic Floquet–Lyapunov results for a system of
ordinary differential equations with reference to [4, 8, 33, 44]. Consider a
linear system of ordinary differential equations

(1.3) x′(t) = F (t)x(t), x : [0,∞) → Rn, t ∈ [0,∞),

where F is an ω-periodic piecewise continuous n×n-matrix-valued function.
The elements of the matrix F (t) can be considered as complex-valued func-
tions of t.

Theorem 1.2 [44]. The following assertions are true:
(i) Each fundamental matrix W of the ω-periodic system (1.3) can be

represented as

(1.4) W (t) = Φ(t)eλt, W : [0,∞) → Rn ×Rn, t ∈ [0,∞),

where Φ(t) is an invertible matrix with absolutely continuous ω-periodic ele-
ments and λ is a constant n× n-matrix.

(ii) For system (1.3) there exists an invertible absolutely continuous ω-
periodic matrix Φ(t) such that the transformation

(1.5) x(t) = Φ(t)u(t), u : [0,∞) → Rn, t ∈ [0,∞)

reduces system (1.3) to a system of ordinary differential equations with con-
stant coefficients of the form

(1.6) u′(t) = λu(t), u : [0,∞) → Rn, t ∈ [0,∞).

If there exists a transformation of type (1.5) reducing system (1.3) to system
(1.6), then system (1.3) is ω-periodic and its fundamental matrix has the
form (1.4).
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Remark 1.3. Theorem 1.2 reduces the stability research to the analysis
of eigenvalues of the matrix λ that does not depend on the choice of the
fundamental matrix W in (1.4) or on the matrix Φ in (1.5). If W (0) = In,
where In is the n× n-identity-matrix, then W is called the matriciant of
system (1.3). In this case W (ω) is a monodromy matrix. It is known [44]
that in (1.4) we can assume

λ =
1
ω

LnW (ω).

Eigenvalues α of the monodromy matrix are connected with the character-
istic index γ by the equality γ = eαω. For the stability analysis one has
to know either the matrix λ or the monodromy matrix W (ω). Various ap-
proximate methods for calculating and estimating characteristic indices of
periodic systems were proposed in [8, 33, 44].

An analogue of the Floquet theory for functional differential equations
can be found in [25]. For delay differential equations, this approach was
developed in many publications. To name a few, the following recent papers
should be mentioned: In [32] the Floquet multipliers were studied and in [42]
an analytical approach was developed. It should be stressed that an infinite-
dimensional fundamental system does not allow obtaining a full analogue of
the Floquet theory (for example, the assertion about passing to systems with
constant coefficients [25]).

Let us consider an integro-differential equation (1.1). If the kernel K is a
square integrable function, then in a Hilbert space L2 it can be represented
in the form

(1.7) K(t, s) =
∞∑

i,j=1

cijAi(t)Aj(s),

where Ai(t), i ∈ N, is an orthogonal basis in L2 (see [29, 41]). In this pa-
per we propose an analogue of the Floquet theory for integro-differential
equations with kernels of the form

(1.8) K(t, s) =
q∑

i=1

Ai(t)Ci(t, s)Bi(s),

where Ai and Bi are n× n-matrices with continuous elements and Ci is the
Cauchy matrix of an ordinary differential equation. We prove that, in con-
trast to the classical approach [25], the fundamental system of IDE with this
type of kernels K is finite-dimensional. It is clear that the study of IDE with
kernels of the form (1.8) is a natural basis for investigations of the case (1.7),
and the first results in this direction are formulated in [10].
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The basic idea is to reduce equation (1.1) to a corresponding system of
ordinary differential equations of the order r > n. Our method is based on
the use of the kernel K for the construction of the Cauchy matrix of an aux-
iliary system of ordinary differential equations. If Ci is the Cauchy matrix
of an ordinary differential equation with ω-periodic coefficients, and Ai and
Bi (i = 1, . . . , q) are ω-periodic, then the new system can be periodic. In
this case, the representation (1.4) of its solutions follows from the classical
Floquet theory for ordinary differential systems.

In Section 2 we propose a reduction of integro-differential equations to
systems of ordinary differential equations. Various examples, where suffi-
ciently simple integro-differential equations can be reduced by elementary
operations to ordinary differential equations, are well known (see, for exam-
ple, the book [2]).

In Section 3 an analogue of the Floquet theorem and representations of
solutions of integro-differential equations are proposed. Various results on
exponential stability of integro-differential systems are obtained on this basis.

If Ci in (1.8) is the Cauchy matrix of an equation with constant coeffi-
cients (i.e., the elements of the matrix Ci(t, s) are of the form (t− s)ke−α(t−s)

· sinβ(t− s), where α, β ∈ R, k ∈ N) and Ai, Bi, i = 1, . . . , q, are constant
n× n-matrices, then the new system can be autonomous. In this case, a cor-
responding integro-differential equation can be called autonomous. In Sec-
tion 4 stability results for such autonomous integro-differential equations are
obtained. New results on the exponential stability obtained by our method
are compared with the classical results obtained by the operator and Lya-
punov functions methods. Note that our approach does not require stability
of the ordinary part (1.2) of IDE (1.1) and can be applied even in case of
its instability. When the difference between the corresponding coefficients in
the autonomous and nonautonomous integro-differential equations is small
enough, an extension of the stability results to nonautonomous equations is
obtained.

