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Abstract. We survey half-linear dynamic equations on time scales. These
contain the well-known half-linear differential and half-linear difference equa-
tions as special cases, but also other kinds of half-linear equations. Special
cases of half-linear equations are the well-studied linear equations of second
order. We discuss existence and uniqueness of solutions of corresponding ini-
tial value problems and, using a Picone identity, derive a Reid roundabout
theorem that gives conditions equivalent to disconjugacy of half-linear dy-
namic equations, among them solvability of an associated Riccati equation
and positive definiteness of an associated functional. We also develop a cor-
responding Sturmian theory and discuss methods of oscillation theory, which
we use to present oscillation as well as nonoscillation criteria for half-linear
dynamic equations.
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1 Introduction

In this contribution we would like to present some aspects of the qualitative
theory of the second-order half-linear dynamic equation

[r(H)®(y)]> +p(H)2(y7) =0 (HLAE)

on an arbitrary time scale T, where r and p are real rd-continuous functions
on T with r(t) # 0, and ®(x) = |z|* !sgnx with a > 1. This survey can
be understood as summarizing all known results which have been done for
(HLAE) so far. In particular, we show that the IVP involving (HLAE) is
(globally) uniquely solvable and the basic results known from the oscillation
theory of the Sturm-Liouville differential equation

(r(t)y") +p(t)y =0, (LDE)

r(t) > 0, can be extended to (HLAE).
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The terminology half-linear is justified by the fact that the space of all
solutions of (HLAE) is homogeneous, but not generally additive. Thus, it
has just “half of the properties” of a linear space. However, surprisingly,
some sophisticated methods known from the theory of linear equations may
be used to investigate half-linear equations. Equation (HLAE) covers the
half-linear differential equation (when T = R)

[r()@(y")] +p(t)@(y) = 0 (HLDE)
as well as the half-linear difference equation (when T = Z)
Alrp®(Ayr)] + pe®(Yr41) = 0. (HLAE)

Furthermore, (LDE) is a special case of (HLDE) (when a = 2), and if
® =id (i.e., @ = 2), then (HLAE) reduces to the Sturm-Liouville difference
equation

A(rpAyk) + peyr+1 = 0. (LAE)

Finally, the linear dynamic equation
(r(t)y®) +p(t)y” =0, (LAE)

which covers (LDE) and (LAE) when T = R and T = Z, respectively, is a
special case of (HLAE) (when a = 2).

The most important oscillatory properties are described by the so-called
Reid roundabout theorem, for the first time proved for (LDE), see e.g., [37]
(for the discrete case, see [5]). This theorem shows the connection among
such concepts like disconjugacy of (LDE) on [a,b], positive definiteness of
the quadratic functional

b
| [og* 0 -see)

and solvability of the Riccati equation w’+p(t)+r~1(t)w? = 0 on [a, b]. This
theorem is of basic importance in oscillation theory; as its consequence we
easily get the Sturm separation theorem and the Sturm comparison theorem.
Thanks to the separation theorem, (LDE) can be classified as oscillatory or
nonoscillatory. In the first case, one, and hereby every, solution vanishes at
an infinite number of isolated points (the so-called zeros of a solution) in
[a, 00); in the second case each solution has only a finite number of zeros in
[a,00). Reid’s theorem also provides two powerful tools for the investigation
of oscillatory properties, namely the Riccati technique and the variational
principle. For more information concerning (LDE) see e.g., [22, 36, 46].
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Later it was shown that Reid’s theorem and many other results may be
extended to (LAE), where the concept of a zero of a solution is replaced
by the concept of a generalized zero of a solution, see e.g., [1, 4, 23, 29].
The theories for these two equations can be unified and extended to (LAE),
see e.g., [2, 8, 18]. Mirzov [34] in 1976 and Elbert [16] in 1979 showed
independently that the Sturmian theory works for more general, namely half-
linear equations (HLDE). For more information concerning (HLDE) see e.g.,
[13, 14, 17, 25, 30] and the references given therein. Finally, very recently,
in [39, 40, 41, 42, 44] the half-linear discrete version of Reid’s theorem was
established and many other results for (HLAE) were presented.

The above mentioned facts suggest an idea to develop an oscillation the-
ory of the half-linear dynamic equation (HLAE) which unifies and extends
the theories of all other mentioned equations, and also explains some dis-
crepancies between them. (Note that some of the results for this equation
were already presented in [43, 45].) This approach brings some interesting
problems, especially of the following two types:

1) The first type is related to the aspect of unification. The problems
arise in particular from the fact that not every “continuous” result has a
“direct discrete” counterpart and vice versa. So, if we unify continuous
and discrete theory, we come to the problem like, for example, the absence
of a natural extension of the chain rule for computing the derivative of a
composite function, and many others.

2) The second type of problems is related to the extension to the half-
linear case. There exist certain limitations in the use of the linear approach to
the investigation of half-linear equations (on the other hand, we can still use
very sophisticated methods). These limitations are first of all the absence of a
transformation theory similar to that for linear equations or the impossibility
of the extension of the Wronskian identity to the half-linear case, which are
very useful tools in the oscillation theory.

These problems complicate, or quite change the techniques that we use.

This survey is organized as follows. In the next section we give some ba-
sic information concerning the time scales calculus and also recall Schauder’s
fixed point theorem which is needed later. In Section 3, we discuss global
existence and uniqueness of solutions of initial value problems involving half-
linear dynamic equations (HLAE). The main tool in our proof of Reid’s
roundabout theorem in Section 5 is Picone’s identity, which is presented in
Section 4. The roundabout theorem gives statements that are all equivalent
to disconjugacy of our equation (HLAE), among those positive definiteness
of a related a-degree functional and solvability of a related Riccati equa-
tion. Mainly using Reid’s roundabout theorem, we develop in Section 6
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a Sturmian theory for half-linear dynamic equations, containing a Sturm
comparison theorem and a Sturm separation theorem. The remainder of
this survey is devoted to methods of oscillation theory (Section 7), including
the variational principle and a thorough discussion of the Riccati technique,
oscillation criteria (Section 8) and nonoscillation criteria (Section 9), and
comparison results (Section 10). We conclude with a final section offering
some examples that illustrate our theory.

2 Preliminaries about Time Scales

We start by introducing the following concepts related to the notion of time
scales. A time scale is a special case of a measure chain. The calculus of
measure chains was introduced by S. Hilger in his Ph.D. dissertation in 1988,
see [24], in order to unify continuous and discrete analysis. A time scale T
is defined as a nonempty closed subset of R. We assume throughout that
T has the topology that it inherits from the standard topology on the real
numbers R. Define the forward jump operator o(t) for t € T by

o(t):=inf{r >t: 7€ T},
and the backward jump operator p(t) at t, for t € T, by
p(t) :=sup{r <t:7 €T}

If o(t) > t, we say t is right-scattered, while if p(t) < t, we say t is left-
scattered. If o(t) = t, we say t is right-dense, while if p(t) = ¢, we say t is
left-dense. We shall also use the notation () := o(t) —t which is called the
graininess function. If T has a left-scattered maximum ty,,x, then we define
T% =T \ {tmax}, otherwise T% = T.

Let X be a real Banach space. The function f: T — X is called (delta)
differentiable at t € T with (delta) derivative f>(t) € X, if for any € > 0
there is a neighborhood U of t (i.e., U = (t — 0,t + §) NT for some § > 0)
such that

[F(o(t) = £(8)] = FAOo(t) - s]| < elo(t) —s| foral seU.

The function f is differentiable on T* provided f2(t) exists for all t € T*.
We will use the notation f7(t) = f(o(t)) for t € T*, i.e., f7 = foo. The
following lemma shows some important properties of f2.

Lemma 2.1 ([8, 24]). Let f,g: T — X be two functions, and let t € T".
Then we have
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(i) If f2(t) and g™ (t) exist, then Af+ Bg is differentiable at t with (Af+
Bg)2(t) = Af2(t) + Bg™(t) for any constants A, B.
(ii) If f2(t) exists, then f is continuous at t.

(iii) If t is right-scattered and f is continuous at t, then f2(t) exists and

F7(8) = f(t)

A _
R0

(iv) If f2(t) exists, then fo(t) = f(t) + u(t) f2(t).

(v) If f2(t) and g™ (t) exist, then fg is differentiable at t with
(f9)2 () = f7 (g™ (1) + [2()g(t) = [()g>(8) + 2 (1)g” (t).

(vi) Let f,g : T — R be such that g(t)g°(t) # 0 and f2(t),g>(t) ewist.
Then f/qg is differentiable at t with

NS A0 - 10 0
( > (®) POrO

g

(vii) Assume that g : R — R is continuous, g : T — R is differentiable
on T% and f : R — R is continuously differentiable (in R). Then

(fog)2(t) = f'(9(€)g™(t), where & € [t, o(t)].

A function f : T — X is called rd-continuous provided it is continuous at
each right-dense point and has a left-sided limit at each point, which is at the
same time right-scattered and left-dense, we write f € Ciq(T) = Cpq(T, X).
If f is differentiable on T* with f& € Cyq(T"), we write f € CL(T). If
f is piecewise rd-continuously differentiable, we abbreviate this by writing
fe C’é(T). One can show, see [24], that if f: T — X is an rd-continuous
function, then there exists a unique function (antiderivative) F' : T — X with
the properties F2(t) = f(t) for all t € T® and F(7) = 7, where 7 € T and
n € X. Then we define the Cauchy integral of f by fj f(t) At = F(b)—F(a),
where a,b € T. In the following lemma we present some properties of the
integral that we will need later. A so-called right-sequence for t is a strictly
decreasing sequence {t, }neny C T with lim,, o ¢, = t. Note that due to the
definition of o there always exist right-sequences for any right-dense ¢ € T
(except if t = max T in case T is bounded above).

Lemma 2.2 ([8, 24]). Let f,g € Cr4(T) and a,b,c € T. Then



6 Half-Linear Dynamic Equations

(i) fab[Af(t)—i—Bg(t)] At = Afabf( At—i—Bf g(t) At, where A, B are any

constants.
(ii) ft s) As = pu(t)f(t) fort € T%.
(i) [P f(t) At = [ f(t) At + fb F(t) At
(iv) f f(t)g™(t) At = [f(t) f f2(t)g° (t) At (integration by parts).
(v) If a is right-dense and {an}neN C T is a right-sequence for a, then

lim f At—/f

n—oo

Let f be an rd-continuous function on T satisfying 1 + u(t)f(t) # 0
for all t € T (such a function f is then called regressive). The generalized
exponential function ey is defined as the unique solution z(t) = ef(t,a) of
the initial value problem z® = f (t)z, z(a) = 1. In fact, there is an explicit
formula for e (t,a), using a certain cylinder transformation. We refer to [8]
for additional details concerning the calculus on time scales.

The notations [a, b], [a, b), [a, 00), and so on, will denote time scales inter-
vals, i.e., for example, [a,b) = {t € T : a <t < b}, where a,b € T. Moreover,
7 := [a,b] with a < p(b) and Z, := [a,00) in case sup T = cc.

To prove our results we will need the following auxiliary statements.

Proposition 2.1 (Gronwall Inequality [8, Theorem 6.4]). Assume that
fig € Cla(Z,R) with f(t) > 0,9(t) > 0 on Z and let K, L be nonnegative
real numbers such that

¢
FOSK+L [ fo0s) As
fort e Z. Then

f(t) < Kepy(t,a)
holds fort € T.

The following local existence result corresponds to the classical Peano
theorem.

Proposition 2.2 (Peano Theorem [27, Theorem 2.1.1]). Let F' : T x
R™ — R™ be rd-continuous in I x {x € R" : |z — xo| < §}, where § > 0.
Then the initial value problem

B = F(t,x), x(a) =1

has at least one solution x in some right neighborhood of a.
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The following theorem is also a generalization of a standard result from
the theory of differential and difference equations.

Proposition 2.3 (Existence/Uniqueness [24, Theorem 5.7]). Let ty €
I%. Suppose that the right-hand side F' : TF x X — X of the initial value
problem

B = F(t,x), x(ty) = o (2.1)

satisfies the following conditions:
(i) F is rd-continuous with respect to the first argument in I".