In Section 5 a relationship between oscillation and asymptotic properties
of solutions of integro-differential equations is established. The idea of this
relationship for a second-order ordinary differential equation

x′′(t) + p(t)x(t) = 0, t ∈ [0,∞), where p(t) = p(t+ ω) = c > 0,

with ω-periodic coefficient appeared in Lyapunov’s investigation of stability.
The classical Lyapunov result claims that all solutions of this equation are
bounded on a semiaxis if the period ω is less than the distance between two
adjacent zeros (see, e.g., [45]). A classical estimate of the distance between
two adjacent zeros ∫ ω

0
p(t) dt 5

4
ω
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implies that all the solutions are bounded. Assertions connecting the dis-
tance between zeros and stability/instability of integro-differential equations
are obtained in Section 5.

One of the classical problems in stability theory of nonlinear ordinary
differential equations is the problem of linear approximation stability. As
applied to the integro-differential equation

x′(t) = f

(
t, x(t),

∫ t

0
K1(t, s)ϕ1

(
x(s)

)
ds, . . . ,

∫ t

0
Km(t, s)ϕm

(
x(s)

)
ds

)
,

t ∈ [0,∞),

it is studied in Section 6. We consider

(1.9) x′(t) = A(t)x(t) + ψ
(
t, x(t)

)
, x : [0,∞) → Rn, t ∈ [0,∞),

where A is a continuous n×n-matrix-valued function and ψ(t, y) = O
(
‖y‖2)

for t ∈ [0,∞). The classical stability theory result for ordinary equations
states that if the linear equation

x′(t) = A(t)x(t), x : [0,∞) → Rn, t ∈ [0,∞)

is exponentially stable, then the trivial solution of the nonlinear equation
(1.9) is also exponentially stable. The essence of this result consists in the
following: The nonlinear term in the vicinity of the trivial solution is smaller
than the linear term. Because of this, here the linear term determines the
behavior of solutions. However, the integral term in integro-differential equa-
tions violates this principle. The following question arises: How can a corre-
sponding linear approximation be written for a nonlinear integro-differential
equation? This problem is solved in Section 6, and an analogue of the linear
approximation stability theorem is obtained.

2. Reduction of IDE to ODE systems

The aim of this section is to obtain an ordinary differential system such
that x(t) will be a part of a solution vector. We consider the equation

x′(t) = f

(
t, x(t),

∫ t

0
K(t, s)ϕ

(
s, x(s)

)
ds

)
, x : [0,∞) → Rn, t ∈ [0,∞),

(2.1)

where
K(t, s) = Φ(t)eλ(t−s)M(s)
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with an invertible differentiable n× n-matrix Φ(t), λ is a constant n× n-
matrix, Φ and M are ω-periodic n× n-matrices. The kernel K(t, s) can be
written in the form

K(t, s) = Φ(t)eλ(t−s)Φ−1(s)K(s, s).

Let z(t) = Φ(t)eλt. It is clear that

Z(t, s) = Φ(t)eλ(t−s)Φ−1(s) = z(t)z−1(s)

is the Cauchy function of a corresponding ordinary differential system of the
form (1.3). To construct an augmented ordinary differential system, we ob-
tain the matrix F in equation (1.3). It is clear that the n× n-matrices z and
F satisfy the equality

z′(t) = F (t)z(t), t ∈ [0,∞).

It follows from this equality that

(2.2) F (t) = z′(t)z−1(s) =
{

Φ′(t) + Φ(t)λ
}

Φ−1(t).

Using the equality (Φ−1)′ = −Φ−1Φ′Φ−1, we can obtain the representation

(2.3) F (t) = −Φ(t)(Φ−1)′(t) + Φ(t)λΦ−1(t).

We assume

y(t) =
∫ t

0
Φ(t)eλ(t−s)Φ−1(s)K(s, s)ϕ

(
s, x(s)

)
ds.

Consider the system

x′(t) = f
(
t, x(t), y(t)

)
, y′(t) = F (t)y(t) +K(t, t)ϕ

(
t, x(t)

)
,(2.4)

x, y : [0,∞) → Rn,

where t ∈ [0,∞), the initial condition y(0) = 0 is satisfied, and F is deter-
mined by either equality (2.2) or (2.3).

From the process of constructing system (2.4), the following relationship
between the solution x of the n-dimensional system (2.1) and a solution (x, y)
of the 2n-dimensional ordinary system (2.4) is clear.

Theorem 2.1. Let (x, y) be a solution of the 2n-dimensional ordinary
system (2.4). Then the component x is a solution of the n-dimensional
integro-differential system (2.1).
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3. Floquet theorem for integro-differential equations

We consider

x′(t) = A(t)x(t) +B(t)
∫ t

0
K(t, s)C(s)x(s) ds,(3.1)

x : [0,∞) → Rn, t ∈ [0,∞),

where
K(t, s) = Φ(t)eλ(t−s)M(s)

with an invertible differentiable n×n-matrix Φ, λ is a constant n×n-matrix,
A, B, C, and M are continuous ω-periodic n× n-matrices, and Φ is an ω-
periodic n× n-matrix.

Theorem 3.1 (Floquet’s theorem for integro-differential equations).
There exist an ω-periodic 2n× 2n-matrix-valued function G and a constant
2n× 2n-matrix Q such that each solution of the n-dimensional system (3.1)
can be represented in the form

(3.2) x(t) = LG(t)eQtw0,

where w0 = col (x0, 0), x0 ∈ Rn is a vector of initial conditions of system
(3.1), 0 ∈ Rn is the zero vector, L = (In, O), where In is the n× n-identity
matrix, and O is the n× n-zero-matrix.

Remark 3.2. In order to describe the matrices G and Q, we consider
the system

(3.3) w′(t) = D(t)w(t), w : [0,∞) → R2n, t ∈ [0,∞),

where D is a 2n× 2n-matrix-valued function of the form

(3.4) D(t) =

(
A(t) B(t)

Φ(t)M(t)C(t)
(
Φ′(t) + Φ(t)λ

)
Φ−1(t)

)
.

We can set

(3.5) G(t) = W (t)e−Qt and Q =
1
ω

LnW (ω),

where W is a matriciant of system (3.3), W (0) = I2n. Then W (ω) is called a
monodromy matrix. In this case each solution of system (3.1) can be written
in the form

(3.6) x(t) = LW (t)w0.

Acta Mathematica Hungarica 109, 2005



NONLINEAR INTEGRO-DIFFERENTIAL EQUATIONS 313

Remark 3.3. Theorem 3.1 and Remark 3.2 reduce the problem of sta-
bility of IDE (3.1) to the study of stability of the corresponding ordinary
differential system (3.3).

Proof of Theorem 3.1. Using the idea of reduction described in Sec-
tion 2, we set

(3.7) y(t) =
∫ t

0
Φ(t)eλ(t−s)M(s)x(s) ds.

Equation (3.1) can be reduced to system (3.3), where the 2n× 2n-matrix D
is determined by equality (3.4) and w = col (x, y). Each solution x of IDE
(3.1) generates a solution w of system (3.3), in which the component y for
this x is determined by (3.7). On the contrary, if w is a solution of system
(3.3) satisfying the condition y(0) = 0, then x = Lw is a solution of equation
(3.1).

We apply Theorem 1.2 to system (3.3) denoting by W the matriciant of
the 2n-dimensional system (3.3) and determining G and Q by the formu-
lae (3.5). It is clear that W (t) = G(t)eQt, where G(t+ ω) = G(t), and each
solution of system (3.3) is of the form

(3.8) w(t) = G(t)eQtw0.

The equality (3.2) follows from (3.8) and the equality x = Lw. �

The following assertion follows from equality (3.6).

Theorem 3.4. If all roots of the characteristic equation

det
(
W (ω)− λI2n

)
= 0

are located within the unit circle of the complex plane, then (3.1) is exponen-
tially stable.

Remark 3.5. It is noteworthy that various approximate methods for cal-
culating and estimating spectra were proposed in [8, 33, 44] when considering
periodic systems.

In order to demonstrate the possibilities of our approach for the au-
tonomous case, one can consider the assertions of Section 4. In the nonau-
tonomous case we can formulate several results on the exponential stability
for the vector equation

x′(t) +A(t)x(t) +B(t)
∫ t

0
exp

{
−
∫ t

s
r(θ) dθ

}
C(s)x(s) ds = 0, t ∈ [0,∞),

(3.9)
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where A, B, C, and r are n× n-matrix-valued functions with ω-periodic
coefficients aij , bij , cij , and rij , respectively. Equation (3.9) can be reduced
to the system

(3.10)

{
x′(t) +A(t)x(t) +B(t)u(t) = 0,

u′(t) + r(t)u(t)− C(t)x(t) = 0,
t ∈ [0,∞).

Using known results for the ordinary differential system (3.10), we obtain sev-
eral assertions on the exponential stability of the integro-differential equation
(3.9).

Theorem 3.6. If there exists ε > 0 such that

aii(t) >
n∑

j=1, j 6=i

∣∣aij(t)
∣∣ +

n∑
j=1

∣∣bij(t)∣∣ + ε,

rii(t) >
n∑

j=1, j 6=i

∣∣rij(t)∣∣ +
n∑

j=1

∣∣cij(t)∣∣ + ε

at t ∈ [0, ω], i = 1, . . . , n, then the system (3.9) is exponentially stable.

After the reduction of IDE (3.9) to system (3.10), the proof of Theorem
3.6 follows from the result given in [1, p. 97].

Remark 3.7. Note that Theorem 3.6 is only applicable in the case of
diagonally dominated matrices. It has been pointed out by a referee that
Theorem 3.6 can be easily improved to the case of slowly varying matrices
by using the so-called freezing method, see e.g., [3, 43].

For the scalar case n = 1, two convenient coefficient features are sug-
gested.

Theorem 3.8. Suppose n = 1, A > 0, r > 0, and assume that there exists
ε > 0 such that A(t)r(t) >

∣∣B(t)C(t)
∣∣ + ε. Then equation (3.9) is exponen-

tially stable.

Theorem 3.9. Let n = 1 and one of the following two conditions be sat-
isfied:

(i) r = 0, C > 0, B > 0, and there exists ε > 0 with A > ε+ r +B + C;
(ii) r > 0, C < 0, B < 0, A = 0, and there exists ε > 0 with r > A−C−B

+ ε.
Then equation (3.9) is exponentially stable.
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After the reduction of IDE (3.9) to system (3.10), the proofs of Theorems
3.8 and 3.9 follow from [9, Theorem 4.2 and Corollary 1 (pp. 1255–1256)],
respectively.

We consider the scalar equation

x′(t) +A(t)x(t) +B(t)
∫ t

0
exp

(
− r(t− s)

)
C(s)x(s) ds = 0, t ∈ [0,∞).

(3.11)

This equation can be reduced to a system (3.10) and then, if A and B are
absolutely continuous and B(t) is nonzero at t ∈ [0,∞), to a second-order
ODE

(3.12) x′′(t) + a(t)x′(t) + b(t)x(t) = 0, t ∈ [0,∞),

where

a(t) = A(t) + r − B′(t)
B(t)

, b(t) = A′(t) +B(t)C(t) + rA(t)− B′(t)
B(t)

A(t).