(ii) For each t € I" there exists a compact neighborhood Uy such that F' in
Ui satisfies a Lipschitz condition with respect to the second argument,
i.€e.,

[F(s,z) — F(s,y)| < Li|z — y|
for (s,x),(s,y) € U x X, Ly being some constant.

(iii) At each t < to, F is regressive, i.e., the function id +u(t)F(t, ) : X —
X is invertible.

Then the IVP (2.1) has a unique solution on .
The following result is referred to as Young’s inequality.

Lemma 2.3 ([21]). If « > 1 and B > 1 are mutually conjugate numbers,
i.e., 1/a+1/8 =1, then

|

[ul* | [0l
luv| < +
a

5 (2.2)

holds for any u,v € R.

Now we prove a generalization of the well-known Holder inequality that
we will need in the proof of Lemma 3.1. This generalization was first proved
in [7, Lemma 2.2 (iv)], and it can be found also in [8, Theorem 6.13].

Lemma 2.4 (Holder Inequality). Let f,g € Ciq(Z,X) and (3 be the con-

jugate number of . Then
1
b B
([sra)’. e

/ | FBa) At < (/ ok )

Q=
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Proof. Inequality (2.3) is homogeneous. This means that if (2.3) holds for
some f,g, then it is fulfilled also for Af,vg, where \,v are arbitrary real
numbers. Hence it is sufficient to verify (2.3) only in the case where

b b
[ s at= g ac=1 (2.4)

Thus, let (2.4) hold. We prove that

b
/ |f(t)g(t)| At < 1.

From the Young inequality (2.2) we have

b b b
/G\f(t)g(t)lAt < é/ !f(t)\"AtJr%/a ()P At
1 1
_+_—

=1
a B 7

and the lemma is proved. O

The following statement can be viewed as a time scales version of the
second mean value theorem of integral calculus. We will use it in the proof
of our oscillation criteria.

Lemma 2.5. Let f € CY(Z,R) be monotonic on I, i.e., f2(t) does not
change its sign for t € Z%. Then for any function g € Cyq(Z,R) there exist
c,d € IT" such that

b c b
/f%mwmgﬂ@/gwm+ﬂw/mwm

and

b d b
/f%wwmzﬂ@/gwm+ﬂ®Am0N-

Proof. Suppose that f is nondecreasing, i.e., f&(t) > 0 for all t € I* (if
f2(t) <0, we proceed in the same way). Let ¢,d € Z* be such that

/acg(s)Asg/atg(s)Asg/adg(s)As

for t € 7. Using integration by parts (Lemma 2.2 (iv)), we have

/abfﬁ(t) (/atg(s)As> N [f(t)/:g@m{_/a”fa(t)g(t)m
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b b
= 1) [ g e [ ;g0

and hence

£(0) / Cg(t) At — f(a) / Cg(t) At = (F(B) — f(a)) / Cglt) At

_ /abfA(t)At/:g(t)At < /abfA(t) (/:Q@)As) At

b b d b

— ) / ot) At / P09t At < / o(t) At / 2 () At
Gd a d a a

— ) / o) At — f(a) / o(t) At,

which implies the statement. Il

In the last part of this section we give some background for application
of the Schauder fixed point theorem. It will be used in the proof of Theo-
rem 10.1. We start by recalling the Schauder theorem that is applicable for
our setting in dynamic equations. See [20, Theorem 6.44] for a proof.

Proposition 2.4 (Schauder’s Fixed Point Theorem). Let N be a
normed space and X be a nonempty, closed, convex subset of N'. If T is
a continuous mapping such that T(X) C X (i.e., a mapping from X into
itself) and T (X) is relatively compact, then T has a fized point in X.

Denote by CE¢(Z,) the linear space of all continuous functions f : Z, —
R such that sup,cz, [f(t)] < oo. Define this supremum to be the norm

If1l = supez, [£(t)].

The following statement can be understood as a time scales version of
the Arzela—Ascoli theorem. For the “discrete analogue” of this well-known
theorem see [11, Theorem 3.3]. Note that we get CEy = ¢ for T = N, and
then condition (ii) in the next lemma holds trivially.

Lemma 2.6. Let X be a subset of CTBS(IQ) having the following properties:
(i) X is bounded.

(ii) On every compact subinterval J of [a,00) we have: For any e > 0 there
exists § > 0 such that t1,t € J, |t1 —ta] < & implies |f(t1) — f(t2)| < e
forall f € X (i.e., the functions in X are locally equicontinuous).

(iii) For every e > 0 there exists b € I, such that t1,ty € [b,00) implies
|f(t1) — f(t2)] < € for all f € X (in the “discrete terminology”, X is
said to be uniformly Cauchy).
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Then X 1is relatively compact.

Proof. By [20, Theorem 6.33] it is sufficient to construct a finite e-net for
any € > 0. Since the proof is more or less obvious, we mention just some
of its important points and omit details. In view of the properties (i)—(iii),
it is possible to construct a two-dimensional grid where the vertical values
are the elements y1,...,ym € R, — K =y < ys < --- <y, = K, K being
such that ||f|| < K for all f € X, and sufficiently close to neighbors, i.e.,
yi+1 —¥; is a sufficiently small number depending on €. The horizontal values
Tly ooy €T, a =21 < 29 < -+ < x, = b, are sufficiently close to their
neighbors in the sense that if they are close to dense points, the differences of
the values of f € X at these points are small — depend on ¢ (this is possible
thanks to the local equicontinuity), or they are isolated and sufficiently far
from from each other; b > a being such that |f(t1) — f(t2)| is sufficiently
small (depends on €) whenever t1,ty € [b,00) for all f € X. Such b exists
because of the property (iii). Now, having such a grid, for any f € X we
can construct a linear fractional function g which approximate f (in fact,
IIf — g|| < e). The number of functions g constructed in this way is finite
and thus the set of such functions forms a finite e-net for X. O

3 Global Existence and Uniqueness of Solutions of
IVPs

Consider the second-order half-linear dynamic equation
[r(H)@(y™)]* + p()(y7) = 0, (3.1)

where ®(z) = |z|* tsgnz, o > 1. We will assume that p,7 € Cpq(Z,R)
[resp. p, 7 € Cya(Zy, R)] with r(t) # 0, if it is not said otherwise. We call
y € CL(Z,R) [resp. y € C4(Zs, R)] a solution of (3.1) provided

{(r(I)(yA))A +p®(y7)} (t) =0 holds for all t € (Z%)" [resp. t € Z,].

Notice that any solution y of (3.1) satisfies r®(y®) € CL(Z,R)
[resp. r®(y>) € C(Z,, R)].

In this section we will suppose that T is unbounded above. Let us con-
sider the initial value problem (IVP)

(r(t) () + pt)B(y”) =0,
?/(to)yZA, §A<t0)y:B } (3.2)
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on Z,, where A, B € R, ty € Z,. Our aim is to examine, whether (and under
what conditions) the IVP (3.2) has exactly one solution on the whole interval
Z,- The answer to this question is given in Theorem 3.1, the proof of which
is based on the following lemmas. Sometimes it is convenient to deal with a
system equivalent to the original problem (3.2), namely

YA =F(,Y), Y(t)="Yp, (3.3)

where Y denotes (x,u)”, F : T, x R? — R? is the vector function having the
components

fl(tv €, u) = ot (1/T<t)) <I>_1(u),
falt,x,u) = —p(t)® [z + p(t)@~ (1/r(t) @~ ()]

and Yy = (A, r(to)®(B))7.

In the following auxiliary lemmas we are interested in a right neighbor-
hood of the point tg. In fact, there we put £y = a, and the situation in a left
neighborhood will be described in Remark 3.2.

Lemma 3.1 (Global Existence). Let p,r € Cyq(Zy,R). Then the initial
value problem (3.2) with to = a has at least one solution defined on the whole
interval Z,.

Proof. The local existence follows from the result corresponding to the clas-
sical Peano theorem, Proposition 2.2. We will show that this solution can
be extended to the entire interval Z,. Integrating the system Y2 = F(t,Y)
over an interval [a, ], ¢ € Z,, we obtain

z(t) = x(a)+/at<I>_1 <%) As,
u(t) = u(a)—/at{pq) [ac—i—,uﬁb_l (;)}}(S)As

for t € [a, ¢]. Using Holder’s inequality on time scales (Lemma 2.4), we have

ott) )" < ([ /P as) v [t as

and

u(t) — u(a)|’ < </at Ip(s)|® As)ﬁ/a /at {‘:c+ pd (%)

a} (s) As.
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Taking into account that
A+ v <297 (N + [p|)
for \,v € R, we get

()] + [u(®)]? < 27 z(a)|* + 27 Hu(a))?

t a/B et
2071 < / 11/7(s)|?/ (o= D As> / u(s)|? As

yop-1 (/t Ip(s)| m) e /: {‘x 4! (%) ‘a} (s) As

t a/B tq
< 227 z(a)|® + 2¢ (/ 1/r(s)[?/ =D As> / §|U(S)|BAS

t Bl pt
+25_1]u(a)]ﬁ 4+ o141 (/ \p(s)\D‘As) / |z(s)]* As

t Bla ot (1 1w
4oa-146-1 </ |p(8)|aA8> / {iua ;‘}AS

< K+HE [ (le(6)f® + [u(e)?) () As

for ¢ € [a, c], where
K =2°"Ya(a)|* + 2~ Hu(a)|® (3.4)

and

t B/
H(c) = max {27! (/ \p(s)O‘As> ,
tela,c] a
t a/B
20 (/ 1/r(s)?/(e=D As> ,

eutoyr ([ p(s)P as) . u/r<t>rﬁ} .

Using the Gronwall type inequality on time scales (Proposition 2.1), we have
from the above estimate

()1 + [u(®)]” < Kep)(t, a)

for ¢ € [a, ], and thus the solution can be extended to [a, c]. Since ¢ € Z, is
arbitrary, the assertion of the lemma follows. O
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Lemma 3.2. Let p,r € Ciq(Zs,R). Then (3.1) possesses only the trivial
solution satisfying the initial conditions y(a) = y*(a) = 0 on I,.

Proof. The statement follows from the proof of the previous lemma since
the zero initial conditions imply K = 0, where K is defined by (3.4), and so
lz(t)® + [u(t)|? <0 for all t € Z,,. O

Lemma 3.3. Let p,r € Cq(Z,R). Suppose that either (i) A #0,B # 0, or
(ii)) A=0,B #0 and o > 2, or (iii)) A # 0,B =0 and o < 2. Then the
IVP (3.2) with ty = a has a unique solution in a small right neighborhood of
the point a.

Of course, it makes sense to speak about points of T in a small right
neighborhood of a only in the case when a is a right-dense point, but if a
is right-scattered, then the continuation to the right is always possible in a
unique manner. See the proof below.

Proof. 1t is easy to see that the vector function F satisfies a local Lipschitz
condition on the set D defined in one of the following ways:

D = 1I,x (R\{O}) X (R\{O})a
D = I, xRx(R\{0}) and a> 2,
D Ty x (R\{0}) xR and a<2.

Hence, the function F' is Lipschitz in some right neighborhood of a. Note
that in general the Lipschitz condition is trivially fulfilled in some right
neighborhood of any right-scattered point. So the assumptions of Proposi-
tion 2.3 hold in [a, c]|, where ¢ > a is sufficiently close to the (right-dense)
point a, and the statement follows. O

Lemma 3.4. Let p,r € Cyq(Z,R). Suppose that A =0, B # 0 and o < 2.
Then the IVP (3.2) with to = a has a unique solution in a small right
neighborhood of the point a.