(3.13)

After a standard substitution

x(t) = y(t) exp
(
−1

2

∫ t

0
a(s) ds

)
,

we obtain the equation

y′′(t) + p(t)y(t) = 0, t ∈ [0,∞),

where

p(t) = b(t)− 1
4
a2(t)− 1

2
a′(t).

Theorem 3.10. Suppose at least one of the following four conditions is
satisfied:

(i) There exists a positive constant c such that

1
cω

∫ ω

0

∣∣p(t)− c2
∣∣ dt < ∫ ω

0

(
A(t) + r − B′(t)

B(t)

)
dt;

(ii) the inequalities p(t) 5 m2 and

2|m| <
∫ ω

0

(
A(t) + r − B′(t)

B(t)

)
dt,
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where Pa := 1
ω

∫ ω
0 p(t) dt = −m2, are satisfied;

(iii) the inequality 2k <
∫ ω
0 (A(t) + r − B′(t)

B(t) ) dt is satisfied, where

k =


Pm − Pa

2
√
Pm

if Pm + Pa > 0,

√
−Pa if Pm + Pa 5 0,

and Pm = maxt∈[0,ω] p(t);
(iv) if p is a positive differentiable function, t+i , i = 1, . . . ,m, are the

points of maxima and t−j , j = 1, . . . ,m, are the points of minima of p in the
interval [0, ω), then the inequality

2
ω

ln
p(t+1 ) . . . p(t+m)
p(t−1 ) . . . p(t−m)

<

∫ ω

0

(
A(t) + r − B′(t)

B(t)

)
dt

is satisfied.
Then the integro-differential equation (3.11) is exponentially stable.

The proof of Theorem 3.10 is based on estimates of characteristic indices.
After reduction of IDE (3.11) to the second-order equation (3.12) with the
coefficients determined by formulae (3.13), our assertion follows from [44,
Theorem 1 (p. 125–127)].

4. Use of autonomous integro-differential equations

The conditions of an integro-differential equation to be autonomous are
pointed out in Section 1. Now it is clear that equation (3.9) can be called
autonomous if system (3.10) is autonomous. Let us demonstrate the possi-
bilities of our approach considering several autonomous integro-differential
equations and then extend the results to stability in the nonautonomous case.

Lemma 4.1. The condition

(4.1) p+ γ > 0 and pγ + b > 0

is sufficient for exponential stability of the equation

(4.2) x′(t) + px(t) +
∫ t

0
be−γ(t−s)x(s)ds = 0, x : [0,∞) → R, t ∈ [0,∞)

with constant coefficients p, b, and γ.
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Remark 4.2. Notice that p may be even negative. Note also that γ may
be negative, too, and instead of a small kernel there is a very big one in
equation (4.2).

Proof of Lemma 4.1. An analogue of system (3.3) can be written for
equation (4.2) as

x′+ px+ bv = 0, v′+ γv− x = 0, v(0) = 0, x, v : [0,∞) → R, t ∈ [0,∞).

Its characteristic equation is λ2 + (p+ γ)λ+ pγ + b = 0. Condition (4.1) is
necessary and sufficient for the real parts of its roots to be negative. �

Let us consider the system

(4.3)

{
x′1(t) + b

∫ t
0 e
−α(t−s)x1(s) ds+ p12x2(t) = 0,

x′2(t) + p21x1(t) + p22x2(t) = 0,
t ∈ [0,∞).

Here pij , b, and α are constants, and x1(t), x2(t) ∈ R.

Lemma 4.3. The condition

(4.4)

{
p22 + α > 0, p22α+ b− p12p21 > 0, p22b− p12p21α > 0,

p2
22α− p12p21p22 + p22α

2 + bα > 0

is sufficient for exponential stability of system (4.3).

Proof. An analogue of system (3.3) can be written as

(4.5)


x′1(t) + p12x2(t) + bx3(t) = 0,

x′2(t) + p21x1(t) + p22x2(t) = 0,

x′3(t)− x1(t) + αx3(t) = 0,

t ∈ [0,∞).

Condition (4.4) is necessary and sufficient for the real parts of the solutions
of the characteristic equation for system (4.5) to be negative [35]. �

Corollary 4.4. If p22 = 0, then the condition

α > 0, b > 0, p12p21 < 0

is sufficient for exponential stability of system (4.3).

Remark 4.5. Note that in the case p22 = 0, system (4.3) is not expo-
nentially stable without the integral terms.

Acta Mathematica Hungarica 109, 2005



318 R. AGARWAL, M. BOHNER, A. DOMOSHNITSKY and Y. GOLTSER

Remark 4.6. In the following two lemmas, second-order equations are
considered. Note that without integral terms these equations are not expo-
nentially stable.

Consider the equation

x′′(t) + px(t)− γ

∫ t

0
e−β(t−s)x(s) ds = 0, x : [0,∞) → R, t ∈ [0,∞)

(4.6)

with constant coefficients p, β, and γ.

Lemma 4.7. Equation (4.6) is exponentially stable if β > 0, p > 0, γ > 0,
and βp > γ.

Proof. An analogue of system (3.3) for equation (4.6) can be written as

x′′(t) + px(t)− γv(t) = 0, v′(t) + βv(t)− x(t) = 0, t ∈ [0,∞).