Proof. Let y; and y2 be two (local) solutions of (3.2) with tg = a, A =0
and B # 0 (they exist by Proposition 2.2). We can suppose that a is
right-dense since for right-scattered a, uniqueness is guaranteed (in some
right neighborhood). Integrating (3.1) with y = y; twice from a to ¢t €
dom(y1) Ndom(yz) NZ we get

w)= [ et [B- [msrm)ar] ss, e 12
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where B = r(a)®(B). Hence

yr(t) — () = / % (1B~ 1(s) ~ 2B~ I(s)] A

where

(0 = [ P27 () As i€ {12}

and, by the mean value theorem,
tq 4o
D) =320) = (B=1) [ o) 0a(s) = 11(9) As

where 7(t) lies between B—I(t) and B—I(t). Since B—I;(t) — B ast — a,
i € {1,2}, one can find § > 0 such that |n(t)] < 2|B| for t € [a,a + 0] NT
(here we mean a real interval by [a,a + ¢]). Noting that 3 —2 > 0 and using
integration by parts (Lemma 2.2 (iv)), we obtain

ly1(t) — y2(2)] fl
(ﬂyi 1)(2%)5_2 < / gy 1) = B s

7 (
/ Ja (D1 2(y7 (7)) — (45 (7)) AT
[t

i :

A

IN

t

208 () - 2G5 AT [

|r(7)]

:/ / AT [p()][(5 () — D5 ()] As
a o(s) |T( )|

for t € [a,a + d] N'T. Define the rd-continuous function

{f ! As} ' for t € (a,a+6]NT
(1) = Pl |
Blr(

a)| for t = a,

7)
o(s)
( L AT) p(s)|®(y7 (5)) — P(y2(s))[ As

i € {1,2}. Then, using the above estimates, |§1(t) — g2(t)| is less than or
equal to

) : o(s) a—1
(- nB)*? [ (/ @W) {pll®(7) — B} (5) As
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for t € [a,a+ 0] NT. By the mean value theorem

[D(71(t) — (F2(t)] < (= DIED)*?|72(2) — G2 (t)]

)
for t € [a,a + 6] N'T, where £(t) lies between ¢ (¢) and §2(t). Since g;(t) —
B|r(a)| ast — a, 1 € {1,2}, £(t) can be made to satisfy |Br(a)|/2 < [£(t)], if
t € 7 is taken sufficiently close to a. Hence there exists 0 < w < ¢ such that

[2(51(t) — 2(52(t)] < (= 1) (|Br(a)|/2)*7* |51.(t) — G2(2)|
for t € [a,a +w] N'T. Now, using the above and the fact that
(8= 1)(a—1)(21B)"72 (|Br(a)|/2)** = 2°~|r(a)| 771,

we find that |g{(t) — g5 (¢)| is less than or equal to

o(t) [ pols) 1 a-l
9921 (q) |+~ / ( / m) ip()1137 () — §5(s)| As

()]

for t € ([a,a +w]NT)*. Applying the Gronwall type inequality (Proposi-
tion 2.1) we conclude that g{(t) = g5 (¢t) on ([a,a + w] N'T)", which implies
that y1(¢) and yo(t) coincide in a small right neighborhood of the (right-
dense) point a. O

Lemma 3.5. Let p,r € Cyq(Z,R). Suppose that A # 0, B =0 and o > 2.
Then the IVP (3.2) with to = a has a unique solution in a small right
neighborhood of the point a.

Proof. For p(a) # 0, where a is right-dense, the statement can be proved in
a similar way as the previous lemma. See also Remark 3.1 after this proof.

We have to show that the statement is valid also for the case where
p(a) = 0 with right-dense a. Let y; and ys be two (local) solutions of
(3.2) with t9 = a, A # 0 and B = 0. Then there exists 6 > 0 such that
yi(t)yZ (t) >0 on [a,a+ 6] NT, i € {1,2}. Then, as it is shown in Section 5,
w; = r(t)®(y2(t)/yi(t)), i € {1,2}, solve the generalized Riccati dynamic
equation (5.1) on [a,a + 0] N'T. Further, wi(a) = 0 = wa(a). The initial
value problem (5.1), w(a) = wy with wy € R, which corresponds to a nonzero
solution y of (3.2) on [a,a+ ] N'T, has exactly one solution on [a,a+ ] NT
by Proposition 2.3. Indeed, we will show that the right-hand side of w™ (t) =
—p(t) — S[w,7](t) is Lipschitz with respect to w. Observe that ®(®~1(r) +
pd®H(w)) = r®(y° /y) # 0 at each t € [a,a + 6] N T. Differentiating S with
respect to w we obtain

oSw.r] _ | [971(r) + A6 ()| — [
ow  Aop AOL(r) 4 e H(w)|e
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see also the proof of the first part of Lemma 7.1, and so the existence and
boundedness of this derivative implies that the assumption (ii) of Proposi-
tion 2.3 is satisfied. Hence wy(t) = wa(t) and thus y2 (t) /y1 (t) = y5 (1) /ya(t),
which implies y1 (t) = Cya(t) for ¢ € [a, a+d]NT, where C is any real constant.
Since y1(a) = A = ya(a), we get C' = 1, and the statement follows. O

Remark 3.1. In the second part of the last proof it is not necessary to as-
sume p(a) = 0, and the statement can be proved using the Riccati technique
also for the case p(a) # 0. If 0 and A commute (i.e., f7% = f2), then we
have another possibility how to prove it in the case p(a) # 0, namely the
method based on the reciprocal equation

[(p())' 7@~ (™))% + (r7(1) P27 (u7) = 0, (3.5)

This equation is related to (3.1) by the substitution u(t) = r(t)®(y>(t)),
where y is a solution of (3.1) (which exists by Proposition 2.2). Then u is
a solution of (3.5) (satisfying the initial conditions u(a) = 0, u®(a) # 0 in
case y(a) # 0, y®(a) = 0). Moreover, we have 8 < 2 (since a > 2), and so
Lemma 3.4 can be applied.

Note that the existence and uniqueness of IVPs for (HLDE) is proved in
[16] using the generalized Priifer transformation. However, this tool is not
available in the half-linear time scales case so far.

Remark 3.2. It is not difficult to see that similar statements as above can
be proved also in the case, where we examine the problem of the existence
and uniqueness of the IVP with to € Z, \ {a} in a left neighborhood of t.
However, in addition, we must show that the vector function F is regressive
for t < tp so that condition (iii) from Proposition 2.3 is fulfilled. This
is important for the continuation of a solution of (3.1) in backward time
direction in a unique manner on discrete time scales. Thus, suppose for this
moment that T is a discrete time scale. The regressivity of F' in ¢, in other
words, means the possibility to compute the value of Y = (x,u)T at t in
a unique manner knowing its value at o(t). But for u(t) > 0 the system
Y2 = F(t,Y) is equivalent to the system

27 — p(t)2~H (1/r(1) @7 (u” + u(t)p(t) @ (7)),
= W+ p(t)p() D),
and hence F' is regressive. Actually, every equation in “self-adjoint” form

(like (3.1), but also of higher order) with a nonzero leading coefficient can
be rewritten as a regressive system.
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Theorem 3.1 (Existence and Uniqueness). Let p,r € Cyq(Z,,R). Then
the IVP (3.2) has exactly one solution on Z,.

Proof. The statement follows from Lemmas 3.1-3.5 and Remark 3.2. O

4 Picone’s Identity

Consider the operators

Lrplyl = (r(OR>)> +p(t)@(y°),
Lrplzl = (R()(z2)) + P(t)2(=7)

for t € (Z%)*, where p, P,m, R € Cyq(Z,R) with r(t) # 0 # R(t). Denote
by D,,(Z) and Dpg p(Z) the domains of the operators L, , and Lg p, re-
spectively, that are defined as sets of all rd-continuous real functions y and
z defined on 7 such that r(t)®(y>) and R(t)®(z2) belong to CL (7%, R).
For convenience, in this and the next two sections we assume, without
loss of generality, that maxT = b. We need to avoid the situation where
b < o(b) ¢ T =1I" (this is in connection with the concept of a generalized
7€ero).

Next we derive a generalized Picone identity involving the two above
defined operators, which plays a crucial role in the proof of our extension of
the Roundabout theorem.

Lemma 4.1 (Picone Identity). Let y € D, ,(Z), z € Dr p(Z) and z(t) #
0 fort € I". Then the equality

A
Y oa
{06 - smreGA] ) = (-l

(= R + s {Lrpi)B() — LrpJ007)} + Gl 2),
where
pae BOEY) on ROGA@G)S
G(y,z) = Rly®| —Tz)(\y! )2+ 2007 ly7 1%,

holds on (Z")".

Proof. On (I%)" we have

(yrey®)> = ¥ (re(y™)) +yro(y®)
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— or _ oo A
Y7 Lrplyl = ply?|* +rly= "

Further, again on (Z%)",

(ﬁm/)m@ﬂ)f - <|y|aR§Ej)A ))A

e aBRER) 0 (RE(22)2R(2) | 5o RE(22)(2(2))2
- (‘y| ) q)(z) +’y ’ (I)(Z)(I)(ZJ) |y | @(Z)¢(ZU)
o o ZA A o o 0

_ Yy ;)((ljf;( )=y ﬂz;)()zl:)@( ) _ RpyAP

ayaRO(%) 5 RO(22)(2(2))% ol a

+(|ly[*)* 50 W menn W + Rly®|
= G LR = Gl ) = Pl + RISP
Combining these two equalities, we get the desired result. O

Lemma 4.2. In addition to the assumptions of the previous lemma let z be
such that (Rzz%)(t) > 0 fort € Z". Then G(y,z)(t) > 0 fort € Z", where
the equality holds if and only if y™ = (2°/2)y.

Proof. We distinguish the following two cases:
I. Suppose that t € Z" is right-scattered. Then, using Lemma 2.1, we
have at ¢

69 = () {Zner - 2 L+ 2y

prz|z7 |2 pl 2|

Rz 2° D27 — 2| 29 (27 —2z
:<M%U){7|ya—y|a—W\yg\a+?q’( . >|y’U}-

The nonnegativity of the expression in the brackets follows from [41,
Lemma 2].
II. Suppose that t € 7" is right-dense. Then, using Lemma 2.1, we obtain

oL A ®GR) | 8 @()A
6o 2)(0) =~ {1 - (o )+ TS 2AE b
ZA ZAa
A e (R ] == N IURT

by the Young inequality (where we put v = y® and v = ®(yz>/z)), see
Lemma 2.3, since (R2%)(t) = (Rzz°)(t) > 0 implies R(t) > 0. O
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5 Reid Roundabout Theorem

Now we are in a position to formulate the central statement of the oscillation
theory for (3.1), namely a half-linear version of the Roundabout theorem on
time scales. First we introduce some necessary concepts.

Consider the equation (3.1), where p,r € Cq(Z,R) with r(t) # 0. Along
with (3.1) consider the generalized Riccati dynamic equation

Rlw] == w? + p(t) + S[w,7](t) = 0, (5.1)

where

w r
S =lim—(1- :
w,r] = Jim 3 < (@1 (r) + /\<I>—1(w))>
In fact, (5.1) is related to the original equation by the Riccati type substi-
tution w(t) = r(t)®(y>(t))/®(y(t)). Observe that

e IR for right-dense t,
Slw, r](t) = e }()

% (1 — <I>(<D*1(r)4:w1>*1(w)))} (t) for right-scattered ¢,

where I’Hopital’s rule is used in the first case. Note that using the Lagrange
mean value theorem, one can find the following form of the operator S,
namely

(@ = Dn|*?Jw|”
(=1 (r) + po~H(w))’
where 7 is between ®~1(r) and ®~!(r) + u®~!(w), and this form will be
sometimes useful.

Slw,r| =

(5.2)

Definition 5.1. (i) We say that a solution y of (3.1) has a generalized zero
at ¢t in case y(t) = 0. We say y has a generalized zero in (t,0(t)) in case
r(t)y(t)y(o(t)) < 0. We say that (3.1) is disconjugate on the interval Z, if
there is no nontrivial solution of (3.1) with two (or more) generalized zeros
in Z. (For further discussion of the concept of a generalized zero see also
Example 11.1 in Section 11 and Remark 6.1 in the next section.)

(ii) Define a class U = U(a, b) of so-called admissible functions by

U(a,b) = {€ € CL(Z,R) : £(a) = £(b) = 0}.
Define an “a-degree” functional F on U by
b
Flean) = [ {IEr —ple 1} 0 an

We say that F is positive definite on U provided F(£) > 0 for all £ € U and
F (&) =0 if and only if £ = 0.
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Theorem 5.1 (Roundabout Theorem). The following statements are
equivalent:

(i) Equation (3.1) is disconjugate on .

(ii) Equation (3.1) has a solution y such that (ryy®)(t) > 0 for t € I"
(i.e., a solution having no generalized zeros on T ).

(iii) Fquation (5.1) has a solution w with
{71 r) + p@ N (w)} (£) >0 (5.3)
forteI"x.
(iv) F is positive definite on U.
Proof. We show the four following implications:
(i)=(ii): Let y be the solution of (3.1) given by the initial conditions

7(a) =0, 7*(a) = 1. From (i) it follows that (ryy)(t) > 0 for t € %\ {a}.
Consider a solution y. satisfying the initial conditions

ye(a) = er(a), y2(a) = p'(@)(1 —er(a) — pla)) + 1,

where we put uf = 0if p = 0 and puf = g~ if 4 > 0. Then y. — y as
€ — 0. Hence, if we choose € > 0 sufficiently small, then y = y. satisfies
(ryy®)(t) > 0 for t € Z% \ {a}. Moreover, for right-scattered a we have
(ryy?)(a) = er?(a) > 0 since

()=

by Lemma 2.1. In the case when a is right-dense we get

(ryy”)(a) = (ry?)(a) = r(a)(er(a))?,

and this is positive if and only if 7(a) > 0. Suppose, for the contrary, that
r(a) < 0. Consider the solution § of (3.1) satisfying the initial conditions
g(c) = 0, 7*(c) = 1, where ¢ € 7%\ {a}. The disconjugacy of (3.1) implies
that (rgg?)(a) > 0. Since a is right-dense, we have r(a) > 0, a contradiction.
Altogether, y is the solution of (3.1) with (ryy?)(t) > 0 for t € 7%, and hence
(ii) holds.

(ii)=-(iii): Assume that y is a solution of (3.1) with (ryy?)(¢) > 0 on Z*.
Use the Riccati type substitution
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Then we have

for t € Z*. Observe that

{T@ <£> } (t) = D(@1(r) + pu®(w))(t)

)
for t € 7%, and hence (5.3) holds. Further, at each right-scattered ¢ we have

w500 () -5 (- )

by Lemma 2.1, while at right-dense ¢t we obtain

w(®(y)® _ (a— Duwly[*?y> _ 18 18
= = (a = 1)rPlwl”,
D(y7) ®(y)
again by Lemma 2.1.
(iii)=(iv): Assume that w is a solution of (5.1) with the property (5.3)
for t € Z%. It is not difficult to see that the solution z of

_ o1 (@) _
zA—tﬁl(r(t)>z, 2(tg)) = A#0, to€eT, (5.4)

is a solution of (3.1) satisfying (rzz?)(t) > 0 for t € Z". Note that, since

{rauet (U)o = { gy @ 0+ ne @) 0 20

on Z%, the mapping ®~!(w/r) is regressive, so the initial value problem (5.4)
has only one solution z. Pick any & € U. From the Picone identity applied
to the case p = P, r = R, y = ¢ and w = r®(22 /%), we obtain
A ~
{ere(E®) —wlg|*}” = €7 (re (€)™ + ple?|* + Gl w),

where

G(& w) = rle8]" —w (&) + Slw, r]le7|".

Hence B
rleR]® — ple7|* = {w]€]*}* + G (€, w).

The integration from a to b yields

b~
F(ah) = [fwlgl*} 0+ [ G w)®ar
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Therefore, F(&;a,b) > 0 because of Lemma 4.2. If, however, F(&;a,b) =0,
then, again by Lemma 4.2, £& = (22/2)(t)¢ = @ (w/r)(t)¢ on I¥. Since
&(a) = 0, the initial value problem admits only one, namely the trivial
solution. Consequently, F(&;a,b) > 0 for all nontrivial admissible &.

(iv)=-(i): Suppose, by contradiction, that (3.1) is not disconjugate on Z.
Then there is a solution y of (3.1) and ¢,d € T for which exactly one of the
following cases may happen:

I. o(a) < o(c) < d < bsuch that y(t) # 0 for t € (¢,d) and y(c) =0 =
y(d),

II. o(a) < o(c) < d < p(b) such that y(t) # 0 for ¢t € (¢,0(d)), y(c) =0

d
and (ryy?)(d) <0,
III. o(a) < o(c) < d < b such that y(t) # 0 for ¢t € [¢,d), (ryy?)(c) <0
and y(d) =0,

IV. o(a) < < p(b) such that y(t) # 0 for t € [¢,d], (ryy?)(c) <0
0

We examine for example the cases I and II since the remaining ones can be
treated in a similar way. We can investigate I and II simultaneously except
for the case II with right-dense d; we will deal with this special case later.
Thus, define

0 for t € [a,c),

()=« y(t) forte [ed],

0 for t € (d, b,
which yields &(a) = &(b) = 0, £(t) # 0 for t € (¢,d) and £ € Cé(I). Using
integration by parts, we have

b
Fle) = / [r[€51 — ple|) (1) At
ad o(d)
- / [P|EA 1" — ple?|) (1) At + /d [r[EA1" — ple?]™) (1) At

d
— [} 0] - [ 1€ Lol @) At

+ {2 = ple7|*} (d)u(d)
= {yre®)} (@) + {r[¢?1*} (d)u(d),

where the operator £, is defined at the beginning of Section 4. Now, if d
is right-dense, then the only possibility is y(d) = 0 and, moreover, u(d) = 0.
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Therefore F % 0 and we will proceed with right-scattered d so that o(d) > d
and p(d) > 0. Then we have

FE&) = {yro@)}(d)+ {rl¢? =& u' "} (d)
= {yr®y™)} (d) + {rly|“w' "} (d).

We have to verify the inequality

{1 yro(y™)} (d) < = {yrd(y)} (d),
ie.,

{yre(y” —y)} (d) < —{ry®(y)} (d).
But this inequality holds since it is equivalent to

{7 (yr)y”} (d) = {2 (yr)y} (d) < — {2 (yr)y} (d)

and we suppose (ryy?)(d) <0, a contradiction.

It remains to discuss the case II with right-dense d. This implies r(d) < 0.
First we suppose that d is left-scattered. Then d # b. Let {t,, }}men € Z be
a right-sequence for d. For m € N put

o | T i)
i 0 otherwise.

Then &m(a) = &m(b) =0, &n(d) = (tm — d)/P # 0 and &, € CL(T). Hence

Flen) = /d " rEA — pleno ) (6) At

e r(t) b (o (t) = 1)*p(t)
_/d tm_dAt—/d I A r(d) <0

as m — oo, a contradiction. The remaining case of left-dense d can be
treated in a similar way using a suitable left-sequence (it is defined in a
dual way) for d = b and left- and right-sequences otherwise. The theorem is
proved. O

Remark 5.1. The Picone identity could be also used to show that absence
of generalized zeros of the solution of (3.1) implies positive definiteness of the
functional F (the implication (ii)=-(iv)). But we included the generalized
Riccati equation into the Roundabout theorem since such an equivalence is
important for applications of our theory.
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Next we state the version of Reid’s roundabout theorem involving a differ-
ent type of boundary conditions than those in Theorem 5.1. More precisely,
we consider a functional with one free endpoint. Later we use this theo-
rem in the proofs of a Leighton type comparison theorem and a comparison
theorem for generalized Riccati dynamic equations.

Theorem 5.2 (Roundabout Theorem). The following statements are
equivalent:

(i) The solution y of (3.1) given by [r®(y>/y)](a) = A satisfies
(ryy?)(t) > 0 fort € .

(ii) Equation (5.1) has a solution w on I such that w(a) = A and (5.3)
holds fort € I".

(iii) The functional
Fa(&a,b) = Alg(a)|* + F(&; a,b)
is positive definite on Ux(a,b) defined by

Ua(a,b) = {€ € CLT,R) : €(b) = 0}.

Proof. We combine the technique of the last proof with the idea of [33,
Theorem 1]. Hence we can omit details. Note just that in (i)=-(iii) we use
the Picone identity, and in (iii)=(i), a function & from Uy is defined by

B (t) fort € la,d],
¢t) = { 0 fortc (d,b)],

where d is similar as in the last proof. Finally note that the proof of (i)<(ii)
is very easy. [
6 Sturmian Theory

This section is devoted to Sturmian theory. Consider two equations L, p[y] =
0 and Lg p[z] = 0 (the operators L, ,, Lg p are defined at the beginning of
Section 4). Denote

b
Frp(€ab) = / [RIEA — PIE|) (1) At.

Then we have the following extension of Sturmian theorems for half-linear
dynamic equations.
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Theorem 6.1 (Sturm Comparison Theorem). Suppose that we have
R(t) > r(t) and p(t) > P(t) fort € I". If L, ,[y] = 0 is disconjugate on Z,
then Lr plz] =0 is also disconjugate on I.

Proof. Suppose that equation £, p[y] = 0 is disconjugate on Z. Then Theo-
rem 5.1 yields F(&;a,b) > 0 for all (nontrivial) admissible sequences £. For
such a £ we also have

Frp(&a,b) > F(&a,b) > 0.

Hence Frp(&;a,b) > 0, and thus Lpp[z] = 0 is disconjugate on Z by
Theorem 5.1. Il

As far as the separation result is concerned, note that the implication
(ii)=(i) from Theorem 5.1 is in fact a Sturm type separation theorem. Hence
we have the following statement.

Theorem 6.2 (Sturm Separation Theorem). Two nontrivial solutions
x and y of (3.1), which are not proportional, cannot have a common zero.
If there are c1,c2 € T, ¢1 < ¢2, such that (rzax?)(c1) <0 and (raxz®)(c2) <0
(we exclude the case where o(c1) = ca and y(c2) = 0), then there is d €
[c1, 2] such that (ryy”)(d) < 0.

Remark 6.1. There exist examples, e.g., in linear discrete oscillation the-
ory, see [4], showing that two (nontrivial) nonproportional solutions of (LAE)
(with 7(¢) > 0) may have a common generalized zero (not just zero). This
is possible because of the discrete nature of the domain. However, in Exam-
ple 11.1 (Section 11) we present equation (11.2) possessing two nonpropor-
tional solutions that have common generalized zeros at each point regardless
whether they are right-scattered or not. This is possible because we allow
r(t) to be also negative and we use a specific definition of generalized zeros.
Since such an example is not known in the usual oscillation theory, we also
discuss the problem of generalized zeros (more precisely, the problem of their
definition) at right-dense points in that section.

Proof of Theorem 6.2. Tt is sufficient to prove the part concerning the com-
mon zero of nonproportional solutions since the remaining part follows from
Theorem 5.1. Suppose, by contradiction, that z(a) = 0 = y(a). Let z be the
solution of (3.1) such that z(a) = 0, 22(a) = 1. Then x = Az and y = Bz,
where A, B are suitable nonzero constants, are also nontrivial solutions of
(3.1) satisfying

z(a) =0, z?a)=A and y(a)=0, y>(a)=B,

respectively. Hence x = Cy, where C = A/B, a contradiction. O
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7 Methods of Oscillation Theory

In the following four sections we will consider equation (3.1) on Z, (where
supT = oo) with r(t) # 0. Before we present our methods, let us define the
concept of (non)oscillation of (3.1).

Definition 7.1. Equation (3.1) is said to be nonoscillatory if there exists
¢ € I, such that (3.1) is disconjugate on [c,d| for every d > ¢, d € T. In
the opposite case, (3.1) is said to be oscillatory. Oscillation of (3.1) may
be equivalently defined as follows. A nontrivial solution y of (3.1) is called
oscillatory if it has infinitely many (isolated) generalized zeros. In view of
the fact that the Sturm type separation theorem extends to (3.1), we have
the following equivalence: One solution of (3.1) is oscillatory if and only if
every solution of (3.1) is oscillatory. Hence we can speak about oscillation
or nonoscillation of equation (3.1).