Its characteristic equation is of the form λ3 + βλ2 + pλ+ βp− γ = 0. All
roots of this equation have negative real parts if and only if β > 0, p > 0,
γ > 0, and βp > γ [35]. �

Consider the equation

x′′(t) + px(t)− γ

∫ t

0
e−β(t−s) sin r(t− s)x(s) ds = 0,(4.7)

x : [0,∞) → R, t ∈ [0,∞).

Lemma 4.8. Equation (4.7) is exponentially stable if β > 0, p > 0,
(β2 + r2)p > rγ > 0.

Proof. Let us construct an analogue of system (3.3) for equation (4.7).
Its characteristic equation is of the form λ4 + 2βλ3 + (β2 + r2 + p)λ2 + 2βpλ
+ (β2 + r2)p− rγ = 0. All roots of this equation have negative real parts if
and only if β > 0, p > 0, and (β2 + r2)p > rγ > 0 [35]. �

Let us examine the equation

x′(t) +A0(t)x(t) +B0(t)
∫ t

0
exp

(
−
∫ t

s
r0(θ) dθ

)
C0(s)x(s) ds = 0,(4.8)

t ∈ [0,∞),

where A0(t) =
{
a0

ij(t)
}n

i,j=1
, B0(t) =

{
b0ij(t)

}n

i,j=1
, C0(t) =

{
c0ij(t)

}n

i,j=1
,

and r0(t) =
{
r0ij(t)

}n

i,j=1
are n× n-matrices with sufficiently smooth coef-

ficients.
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Denote by W (t, s) the Cauchy matrix of the 2n-dimensional system{
x′(t) +A0(t)x(t) +B0(t)u(t) = 0,

u′(t) + r0(t)u(t)− C0(t)x(t) = 0,
t ∈ [0,∞).

Theorem 4.9. Suppose there exists ε such that

(4.9)

{∣∣aij(t)− a0
ij(t)

∣∣ < ε,
∣∣bij(t)− b0ij(t)

∣∣ < ε,∣∣cij(t)− c0ij(t)
∣∣ < ε,

∣∣rij(t)− r0ij(t)
∣∣ < ε

for i, j = 1, . . . , n and

(4.10) sup
t∈[0,∞)

∥∥∥∥∫ ∞

0

∣∣W (t, s)
∣∣ ds∥∥∥∥ < 1

2nε
.

Then system (3.9) is exponentially stable.

Proof. The integro-differential system (3.9) can be reduced to a 2n-
dimensional ordinary differential system (3.10). Now we can use the W -
method of Azbelev described in his book [1, pp. 96–99]. Substituting w(t)
=
∫ t
0 W (t, s)z(s) ds, where w = col (x, u) and z is an element of the 2n-

dimensional space of measurable bounded functions, into system (3.10), we
obtain that the function z satisfies z = Kz with a corresponding compact
operator K. Inequality (4.10) guarantees that the norm of the operator K
is less than a unity, and this implies [1] the exponential stability of system
(3.9). �

Corollary 4.10. Let system (4.8) be exponentially stable. If for a small
enough ε > 0 the inequalities (4.9) hold, then system (3.9) is also exponen-
tially stable.

Remark 4.11. The equations in each of Lemmas 4.1, 4.3, 4.7, and 4.8
can be taken as a model equation (4.8). Various coefficient features of expo-
nential stability of equations with coefficients close to (4.8) can be obtained
according to Theorem 4.9 on the basis of each of the exponentially stable
equations.
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5. Distance between zeros and stability of first-order IDEs

We examine a scalar IDE

x′(t) +A(t)x(t) +B(t)
∫ t

0
exp

(
− r(t− s)

)
C(s)x(s) ds = 0, t ∈ [0,∞)

(5.1)

with ω-periodic coefficients A, B, and C. It is known [1] that this equation
possesses a one-dimensional fundamental system.

If we compare the integro-differential equations (5.1) and (1.1), it is clear
that

K(t, s) = B(t)e−r(t−s)C(s).

Using our approach, equation (5.1) can be reduced to the system

x′(t) +A(t)x(t) +B(t)u(t) = 0, u′(t) + ru(t)− C(t)x(t) = 0, t ∈ [0,∞),

and then, if A and B are absolutely continuous and B(t) is nonzero at
t ∈ [0,∞), to a second-order equation

x′′(t) +
(
A(t) + r − B′(t)

B(t)

)
x′(t)(5.2)

+
(
A′(t) +B(t)C(t) + rA(t)− B′(t)

B(t)
A(t)

)
x(t) = 0, t ∈ [0,∞).

For this equation there exist solutions satisfying the condition

x(t+ ω) = λx(t).

Using Floquet theory for ODE, λ satisfies the equation

(5.3) λ2 −
(
x1(ω) + x′2(ω)

)
λ+W (ω) = 0,

where x1 and x2 are two solutions of the ODE (5.2) such that x1(0) = 1,
x′1(0) = 0, x2(0) = 0, x′2(0) = 1, and

W (t) = det
(
x1(t) x2(t)
x′1(t) x′2(t)

)
is the Wronskian of the fundamental system of (5.2). It is clear that
W (0) = 1.
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If λ1 is a real root of equation (5.3), a corresponding solution has the
representation

(5.4) y(t) = g(t) exp
(

ln |λ1|
ω

t

)
,

where g is an ω-periodic function if λ1 > 0 and a 2ω-periodic function if
λ1 < 0. If equation (5.3) has two complex roots λ1 = |λ1| exp (iθ) and λ2 =
|λ1| exp (−iθ), the corresponding solutions are of the forms

(5.5) y1(t) =
(
g1(t) cos

θt

ω
− g2(t) sin

θt

ω

)
exp

(
ln |λ1|
ω

t

)
and

(5.6) y2(t) =
(
g2(t) cos

θt

ω
+ g1(t) sin

θt

ω

)
exp

(
ln |λ1|
ω

t

)
,

where g1 and g2 are ω-periodic functions.