7.1 Riccati Technique

First we give an auxiliary result in which a behavior of the operator &
with respect to its arguments is described by the properties of the function

oz y
Stena) = i 3 (1 g e

Note that the function S can be understood as a “half-linear generalization”
of the function x2/(y + ux) that corresponds to the operator appearing in
the Riccati dynamic equation associated to linear dynamic equation (LAE),
and hence a similar behavior of these functions can be expected in a certain
sense.

Lemma 7.1. The function S has the following properties:

(i) Let y > 0. Then x‘g—i(w,y,a) >0 for @ Y(y) + p®1(x) > 0, where

(i) S(z,y,a) > 0 for @~ 1(y) + pd~1(x) > 0, where the equality holds if
and only if x = 0.

(iii) Ifx >0, y >0 and

+ = lim (14+Xz)In(1+Az) — Azlnz >
A= A

where z := (x/y)ﬁ, then %(m,y, a) > 0.
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(iv) If @ (y) + u@ (z) > 0, then %(w,y,a) <0.
Proof. (i) It is not difficult to compute that

0S(@.y.0) _ 107 (y) + A0 (@) — |rl?
Oz S AP(y) + AP I(z)|o

Observe that if g = 0 (which corresponds to a right-dense ¢ in (5.1)), using
the L’Hopital rule we get

08(z,y)  ad L(z) 0 <(a— 1)|a:|5)7

d9r o l(y) oz \ 2 L(y)

which means

tm 5 R (1 R mﬂ@»)] - % <%) |

Since y > 0, the statement is obvious for the case when p = 0. If p > 0,
then we can write

9S(x,y,0) _ (v° 7+ p2 (@) — ()"

Oz (Y=t + pd=t(z))"

Suppose that y > 0 and = > 0. Then obviously Si(z,y,a) > 0. If we
suppose y > 0 and x < 0, then we have

o a—1
(v°7" = plel) < a (v7" = ple1) T (—plel) <0

and hence g—i(x, y,a) < 0.

(ii) The statement is obvious if u = 0. Hence, suppose p > 0. For
the case y > 0, (ii) follows from (i) and from the fact that S(0,y,«) = 0.
One can observe that the function S(z,y, ) with arbitrary fixed y < 0 and
®~1(y) +p®(z) > 0 is increasing with respect to the first variable for z >
(2/1)*yl, decreasing for |y| < @ < (2/p)*Hy| and S((2/p)* 'yl y,a) >
0. The statement now follows from the continuity of S.

To prove the property (iii) first note that for g > 0 the function S can
be rewritten as

1\ -«
S,y.a) =2 1—<1+u(5)" ) ,
u y
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1

while for p = 0 it takes the the form S(z,y,a) = (o — 1)z (z/y)>-T . Differ-
entiating S with respect to «, using the known rules, we get

a8

90— gt (L pz) In(l 4 pz) = pzin 2]

in case when g > 0. If 4 = 0, then we obtain 95/0a = z(z — zIlnz) and,
using L’Hopital’s rule, we have v = z — zIn z. In view of the assumptions of
the lemma, Remark 7.1 (i) below, and the equality

P ﬁ -«
lim = S 1—<1+A<§> )
1\ -
_(% grb; 1—<1+/\<§>a1> ,
we get the statement.

(iv) Similarly as in the first case we get

85( ) —|x|? <0

5 &Y, a) = —

oy Y T @ () ¥ pd (@) > 0)°

and so the statement follows. O

Remark 7.1. (i) It is easy to see that if ;> 1, then v > 0, since

1+
In(1+ pz) + pzln %
o

On the other hand, if x € [0, 1), then z being small (more precisely, z < 1,
but in fact the right-hand side may be greater than 1, it depends on p) is a
sufficient condition for v to be nonnegative. We notice how the graininess
function plays the role in the monotone nature of S. Observe that S is not
always nondecreasing with respect to «, even when x,y > 0.

(ii) In view of the last remark, if, for example, w(t) > 0, r(t) > 0,
lim o w(t) = 0 and liminf, o 7(t) > 0, then W > 0 for large
t. It is clear that the last two conditions may be dropped when pu(t) > 1
eventually.

The method of oscillation theory for (3.1), which uses the ideas of the
following lemma (and also of Lemmas 7.4 and 7.5), is usually referred to
as the Riccati technique. Important roles in the proof are played by the
Roundabout theorem and the Sturmian comparison theorem.
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Lemma 7.2 (Riccati Technique). a) The following statements are equiv-
alent:

(i) Equation (3.1) is nonoscillatory.
(ii) There isa € T and a function w : Z, — R such that (5.3) holds and

Rwl(t) =0 for tel,.

(iii) Thereisa € T, a constant C € R and a function w : T, — R such that
(5.3) holds and

w(t):C—/{p—l—S[w,r]}(s)As for tel,.

(iv) There is a € T and a function w : Z, — R such that (5.3) holds and

Rlw]|(t) <0 for te,.

(v) There is a € T and a functiony :Z, — R

(ryy?)(t) >0 and {y"Lyply}(t) <0 for tel,. (7.1)

b) Suppose that there is a € T, a constant C' € R and a function w : Z, — R
with (5.3) such that r(t) > 0 and either

w(t) > C — /t{p—i—S[w,r]}(s) As >0

or

t
w(t) < C—/ {p+ Slw,r]}(s) As <0

fort € Z,. Then (i)-(v) from part a) hold. If, in addition, f(: p(s) As — oo
as t — oo, then the above condition is necessary for (i)—(v) (here we do not
need to assume r(t) > 0).

Proof. To prove part a) we show the following implications:

(i)=-(ii): This implication follows from the Roundabout theorem since
nonoscillation of (3.1) implies existence of a € T such that (3.1) is disconju-
gate on Z,.

(ii)=-(iii): Trivial.

(iii)=(iv): Trivial.
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(iv)=(v): Let w satisfy R{w] < 0 with (5.3) on Z,. Further, y(t) =
€q—1(w/r)(t;a), t € L, is a solution of the initial value problem

yt =0 <%> y, yla)=1.

Note that this problem has exactly one solution. Clearly, y(¢) # 0 since

{10t (2) 0 = { g @ 0+ ue ) L0 #0

and, moreover, (ryy?)(t) > 0 since

a

{r(I) (y—) } (t) = (& (r) + u® ' (w))(t) > 0.

Yy
Further,
Pl = wlrOBEA) + phyp) - LTI
3()3(y°)
R @)
P (y)2(y7)
e o (rP(YR) A R(y) — (1) P(yR)(R(y)A
= ¥ O(y7) 3)50°)
ol TR (@ (1)
+y71"p(t) + |v7] S 05°)

= W[*"Rlw] <0,

hence (v) holds.
(v)=(i): Suppose that a function y satisfies (7.1) on Z,. Then

p(t) == —{y"Lrplyl} (1)

is a nonnegative function on this interval. Set 7#(¢) = r(t) and p(t) = p(t) —
¢(t)/ly”|*. Then p > p and

_ _ - p(t o
(FOB) +p0207) = (0202 + (30) ~ E100 ) #07) =0,
Thus the equation (7(£)®(y>))® + p(t)®(y°) = 0 is disconjugate on Z.
Therefore, (3.1) is disconjugate on Z, as well by the Sturm type comparison

theorem (Theorem 6.1) and hence nonoscillatory.
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To prove part b) we show that the assumptions imply (iv). Let

v(t)=C— / {p+ S[w,r]}(s) As.
Then v2 + p(t) + S[w, 7](t) = 0. Obviously,
{271 (r) + p@~ ()} () = {71 (r) + pmin{0,w}}(t) > 0.

We have w > v > 0 or w < v < 0 and hence S[w,r] > S[v,r| by Lemma 7.1.
Therefore we get R[v](t) < 0 for t € Z, and so (iv) holds. The part concern-
ing necessity is obvious. O

In the next lemmas we describe other asymptotic properties of solutions
of (5.1). First we show that, under certain assumptions, an eventually pos-
itive solution of a (nonoscillatory) equation (3.1) has an eventually positive
delta derivative. Consequently, (5.1) has a positive solution.

Lemma 7.3. Assume

t
liminf [ p(s)As>0 and #0 (7.2)

t—o00 T

for all large T and
r(t) >0, / 1B (s)As = co. (7.3)

If y is a solution of (3.1) such that y(t) > 0 fort € [T, 00), then there exists
S € [T, 00) such that y>(t) > 0 fort € [S, 00).

Proof. The proof is by contradiction. We consider two cases:
Case 1. Suppose that 32 (t) < 0 for t € [T, 00). Then also [®(y)]*(t) < 0
for t € [T, 00) since

d

= d—y‘P[y(f)]yA(t) = (a = 1)|y©|* 2> (t) <0

A
()20
by Lemma 2.1 (vii), where t < ¢ < o(t). Another argument for [®(y)]?(t) <
0 is that if y is decreasing, then ®(y) is decreasing as well because of the
properties of the function ®. Without loss of generality we may assume
that T" is such that f:,fp(s)As >0, t € [T,0), reasoning as in [19, Proof of

Lemma 13|. Define Q(¢,T) = f:ﬁp(s)As. Integration by parts gives

/ P(5)B (% (5))As = /T QA (5, T) 0 (5 (5)) As

T
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= Q1) / Q(s, T)[®(y(s))]*As > 0.

Integrating (3.1) we have, using the last estimate,

Hence

TN Ty (T)
ri(t)

for t € [T, 00). Integrating (7.4) for t > T we see that y(t) — —oo by (7.3),

a contradiction. Therefore, 4 (t) < 0 cannot hold for all large ¢.

Case II. Next, if y®(t) # 0 eventually, then for every (large) T € I,
there exists Ty € [T, 00) such that y>(Tp) < 0 and we may suppose that
liminf; f:ﬁp(s)As > 0. Since y(t) > 0 for ¢t € [T, o), the function w(t) =
r(t)® [y>(t)/y(t)] satisfies the generalized Riccati equation (5.1) with (5.3)
for t € [T, o). Integrating (5.1) from Ty to ¢, t > Ty, gives

v (t) < (7.4)

w(t):w(To)—/ p(5)As — | S(w,r)(s)As.

To To

Therefore, it follows that limsup,_,., w(t) < 0, using the facts w(Tp) < 0,
(t) is eventually nontrivial, and (7.2). Indeed, there is M > 0 such that

fT s)As > M and fT p(s)As > —M /2 for all large t. Hence there
ex1sts T1 [T 00) such that w(t) < 0 for t € [T1,00) and so y>(t) < 0 for
t € [T1,00), a contradiction to the first part. O

In the next lemma, a necessary condition for nonoscillation of (3.1) is
given in terms of solvability of a generalized Riccati integral inequality in-
volving improper integrals, under certain assumptions. Note that a closer
examination of the proof of Theorem 10.1 shows that this condition is also
sufficient.

Lemma 7.4. Let the assumptions of Lemma 7.8 hold and assume further
that

o) t
/ p(s)As = lim [ p(s)As is convergent. (7.5)

t—o0 a

Let y be a solution of (3.1) such that y(t) > 0 for t € [T, 00). Then there
exists Ty € [T, 00) such that

w(t) > /t " p(s)As + /t ~ S(w,r)(s)As (7.6)

for t € [Ty, 00), where w(t) = r(t)® [y>(t)/y(t)] >0
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Proof. By Lemma 7.3 there exists T} € [T, 00) such that w(t) > 0 for ¢ €
[T7,00) and w satisfies (5.1) for ¢ € [T, 00) (clearly, with (5.3)). Integrating
(5.1) from t to s, s >t > Ty, gives

wie) ~w®)+ [ pOAC+ [ Stn©ac=o. (.7)
Therefore,
0<ule) =ult)~ [ pOA - [ Swreae,
and hence
wi) = [ pOac+ [ Stwnoac
for s >t > T7. Letting s — 0o we obtain (7.6). 0

If we strengthen the assumptions of the previous lemma somewhat, then
we may prove that there is a solution of (5.1) which is monotone, tending to
zero and satisfies a certain integral equation involving improper integrals.

Lemma 7.5. Suppose that (7.3) and (7.5) hold with p(t) > 0 (which is
eventually nontrivial). Let y be a solution of (3.1) such that y(t) > 0 for
t € [T,00). Then there exists T1 € [T,00) such that the function w(t) =
r(t)® [y>(t)/y(t)] > 0 is positive, nonincreasing, tends to zero and satisfies

w(t) = /too p(s)As + /tOO S(w,r)(s)As (7.8)

fort € [T, 00).

Proof. From Lemma 7.3 there exists T1 € [T, 00) such that w(t) > 0 for
t € [Th,0). Note that this can actually be proved even much easier since
p(t) is nonnegative here. Further, w satisfies (5.1) with (5.3) on [T, 00). The
fact that w?(t) < 0 for t € [T}, 00) follows from (5.1). Next we show that
w(t) — 0 as t — oco. Since y is positive and increasing, it either converges
to a positive constant L or diverges to oo. First suppose that y(t) — oo as
t — co. Then, since r(t)®[y>(t)] is nonincreasing, we have

_r(9lA) _ rTelAm)]
CO="0nm S e

as t — oo. Now, if y(t) — L as t — oo, then r(t)®[y>(t)] — 0 as t — oo
and, consequently, w(t) tends to zero as t — co. To see that r(t)®[y>(t)]
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converges to zero, note first that it converges since it is positive and nonin-
creasing. If, however, 7(t)®[y>(t)] converges to a positive constant K, then

we get
t

y(t) = y(Th) + Kﬁl/ r=8(s) As — oo

T
as t — 0o, which contradicts the boundedness of y. Finally, the fact that y
satisfies (7.8) on [T7, 00) follows from (7.7). O

Remark 7.2. Clearly, solvability of (7.8) is also a sufficient condition for
nonoscillation of (3.1).

7.2 Variational Principle

Another method, known from the oscillation theory of (LDE) and now ex-
tended also to the half-linear time scales case, is the so-called variational
principle. It is based on the equivalence (i)<(iv) from the Roundabout
theorem. More precisely, we use the following two lemmas.

Lemma 7.6. Fquation (3.1) is nonoscillatory if and only if there exists
a € T such that

Figia.00) = [ (€N~ b7} (0 At > 0
for every nontrivial £ € U(a), where
Ua) :={£ € Cp(Za,R) : b>a with &(t) =0 if t € (a,b)}.
Lemma 7.7. Equation (3.1) is oscillatory if and only if for any a € T there

exists a (nontrivial) admissible function £ € U(a) with F(§;a,00) < 0.

8 Oscillation Criteria

As an application of the above described methods we give oscillation (in
this section) and nonoscillation (in the next section) criteria for (3.1). Our
oscillation criteria unify and extend those presented in [12, 13, 14, 38, 41].
We start with an extension of the well-known Leighton-Wintner criterion
(see also [6, 10]).

Theorem 8.1. Suppose that (7.3) holds. If

/00 p(t) At = 00, (8.1)

then (3.1) is oscillatory.
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Proof. According to Lemma 7.7 it is sufficient to find for any ¢ € Z, a
nontrivial function ¢ satisfying £(¢) = 0 for ¢ € [a, ] U [d, ), where ¢ < d,
d € Z,, (then ¢ is admissible), such that

F(Ee.d) = / {632 — plé”]*} (1) At <.

Let tq,t9,t3,t4 € Z, be such that a < t1 < t5 < t3 < t4. Define the function
§ by

p

0 for t € [a, t1],
~1
(fttlr ) ( ttf 1-6(s )As) for ¢t € [t1,ta],
f(t) = 1 for t € [tg,tg],
tg 1— ﬁ 2 r1-5 -1
(ft r ) ( T (s )As) for t € [t3,t4],
0 for t € [t4,00),

which yields £(t1) = £(t4) = 0, £(t) > 0 for ¢ € (t1,t4) and £ € C}(Z,). Using

integration by parts, we have

/ Cr(n)leB (1) Ar = / Cr(t)€5 (1)) At + / A () At

+f “r(t)\sA(t)\“At
_ [{ﬁr@ £A / {ga (r® §A A}
+ [{era(ed)) / (7 (rB(€2)2) (1)

= f(t2)r(t2)q’(§A(t2))—5(153) (t3)®(£2(t3))

— (/f2 ri =P (t) At)la + </tt4 =P (t) At>1a.

Further, |¢|* € C; is monotone on [t1, %] and on [t3, 4] since (|¢]*)? is equal
to

alm (B 1A (2) = alm (£)]*~r1=(1) ( / 1B () As>_ -0

t1

for t € [t1,12]", and equal to

to -1
olma(t)]* €M (1) = —alp (BB (8) </ rl—ﬂ<s>As> <0
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for t € [ts,t4]", where ny(t),n2(t) are between £(t) and £7(t). Hence, by
Lemma 2.5, there exists s1 € [t1,t2]" such that

to s1 t2
/ PO DAL > [€(tr)]° / p(s) At + [€(t2) 7 / p(s) At
t1 t1 S1
1)
= / p(t) At
and, similarly, there exists so € [t3,%4]" for which
tq S92 ty
/ POIE DAL > €(ts)[° / p(s) At + [€(ta) | / p(s) At
t3 t3 52

- /t p(t) At

Using these estimates we get

F(§) < (/: r8(t) At)l_a + </: () At)l_a — /jp(t) At.

-«
Now, denote M = ( fttf r1=B(t) At) and let £ > 0 be arbitrary. According
to (8.1), the point ¢3 can be chosen in such a way that fstl p(s)As > M +¢
-«
whenever ¢ € [t3,00). Since (7.3) holds, we have (ff; 1B (s) As) <,
if t4 is sufficiently large. Summarizing the above estimates, if t3,t4 are

sufficiently large, then we have F(§;t1,t4) < M + ¢ — (M + ¢) = 0, which
completes the proof. O

In the case when faoo p(t) At is convergent, we can use the following
criterion, which can be understood as a generalization of the Hinton—Lewis

criterion. Denote
o0
/ p(s) As.
t

Alt) = < / t 1B (s) A5>a

Theorem 8.2. Suppose that (7.3) and (7.5) hold. If

-1

lim A(t) > 1, (8.2)

t—o00
then (3.1) is oscillatory.

A closer examination of the proof shows that “lim” in (8.2) can be re-
placed by “liminf”.
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Proof. Let the function £ be the same as in the proof of the previous theorem.
Hence we have

F§) < (/: r=8() At)la + </: =B (1) At> o - /:2 p(t) At,

where a < t; <ty < t3 < t4, $1 € [t1,t2]" and so € [t3,t4]". Now, let € > 0
be such that the limit in (8.2) is greater than or equal to 1 + 4¢. According
to (8.2), t; may be chosen in such a way that A(t) > 1+ 3¢ for ¢ € [t1,00).
Obviously, there is to > t; such that

</at2 r=A(t) At)a_l (/: rA(t) At)l_a <l+e.

In view of the fact that A(t) > 1 + 3¢, there is t3 > t3 such that

(/atrl_ﬁ(s) As) " /tTp(S) As > 142

for 7 € [t3,00). Finally, since (7.3) holds, we have

</at2 r=A(t) At) " </:4 =B (t) At) o <e,

if t4 is sufficiently large. Using these estimates, the fact that f(f r1=B(s) As
is positive and increasing with respect to ¢ € Z, (this means that we have
ff ri=P(s)As > [*r1=F(s) As) and [2p(s)As > 0 if 51,50 € Z, are
sufficiently large, we get

F(&) = (/&tzr”(tmt)l_a (1+ete—1-2)=0,

which yields the desired result. O

In the next theorem we prove by using the Riccati technique that if some
assumptions of Theorem 8.2 are strengthened, then the constant on the
right-hand side of (8.2) can be lowered. We can also see how the application
of different methods to the same problems gives different results.

Theorem 8.3. Suppose that (7.3) and (7.5) hold with p(t) > 0. If there
exists a constant M > 0 such that

p(t)rt=B ) < M for all large t (8.3)
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and

. 1 /a—1\*"
htm inf A(t) > — , (8.4)

@ o
then (3.1) is oscillatory.
Proof. Suppose by contradiction that (3.1) is nonoscillatory. Then the as-

sumptions of Lemma 7.5 are satisfied and so there exists a positive decreasing
function w converging to zero, which satisfies (7.8) for large ¢. Multiplying

a—1
this equation by (f(f =B (s) As) , we get

w(t) ( / ") As) L <fif_(:(:§jﬁfa +A®). (8.5)

Suppose that v := liminf; , (fj =P (s) As)a ' w(t) < oo (if v = oo, then
a contradiction can be obtained even easier than for v < oo, as it can be
seen from the text below). We claim that (8.3), (8.4) and (8.5) imply the
existence of € > 0 such that

1 a—1 a-1 8
v>— +e+9". (8.6)

[0 (0]

To see this, first note that the expression

(/too S(w,r)(s) As> (/at P(5) AS)a—1

is in fact of the type “0/0”, and so L’Hopital’s rule on time scales (see [3, 8])
can be used in order to investigate its behavior in a neighborhood of co.
Further, the identities

7 S(w,r)(s) As]® —S(w,r)()
[(f 15 () AJM]A o)

na—2w59a7ﬁ—1 -
s s | €= 10

hold, where f(j r=P(s) As < O(t) < f:(t) r1=P(s) As and rP1(t) < n(t) <
rP=1(t) + p(t)wP=1(t), by Lemma 2.1 (vii) and the alternative form of S
given by (5.2). The function H can be estimated as

. a—1 FB-1 o uwBhHoe—2
H) > w(t) (/a rlfﬁ(s) As) 7nﬁfl(t)( (rﬁj; %M%_l)azl(t)(t)
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= w trl_ﬁ s) As o (1_’_5&_2#(10/74),871)&72(15)
= v ([ 1w A

where
5 1 forl<a<?,
271 0 fora>2.

Now it is easy to see that for any 1 > 0 one has H(t) > v%(1 — &;) for all
sufficiently large t. Moreover, condition (8.4) implies the existence of €3 > 0

such that A(t) > é (O‘—fl)a_]L + &9 for sufficiently large ¢t. Clearly, 1 and

o
5 can be made to satisfy eo — 197 =: ¢ > 0, and so (8.6) follows. Since

AP —A+1 (O‘T_l)a_1 >0 for all A € R, we get a contradiction. O

9 Nonoscillation Criteria

As a further application of the introduced methods we give two nonoscillation
criteria that generalize those presented in [13, 15, 26, 38].

Theorem 9.1. Suppose that (7.3) and (7.5) hold. Further assume that

t)ri=o(t
m M = 0. (9.1)
t=oo [ r1=B(s) As
If
20 -1 (a—1\*"" 1 fa—1\""
— ( > < liminf A(t) < limsup A(t) < — < > ,
o « t—00 t—00 « o

(9.2)

then (3.1) is nonoscillatory.