Remark 5.1. Using approximate methods, one can obtain the coeffi-
cients x1(ω) + x′2(ω) and W (ω) in equation (5.3), and, solving this equation,
get λ1 in the representations of the solutions (5.4), (5.5), and (5.6).

The following assertion connects oscillation properties of the second-
order equation (5.2) and asymptotic properties of solutions to the integro-
differential equation (5.1).

Theorem 5.2. Suppose

(5.7)
∫ ω

0

(
A(t) + r − B′(t)

B(t)

)
dt > 0

and assume that (5.2) is oscillatory and the distance between zeros of the
solutions of equation (5.2) is different from 2ω. Then equation (5.1) is ex-
ponentially stable.

Remark 5.3. Inequality (5.7) is weaker than the corresponding inequal-
ities in Theorem 3.10.

Remark 5.4. Condition (5.7), according to the classical formula of Os-
trogradskii, guarantees that W (ω) < W (0) = 1. It follows from equation
(5.3) that the ODE (5.2) has a solution that exponentially tends to zero for
t→∞. Can we conclude that the first-order integro-differential equation
(5.1) possesses a solution tending to zero? The following example demon-
strates that the condition concerning the distance between zeros of the solu-
tions of ODE (5.2) is essential.
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Example 5.5. Let us fix a constant r in equation (5.1) and set

A(t) =
2 sin t+ cos t
1 + sin t cos t

−r, C(t) =
sin2 t− sin t cos t

1 + sin t cos t
−A′(t)−rA(t), B(t) = 1.

We obtain the equation

x′(t) +
(

2 sin t+ cos t
1 + sin t cos t

− r

)
x(t) +

∫ t

0
exp

(
− r(t− s)

){sin2 s− sin s cos s
1 + sin s cos s

(5.8)

−
(

2 sin s+ cos s
1 + sin s cos s

)′
− r

2 sin t+ cos t
1 + sin t cos t

+ r2

}
x(s) ds = 0, t ∈ [0,∞).

It is clear that 2π is a period of the coefficients. The function x(t) = e−t cos t
+ sin t is a fundamental solution of the integro-differential equation (5.8),
which does not tend to zero at t→∞. Inequality (5.7) has the form∫ 2π

0

2 sin t+ cos t
1 + sin t cos t

dt > 0,

and it is satisfied. But there exist solutions of equation (5.2) with the dis-
tance between zeros equal to 4π. In fact, the functions x1(t) = e−t cos t and
x2(t) = sin t represent a fundamental system of the second-order equation
(5.2).

Remark 5.6. It is clear from Example 5.5 that it is not correct to re-
quire that the distance between zeros of the solution of the integro-differential
equation (5.1) is different from 2ω instead of imposing a condition on the so-
lutions of the second-order equation (5.2). Denote by ti (ti+1 > ti), i ∈ N,
all the zeros of an oscillating solution of equation (5.1). Naturally, it seems
that the following assertion is true: If inequality (5.7) holds, and if for each
k ∈ Z the limit limi→∞(ti+k − ti) is different from 2ω, then each solution of
equation (5.1) satisfies an exponential estimate. Such an assertion could re-
duce, in a certain sense, the research of the exponential stability to estimates
of the distance between zeros of integro-differential equation (5.1).

Theorem 5.7. If the inequality

(5.9)
∫ ω

0

(
A(t) + r − B′(t)

B(t)

)
dt < 0

holds and if equation (5.2) is oscillatory and the distance between zeros of so-
lutions of equation (5.2) is different from 2ω, then the fundamental solutions
of equation (5.1) are of the form (5.5), where |λ1| > 1.
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Theorem 5.8. If the equality

(5.10)
∫ ω

0

(
A(t) + r − B′(t)

B(t)

)
dt = 0

holds, equation (5.2) is oscillatory, and the distance between zeros of solu-
tions of equation (5.2) is different from 2ω, then the fundamental solutions
of equation (5.1) are bounded.

Proofs of Theorems 5.2, 5.7, and 5.8. It follows from the classical
formula of Ostrogradskii that condition (5.7) implies the inequality W (ω)
< 1, condition (5.9) implies the inequality W (ω) > 1, and condition (5.10)
implies that W (ω) = 1. The condition that the distance between zeros of so-
lutions of equation (5.2) is different from 2ω excludes the existence of real
roots of equation (5.3). In this case the inequality W (ω) < 1 implies that
|λ1| < 1, the equality W (ω) = 1 implies that |λ1| = 1, and the inequality
W (ω) > 1 implies that |λ1| > 1. Now the representation of solutions (5.5)
completes the proofs. �

Remark 5.9. Estimates of the distance between two adjacent zeros
(nonoscillation interval) represent one of the classical topics in the theory
of ordinary differential equations. Various connections between nonoscilla-
tion and many other important properties of n-th order ordinary differential
equations were described in [31].

Using known estimates of nonoscillation intervals and Theorems 5.2, 5.7,
and 5.8, we can suggest assertions about stability of integro-differential equa-
tions.

Consider equation (5.1) in the case of B(t) ≡ B and A(t) ≡ −r:

(5.11) x′(t)− rx(t) +
∫ t

0
exp

(
− r(t− s)

)
C(s)x(s) ds = 0, t ∈ [0,∞).

Equation (5.2) can be written as

(5.12) x′′(t) +
[
C(t)− r2

]
x(t) = 0.

The conditions of the following theorem imply oscillation of solutions and
exclude the existence of real roots of equation (5.3).

Theorem 5.10. If C(t) = r2, 0 <
∫ ω
0

[
C(t)− r2

]
dt, and the distance

between zeros of solutions of equation (5.12) is different from 2ω, then the
fundamental solutions of equation (5.11) are bounded.

Using the classical Lyapunov estimate of nonoscillation intervals from
below we obtain the following assertion.
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Theorem 5.11. If C(t) = r2 and

0 <
∫ ω

0

[
C(t)− r2

]
dt 5

4
ω
,

then the fundamental solutions of equation (5.11) are bounded.

We introduce the notation

P = min
t∈[0,ω]

[
C(t)− r2

]
and R = max

t∈[0,ω]

[
C(t)− r2

]
.

Based on the lower and upper estimates of the distance between zeros [31],
the following assertion is obtained.

Theorem 5.12. Suppose C(t) = r2, 0 <
∫ ω
0

[
C(t)− r2

]
dt, and for

k ∈ N,

k − 1
k

<

√
P√
R
.

Moreover, assume

ω ∈
(

0,
π

2
√
R

]
∪
(

1
2
π√
P
,
π√
R

)
∪ · · · ∪

(
k − 1

2
π√
P
,
π

2
√
R
k

)
.

Then the fundamental solutions of equation (5.11) are bounded.

6. Stability of nonlinear IDE

We examine the system

(6.1) x′(t) = f

(
t, x(t),

∫ t

0
K(t, s)ϕ

(
s, x(s)

)
ds

)
, t ∈ [0,∞).

Assume that the following conditions are satisfied:
(a) The vector-valued functions f(t, x, y) and ϕ(t, x) are continuous with

respect to all variables and satisfy a Lipschitz condition in x and in y;
(b) the kernel K(t, s) has the representation

K(t, s) = Φ(t)eλ(t−s)M(s),

where Φ(t) is an invertible differentiable n× n-matrix, λ is a constant n× n-
matrix, and M is a continuous n× n-matrix.

Acta Mathematica Hungarica 109, 2005



NONLINEAR INTEGRO-DIFFERENTIAL EQUATIONS 325

Similar systems of integro-differential equations were considered, for ex-
ample, in [2, 6, 7, 20, 28, 34].

The method described in Section 2 reduces equation (6.1) to an ordinary
differential system (2.4) (see Theorem 2.1). It is clear that in this case for
system (6.1) the conditions of the theorem on existence and uniqueness of
the solution of the Cauchy problem are satisfied.

Equation (6.1) can be reduced to system (2.4). Let us write this system
in the form

(6.2)

{
x′(t) = A(t)x(t) + p

(
t, x(t), y(t)

)
+B(t)y(t),

y′(t) = E(t)x(t) + h
(
t, x(t)

)
+ F (t)y(t),

t ∈ [0,∞),

where F is determined by formula (2.3).
We introduce the following conditions:
(c) p(t, 0, 0) = h(t, 0) = 0,

∥∥p(t, x, y)∥∥ = O(
∥∥(x, y)

∥∥2),
∥∥h(t, x)∥∥ =

O
(
‖x‖2) ;
(d) f (for each x and y), ϕ (for each y), Φ, M , A, B, and E are ω-periodic

in t.
Let us formulate an analogue of the classical linear approximation theo-

rem.

Theorem 6.1. Let the conditions (a)–(d) be satisfied. If the 2n-dimen-
sional ordinary system

(6.3)

{
x′(t) = A(t)x(t) +B(t)y(t),

y′(t) = E(t)x(t) + F (t)y(t),
t ∈ [0,∞)

is exponentially stable, then the trivial solution of the nonlinear system (6.1)
is also exponentially stable.

Proof. The proof follows from Theorem 2.1. �

Assertions about exponential stability of the linear IDE were obtained
in Sections 2 and 3 by reducing the IDE to a corresponding 2n-dimensional
system of ordinary differential equations. The exponential stability of the
linear IDE follows from the exponential stability of this 2n-dimensional sys-
tem. Using Theorem 6.1, one can obtain results on exponential stability of
the trivial solution.

Theorem 6.2. Let the conditions (a)–(d) be satisfied. If for system (6.3)
the conditions of at least one of Theorems 3.4, 3.6, 3.8, 3.9, 3.10, 4.9, Lem-
mas 4.1, 4.3, 4.7, 4.8 are satisfied, then the trivial solution of the nonlinear
system (6.1) is also exponentially stable.
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Let us consider the following particular case of equation (6.1), where the
integral term is linearly included:

x′(t) +A(t)x(t) + g
(
t, x(t)

)
+B(t)

∫ t

0
K(t, s)(C(s)x(s) + h

(
s, x(s)

)
) ds = 0,

(6.4)

t ∈ [0,∞). For this equation a stronger result connecting x-stability of sys-
tem (6.3) with stability of IDE (6.2) can be obtained.

Definition 6.3 [5, 40]. The trivial solution w := col (x, y) = col (0, 0)
is called asymptotically stable if there exists ε > 0 such that

∥∥x(t)∥∥ → 0 as
t→∞ for each solution w with initial condition satisfying the inequality∥∥w(0)

∥∥ < ε.

Definition 6.4 [5, 40]. The trivial solution w := col (x, y) = col (0, 0)
is called exponentially x-stable if there exist positive constants N , ε, and θ
such that ∥∥x(t)∥∥ 5 N

∥∥w(0)
∥∥e−θt, t ∈ [0,∞)

for each solution w with initial condition satisfying
∥∥w(0)

∥∥ < ε.