Proof. By Lemma 7.2 it is sufficient to show that the generalized Riccati
dynamic inequality R[w](¢) < 0 has a solution w with (5.3) in a neighborhood
of infinity. Set

where C is a suitable constant which will be specified later. By Lemma 2.1

we have
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where fjr Bs)As < B(t) < fa(t) 1-6(s) As. Further, we know that for
the function 7 appearing in the operator S (in the form defined by (5.2)), n
is between ®~1(r) and ®~!(r) + p®~!(w). Hence

It — w7 < < pfw )P

Let C = ((« — 1)/a)®. Then

[ = ([ m) " [

f(f r1=B(s) As

as t — oo according to (9.1) and therefore

ps—1

q)—l
P pd N (w) = Pt (1 TR () ﬂ(fu)) >0
r

for large t € T and so (5.3) holds. Further, the assumption (9.2) implies the
existence of £ > 0 such that

a—1 o a—1
—2a_1<a_1> +25<A(t)<l<a 1) — 9z

« « (07 «

for t sufficiently large, say ¢ € [t1,00). Therefore, |C' + A(t)| + & < CcF—¢

1
Thls clearly implies the existence of € > 0 such that |C' + A(t)|(1 +¢)F <
c (1-— 5) and hence

IC+A®)|P(1+e) <C(1—¢) (9.4)

for t € [t1,00). Now, for a given € > 0, there exists to € T such that
r(t) > p®)lw®)]’~" a

Lo o), (Lo V'
~ 7T 0(s) A ]

for t € [t2,00), since (9.1) implies

) f;(t) rl_ﬁ(s) As ] f; rl_ﬁ(s) As + fta(t) rl_ﬁ(s) As
lim ; = lim 7
t—o0 fa r1=B(s) As t—o0 fa r1=B(s) As
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. (HM>:1

t—oo f; r1=B(s) As

Let t2 € T be at the same time so large that the following estimate holds for
t € [tg,00):

Pt s — 2]
(PP )™ = e w/r) ]
[1-+ sgn(a — 2)pfw/r* 1}

T Ut i(wnet S EE

Multiplying (9.4) by (a — 1)rt=7 (fcf =P (s) As) " and using the above

estimates, at each t € [max{t1,t2}, 00) we have

0 > —(a—1)Cr? (/atrl—ﬁ(s) As)_a(1+a)

+(a—1)|C + APrt=? (/t =B (s) As> B (1+4¢)
> (1—a)Crt P —p+p
(0= DIC+ AP ([1r10(s) As) |
@)+ 1))
(o = D]w|?|y[*
(©=H(r) + p@~ 1 (w))> !
= w® +p+ Sw,r],

_l’_

= wA—Fp—i-

which completes the proof. O

The following theorem completes the previous statement and treats the
« 9 oo 1-48
complementary” case [ r'"7(s) As < oo.

Theorem 9.2. Suppose that r(t) > 0 fort € I,, [ r1=5(s) As is conver-
gent and

0P
t—00 ftoo ri=B(s) As

o o=l ot 1 (fa—1\*"
lim sup </ =8 (s) As) / p(s) As < — < )
t—o00 t a (67 (67

= 0. (9.5)

If
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and

o aml ot 20—1 [ —1\*"
lim inf (/ =8 (s) As> / p(s) As > — ( > (9.6)
t—oo \ J; u a a

then (3.1) is nonoscillatory.

Proof. We set

w(t) = C (/too P15(s) As) oy /atp(s) As,

and then the proof is similar to that of the previous theorem. O

Remark 9.1. We can see that conditions (9.1) and (9.5) (and also (8.3))
hold trivially in the continuous case. However, we needed these conditions
in our proofs and it is an open problem whether they are really necessary or
they are just needed because of the methods we used. A closer examination
of the proofs reveals that the main reason why we needed these assumptions
is the absence of the “natural” chain rule for computing the derivative of
composed functions like in (9.3).

Let A < 0. Denote by wmax()) the greatest root of the equation |z|'/# +
2+ A =0. If iminf, o0 A(t) > 201 (4=1)*7 ! ipy (9.2) fails to hold, then
we have the following criterion that completes Theorem 9.1.

Theorem 9.3. Assume that (7.3), (7.5) and (9.1) hold. If
1
. o 7 o
h?iigp A(t) < [wmax (hg)(l)rolf A(t))} — Wimax (hgg}f A(t))

and

20 —1 fa—1\*"!
—o0 < liminf A(t) < — a <a > ,
t—o0 o (6

then (3.1) is nonoscillatory.

Proof. The proof is similar to that of [26, Theorem 1.6]. O

Remark 9.2. If (9.6) fails to hold, then, similarly as above, we can state a
complementary criterion to Theorem 9.2. The details are left to the reader.

Before the next statement, which is a generalization of [26, Theorem 1.9]
and [38, Theorem 9], we introduce some notation. Set

B(t) = ( / 118 (s) As) / t ( / "B () Au)a p(s) As.

-1
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Denote by ymin the smallest root of the equation

20 —1 fa—1\"""
(= 1))z’ + az + a (a ) =0.
a a

Theorem 9.4. Assume that (7.3), (7.5) and (9.1) hold. If

Ymin T

(0}

20— 1 faa—1
«

a—1 ot
> < litminfl’)’(t) < limsup B(t) < (a 1) ;

«
(9.7)
then (3.1) is nonoscillatory.

Proof. In order to prove the statement, the technique of the proof of The-
orem 9.1 is combined with that of [38, Theorem 9]. In view of this fact we
may omit details. Notice only that the function

w(t) = </t P18 (s) As> o l%‘a_ ! (O‘; 1>a1 _ B

is shown to satisfy Rw] < 0 with (5.3) in a neighborhood of infinity, and
consequently the statement follows from Lemma 7.2. O

The following statement completes the previous one in the case that (7.3)
fails to hold.

Theorem 9.5. Suppose that r(t) > 0 fort € I,, [°r'7P(s) As < co and
(9.5) hold. If limsup,_,.. B(t) < (0‘—71)0[ and

(67

s 20 —1 fa—1\**
lim inf B(t) > Ymin + , (9.8)
t—o00 (6 (0%

B(t) = (/too B (s) As> - /too (/OO B (w) Au)ap(s) As,

then (3.1) is nonoscillatory.

Proof. We set

=) P ()
(a0 ) o

and then proceed as in the proof of the previous theorem. O

I
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Let Ay > —1land 0 < \g < (“T_l)a Denote by dmax(A1) and @max(A2)
the greatest roots of the equations
(a—DzlP+ar+X =0 and (a—1)|z|’ = (a—1)z+X =0,

respectively. If the first condition in (9.7) fails to hold, then we have the
following complement to Theorem 9.4.

Theorem 9.6. Assume that (7.3), (7.5) and (9.1) hold. If

lim sup B(t) < litm inf B(t) + Ymax (htm inf B(t))

t—o00

. [hgigfzs(t) + Pmax (ligg};}f B (t))}

and

o 20 —1 fa—1\""!
—o0 < liminf B(t) < Ymin + ’
t—o0 « Q

then (3.1) is nonoscillatory.
Proof. The proof is similar to that of [26, Theorem 1.9]. O

Remark 9.3. In a similar way as above, we can state a complementary
criterion to Theorem 9.5 in case that (9.8) fails to hold.

10 Comparison Theorems

In Section 6 we proved an extension of a classical result — the Sturm type
comparison theorem. In this section we present other types of comparison
theorems for (3.1) and one comparison theorem for (5.1). The first one ac-
tually contains two statements. First, we give a condition in terms of an
inequality between the integrals [ p(s)As and [ P(s)As (i.e., we com-
pare the coefficients “on average”; note that in the classical Sturm type the-
orem the coefficients are compared pointwise). This statement unifies and
generalizes [31, Theorem 2| and [44, Theorem 4], and for historical reasons
it can be called of Hille-Wintner type. Note that in [31] (this paper con-
cerns (HLDE)), the coefficient p(¢) is assumed to be nonnegative. Second,
we assume a condition in terms of an inequality between the exponents of
the power function ®. This enables, among others, to compare a half-linear
equation with a linear one. Note that, in this sense (that is, the relation
between two equations with different nonlinearities), the statement is new
even in the continuous case (i.e., when T = R). In the proof we combine the
Riccati technique with using the Schauder fixed point theorem.
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Along with (3.1) consider now the equation
[R(t)®a ()] + P(t)®s(27) =0, (10.1)

where R and P satisfy the same assumptions as r and p, and ®5(z) =
|z|% L sgnx with & > 1.

Theorem 10.1. Assume 0 < R(t) < r(t),

0< /t T p(5)As < /t " P(s)As (10.2)

for all large t (in particular, these integrals exist as finite numbers and are
eventually nontrivial with respect to t),

/ RI_B(S)AS =00

with B being the conjugate number to &, and 1 < a < &. Further suppose
that liminf; oo R(t) > 0 when u(t) ? 1 eventually (if p(t) > 1 eventually,
then this condition may be dropped — see also Remark 7.1). If (10.1) is
nonoscillatory, then so is (3.1).

Proof. By Lemma 7.4, the assumptions of the theorem imply the existence
of a function z (actually, z = R®4(z>/x), x being an eventually positive
increasing solution of (10.1)) and 7" € Z, such that

z(t) > /tOO P(s)As + /tOO S(z(s), R(s);a)As =: Z(t)

with z(t) > 0 for t > T. Without loss of generality, we may assume that
(10.2) holds for t > T. Define the set

Q={we CET, 00): 0 <w(t) < Z(t) for t > T}

and the operator 7 : Q — CE([T, 00) by

T (w)(t) = /t  p(s)As + /t " S(w(s), B(s); a)As

for w € 7. In view of the assumptions of the theorem and the properties of
S, the operator 7 is well defined. It is very easy to see that € is closed and
convex.

Let us show that 7 maps € into itself. Suppose that w €  and define
v(t) = T(w)(t), t > T. Obviously, v(t) > 0 for t > T. We prove that v(t) <
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Z(t). First note that since w € € is small for large ¢ and lim inf;_,o, R(t) > 0
(provided pu(t) # 1 eventually), we have w(t)/R(t) < 1 for large ¢ (without
loss of generality we may suppose that 7' is such that Z(t)/R(t) < 1 for
t > T in case u(t) 2 1 eventually), and so the assumptions of Lemma 7.1
(ili) are satisfied (see also Remark 7.1). Now we get

v(t) = /toop(s)As+/tOOS(w(s),R(s);a)As
< /t P(s)As—l—/t S(w(s), R(s);@)As < Z(t)

by the assumptions of the theorem and by Lemma 7.1. Hence 7 (Q2) C Q.

According to Lemma 2.6, to prove the relative compactness of 7 (£2), it is
sufficient to verify that conditions (i)—(iii) hold for 7(€2). Clearly, 7(2) C Q
implies the boundedness of 7(£2). In view of the definition of 7, for any
w € Q we have

0 < ~(T(w)2(t) = p(t) + S(w(t), R(t);a) < p(t) + S(=(t), R(t); ),

which proves equicontinuity of the elements of 7 (€2). Finally we verify that
7 (2) is “uniformly Cauchy”. Let £ > 0 be given. We have to show that there
exists tg € [T, 00) such that ¢, ¢y € [tg, 00) implies |7 (w)(t1) —7 (w)(t2)| < €
for any w € 2. Without loss of generality, suppose t; < to. Then we have

/t :2 p(s)As

Since the integrals in (10.3) are convergent, for any ¢ > 0 one can find
to € [T, 00) such that

/t t p(s)As

whenever ty > t; > ty. From here and (10.3) we get the desired inequality.
Hence 7 (2) is relatively compact.

The last hypothesis, which has to be verified, is the continuity of 7 in €.
Let {wy nen be a sequence in © which converges uniformly on every com-
pact subinterval of [T, 00) to w € Q. Because 7 () is relatively compact, the
sequence {7 (wy,)} admits a subsequence {7 (wy,)} converging in the topol-
ogy of CR4[T,00) to v. The inequality S(wy, (t), R(t); ) < S(2(t), R(t); &)
implies the total convergence of [, S(wn,(s), R(s);)As. Hence, by the
Lebesgue dominated convergence theorem on time scales, see [35], the se-
quence {7 (wp;)} converges to 7 (w). In view of the uniqueness of the limit,

+ : S(w(s), R(s);a)As.  (10.3)

t1

T (w)(t1) = T (w)(t2)] <

t2

< % and S(w(s), R(s);a)As < g

t1
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7 (w) = v is the only cluster point of the sequence {7 (w,)}. This proves
the continuity of 7 in €.

Therefore, it follows from Proposition 2.4 that there exists an element
w € Q such that 7(w) = w. In view of how the operator 7 is defined, this
(positive) function w satisfies the equation

wit) = [ pas+ [ St R(s)a)as

t > T, and hence also the equation w® + p(t) + S(w, R;a)(t) = 0, clearly,
with @~ !1(R) + u®~!(w) > 0. Consequently, the function y given by

w(t)

y(T)=A#0 and y* = (W)B_ly,

t > T, is a nonoscillatory solution of
[R()2(y™)]* + p(t) 8 (y7) = 0,

and hence this equation is nonoscillatory. The statement now follows from
Theorem 6.1. O

Remark 10.1. (i) A closer examination of the proof shows that the neces-
sary condition for nonoscillation of (3.1) in Lemma 7.4 is also sufficient.