Let us assume that for the nonlinearities g(t, x) and h(t, x) the following
condition is satisfied:

(e) g(t, 0) = h(t, 0) = 0,
∥∥g(t, x)∥∥ =

∥∥h(t, x)∥∥ = O
(
‖x‖2) , g and h are

continuous.
In this case the following is clear:
(f) A, B, and C are continuous n× n-matrix-valued functions.
Assume also that the following conditions of periodicity are satisfied:
(g) f (for each x and y), ϕ (for each y), Φ, M , A, B, and C are ω-periodic

in t.

Theorem 6.5. Let the conditions (b) and (e)–(g) be satisfied. If the 2n-
dimensional ordinary system (3.3) is asymptotically x-stable, then the trivial
solution of the nonlinear system (6.4) is exponentially stable for sufficiently
small perturbations of the initial condition x(0).

Proof. From the asymptotic x-stability and Lyapunov’s reducibility of
system (3.3) given by Theorem 1.2, it follows that system (3.3) is exponen-
tially x-stable. According to Corduneanu’s theorem [5, 40] for system (3.3),
there exists a function V (t, w) such that

‖x‖ 5 V (t, w) 5 N‖w‖, V ′t (t, w) 5 −θV (t, w)

and ∣∣V (t, w1)− V (t, w2)
∣∣ 5 N‖w1 − w2‖, t ∈ [0,∞).
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Reducing system (6.4), we obtain the 2n-dimensional system

(6.5)

{
x′(t) +A(t)x(t) +B(t)y(t) + g

(
t, x(t)

)
,

y′(t) +K(t, t)C(t)x(t) + F (t)y(t) + h
(
t, x(t)

)
,

t ∈ [0,∞).

Let us construct a scalar equation for system (6.5):

(6.6) u′ = −θu+Nr(u),

where
r
(
‖x‖
)

= O
(
‖x‖2) =

∥∥g(t, x)∥∥ +
∥∥h(t, x)∥∥ .

It is clear that the trivial solution u = 0 of the scalar equation (6.6) is ex-
ponentially stable. According to Corduneanu’s assertion (see [40, Theorem
35.1]), the trivial solution of system (6.5) is exponentially x-stable. Now the
exponential stability of the trivial solution of IDE (6.4) follows from Lemma
6.6 below. �

Lemma 6.6. If the trivial solution of system (6.5) w := col (x, y) =
col (0, 0) is asymptotically x-stable (or exponentially x-stable, or else x-un-
stable), then the trivial solution x = 0 of the integro-differential equation (6.4)
is asymptotically stable (or, respectively, exponentially stable, or else unsta-
ble) for sufficiently small perturbations of the initial condition x(0).

Proof. The proof follows from Theorem 2.1. �

Example 6.7. Let us consider the scalar equation

x′(t) = −µ(1− 2 sin t)x(t) +
n∑

i=2

pi(t)xi(t)(6.7)

+ µ2

∫ t

0
exp

(
− (t− s)

){
x(s) +

m∑
j=2

qj(s)xj(s)
}
ds, µ > 0, t ∈ [0,∞),

where pi, i ∈ {2, . . . , n} and qj , j ∈ {2, . . . ,m} are continuous bounded func-
tions.

The linear approximation system can be written as

x′(t) = µ(−1 + 2 sin t)x(t) + µv(t), v′(t) = µx(t)− v(t), t ∈ [0,∞).

Using an estimate of the monodromy matrix spectrum (see [44, pp. 124–
125]), we conclude that this system is exponentially stable and, consequently,
equation (6.7) is exponentially stable if µ < 2/3.
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[3] B. F. Bylov, R. È. Vinograd, D. M. Grobman and V. V. Nemyckĭı, Teoriya pokazatelei
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in Mathematics, Birkhäuser Verlag (Basel, 1993).
[37] Michael Renardy, William J. Hrusa and John A. Nohel, Mathematical Problems in

Viscoelasticity, Volume 35 of Pitman Monographs and Surveys in Pure and
Applied Mathematics, Longman Scientific & Technical (Harlow, 1987).

[38] Horacio G. Rotstein, Simon Brandon, Amy Novick-Cohen and Alexander Nepom-
nyashchy, Phase field equations with memory: the hyperbolic case, SIAM
J. Appl. Math., 62 (2001), 264–282 (electronic).

[39] Nicolas Rouche, P. Habets and M. Laloy, Stability Theory by Liapunov’s Direct
Method, Springer-Verlag (New York, 1977).

[40] V. V. Rumyantsev and A. S. Oziraner, Ustoichivost i stabilizatsiya dvizheniya po ot-
nosheniyu k chasti peremennykh, Nauka (Moscow, 1987).

[41] G. Ye. Shilov, Mathematical Analysis. A Special Course. Translated by J. D. Davis.
English translation edited by D. A. R. Wallace, Pergamon Press (Oxford, 1965).

Acta Mathematica Hungarica 109, 2005



330 R. AGARWAL, M. BOHNER, A. DOMOSHNITSKY and Y. GOLTSER: NONLINEAR . . .

[42] C. Simmendinger, A. Wunderlin and A. Pelster, Analytical approach for the Floquet
theory of delay differential equations, Phys. Rev. E (3), 59 (1999), 5344–5353.

[43] Robert E. Vinograd, An improved estimate in the method of freezing, Proc. Amer.
Math. Soc., 89 (1983), 125–129.
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