(ii) It is not difficult to see that if the assumptions of Lemma 7.5 are
satisfied, then the comparison theorem involving the condition in terms of
the inequality between exponents of the nonlinearities can be proved im-
mediately by the Riccati technique without using the Schauder fixed point
theorem. Indeed, let w be a solution of (5.1) which is positive and tends to
zero. Therefore

0 = w?(t) +p(t) + S[w,r3 0] = w?(t) + p(t) + S[w, 3]

for large ¢ provided a > @ > 1 and liminf; oo 7(¢) > 0 (when u(t) # 1
eventually). The fact that

[r(£)@a(y™)] > + p(t)@s(y”) =0

is nonoscillatory then follows from Lemma 7.2. Finally notice that if () > 1
eventually, then this simple proof can be used even under the assumptions
of the theorem since we do not need a solution of (5.1) to be close to zero.
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Now we mention a few background details which serve to motivate our
next result. Along with equation (3.1) consider the equation

[r(H®(y™)]* + () P(y7) = 0, (10.4)

where A is a real constant and assume r(¢f) > 0. We claim that if (3.1) is
nonoscillatory and 0 < A < 1, then (10.4) is also nonoscillatory. If p(t) > 0,
then this statement follows immediately from the Sturm theorem. If p(¢)
may change sign, then dividing (10.4) by A yields an equivalent equation
which is nonoscillatory by the Sturm theorem. This can be analogously
done for oscillatory counterparts. If the constant A is replaced by a function
q(t), then the situation is not so easy (when p(¢) may change sign; otherwise
the Sturm theorem can be applied immediately). The following statements
give the answer to the question: “What are the conditions which guarantee
that (non)oscillation of (3.1) is preserved when multiplying the coefficient
p(t) by a function ¢(¢)?”. They generalize [19, Theorem 7 and Corollary 8|.
Along with (3.1) consider the equation

[R(H)®(x2)]> + q(t) P(1)®(27) = 0, (10.5)
where R and P satisfy the same assumptions as r and p.

Theorem 10.2. Assume g € C1y(Z,), r(t) < R(t), P(t) < p(t), 0 < q(t) <
1, ¢»(t) < 0. Further, let (7.2) and (7.3) hold. Then (3.1) is nonoscillatory
implies (10.5) is nonoscillatory.

Proof. The assumptions of the theorem imply that there exist a solution y of
(3.1) and T € Z, such that y(t) > 0 and y*(t) > 0 on [T, 00) by Lemma 7.3.
Therefore, the function w(t) := r(t)®(y>(t)/y(t)) > 0 satisfies (5.1) with
(5.3) on [T, 00). We have

_wq i
¢S[w,r] = Jim = (1 D@ ()2 (r) + W‘l(Q)‘I"l(w)])

Now, multiplying (5.1) by ¢(t), we get

0 = w?(®)qt) +pt)q(t) + Slqw, qr](t)
w?(t)q(t) + P(t)q(t) + Slqw, qr](t)
w? (t)g(t) +w’ (t)g™ (t) + P(t)q(t)

(t)

) + S[qw, qr](t)
= (wg)®(t) + P(t)q(t) + Slqw, qr](t
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for t € [T, o). Hence the function v(t) = w(t)q(t) satisfies the generalized
Riccati inequality

VA1) + P(t)a(t) + Slv. gr)(t) <0
with
{07 (gr) + n@ 7 (0)} (1) = 27 (@) {8 () + u® (W)} (1) > 0
for t € [T, 00). Therefore, the equation
[a(B)r (D)2 + () P(1)B(27) = 0 (10.6)

is nonoscillatory by Lemma 7.2, and so (10.5) is nonoscillatory by Theo-
rem 6.1 since q(t)r(t) < r(t) < R(t). O

Theorem 10.3. Assume q € C!,(Z,), 0 < R(t) < r(t), p(t) < P(t), q(t) >
1, ¢™(t) > 0. Further, let

lim inf /t q(s)P(s)As >0 and #0 (10.7)

t—o0 T

for all large T and
/ R7P(s)As = .

Then (3.1) is oscillatory implies (10.5) is oscillatory.

Proof. Suppose by contradiction that (10.5) is nonoscillatory. Then there
exist a solution « of (10.5) and T € Z, such that x(t) > 0 and z2(t) > 0 on
[T, 00) by Lemma 7.3. Therefore, the function v(t) := R(t)® (x> (t)/z(t)) > 0
satisfies

v2(t) + q(t)P(t) + S[v, R)(t) = 0 (10.8)

with {®~1(R) + p® ' (v)} (£) > 0 on [T, 00). We have

At)g(t)  v(t)gA () (v(t))A
0) ()

v
[
I

at right-dense ¢, while

vAM) 07t o) v (t) v(t) (v(t))A
qt)  p)gt)  w(t)q(?)
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at right-scattered ¢. Dividing (10.8) by ¢(¢) and using the above estimates,
we get

A R
0 = o00) —l—P(t)—i—q(t)S[ , R](t)

t
(6) +ro+s il

for t € [T,00). Hence the function w(t) = v(t)/q(t) satisfies the inequality
wh(t) + p(t) + S[w, R/q] (t) < 0 with {&"1(R/q)+ & 1(w)} > 0 for t €
[T, 00). Therefore the equation

R(t A .
Moo +p0e) -0 (109)
q(t)
is nonoscillatory by Lemma 7.2. Now, since R(t)/q(t) < R(t) < r(t), equa-
tion (3.1) is nonoscillatory by Theorem 6.1, a contradiction. O

Remark 10.2. A closer examination of the proofs shows that the last two
theorems can be improved in the following way (assuming the same condi-
tions):

e Theorem 10.2: If (3.1) is nonoscillatory, then (10.6) is as well.
e Theorem 10.3: If (10.9) is oscillatory, then (10.5) is as well.

Our theorems then follow from the above by virtue of the Sturm type com-
parison theorem.

The next comparison result is based on the Roundabout theorem that
involves a functional with one free endpoint.

Theorem 10.4 (Leighton Comparison Theorem). Let z be a solution

of Lr.p[z] = 0 such that z(b) = 0 # 2(a). Denote B = [R®(2*/2)](a). Let
A be such that

Gz a,b) = (A - B):(a)l°
b
+/ {(r=R)|2%" = (p— P)|27|*} (s)As < 0.

Then the solution y of (3.1) given by [r®(y>/y)](a) = A has a generalized
zero in I.
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Proof. Define the functional Fgrp(§;a,b) = Bl¢(a)|* + Fr,p(&; a,b) and let
z and B be as in the theorem. Integration by parts yields

Fprr(z;a,0) = Blz(a)|* + [2() R()2(=2(1))]
b
- / {27 LR plz]} (s)As = 0.

Hence Fa(z;a,b) = Fa(z;a,b) — Fprp(z;a,b) = G(z;a,b) < 0. The state-
ment now follows from Theorem 5.2. Il

An immediate consequence is the following statement.

Corollary 10.1. Let z and B be as in the previous theorem. Further assume
that A < B, r(t) < R(t) and P(t) < p(t) on Z*. Then the solution of (3.1)
given by [r®(y> /y)](a) = A has a generalized zero in T.

The last theorem of this section deals with a comparison of generalized
Riccati dynamic equations.

Theorem 10.5. Suppose that r(t) < R(t) and P(t) < p(t) on Z". Denote
with w and v solutions of (5.1) and v> + P(t) + S[v, R](t) = 0, respectively.
If (5.3) holds on IZ" and v(a) > w(a), then v(t) > w(t) for t € T with
{o"Y(R) + u® *(v)} (¢) > 0.

Proof. Since (5.1) is solvable on Z with (5.3), it follows from Theorem 5.2

that Fa(&a,b) = w(a)|é(a)|* + F(&; a,b) > 0 for all nontrivial £ € Ua(a,b).

Then Fprp = v(a)|{(a)|* + Fr.p(&; a,b) > 0. Hence, by Theorem 5.2,
{@"HR) + p@(v)} () >0

on Z". Now we prove v(t) > w(t) on Z. Let z be a solution of L p[z] =0
that generates v. By using Picone’s identity, we have

Frp(&a,t) =[o(s)lE(s)]q
/{R\ﬁla— (I€]*)2 + S[v, R]|€7|*} (s) As

for t € Z. Therefore Fr p(z;a,t) = [v(s)|z(s)|*], for ¢ € Z. On the other
hand, again by Picone’s identity,

Flza,t) = [w(s)]z(s)"]q +/ G(z,w)(s) As > [w(s)|2(s)*]a,
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t € Z, where G is as in the proof of Theorem 5.1. Clearly Frp(za,t) >
F(z;a,t), and hence

This in turn yields
(v(t) —w(t)[2(t)]* = (v(a) — w(a))|z(a)|* = 0.

Since z(t) # 0 on Z, we obtain from the above inequality that v(t) > w(t)
forallt e T. O

11 Examples

We start this section by an application of our oscillation and nonoscillation
criteria and of the Sturm type comparison theorem. The discussion on the
definition on generalized zeros is also given there.

Example 11.1. Consider the equation
(P(y)> — Ce(y”) =0, (1L.1)

where C is any real positive constant. Equation (11.1) is nonoscillatory (i.e.,
there exists a € T such that y(¢)y?(¢) > 0 for t € Z,,, where y is any solution
of (11.1)) by Theorem 6.1, since equation (®(y*))”® = 0 is nonoscillatory.
Indeed, the space of all solutions of this one-term equation has a linear
structure and the functions y;(t) = 1, y2(t) = t form its basis. Note that
the nonoscillation of this equation can be detected also by Theorem 9.1.
Now, multiplying (11.1) by —1 we obtain

(—2(y™))> + Ce(y’) =0, (11.2)

which is equivalent to (11.1). Equation (®(y*))*+C®(y?) = 0 is oscillatory
by Theorem 8.1 and hence (11.2) is also oscillatory by Theorem 6.1. Another
argument is that (—®(y*))® = 0 is oscillatory and thus (11.2) is oscillatory
by Theorem 6.1. So we arrive at the strange thing: (11.1) is at the same
time oscillatory and nonoscillatory. Is it true? How can it be possible?
It is because we apply two different definitions of a generalized zero (which
depend on the sign of () and hence on the relevant equation). The solution
spaces of (11.1) and (11.2) are the same, but in the latter case we have
r(t) = —1 and thus r(t)y(t)y?(t) < 0 at each t € Z,. As it can be easily
seen, nonproportional solutions of (11.2) have common generalized zeros (not
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just zeros) at each ¢ € T. In particular, this is unusual in the continuous
case (i.e., when T = R). Thus to obtain a reasonable oscillation theory, it
seems to be convenient to assume r(¢t) > 0 at all right-dense points ¢ € T.
Also observe that in the continuous case, once r(t) is negative at a point ¢,
then it is negative at all points because of its continuity. Multiplying the
equation involving such r(t) by —1 we get the “natural” form with r(¢t) > 0.

Next we give an application of Theorem 10.2 and of Theorem 9.1.

Example 11.2. Let T = Z. Then u(t) = 1, f4(t) = Af(t) and [ f(H)At =
=1 £(t). Further, let r(t) = [(t+1)8-1 = tﬁ_l]l—a and

t=a

_ " A(-1)!
PO=vn

where v and A are real constants. It is easy to see that p(t) changes sign for
A # 0. Moreover,

oo
Y=A<EY pls) <y+A (11.3)
s=t
and
t—1
> =t =
s=0
as t — oo. By Theorem 9.1, if v > A > 0 and
1 fa—1\""
YTHAL = <a ) ,
o' o

then (7.2) holds and (3.1) is nonoscillatory because of (11.3) and

Alt)y=1t> p(s).

Consequently, the equation

e + (2805 + 2510 Y age) o

where ¢(t) is any nonincreasing sequence between 0 and 1, is also nonoscil-
latory by Theorem 10.2.
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