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In the first part inequalities for solutions of Riccati matrix difference equations
are obtained which correspond to the linear Hamiltonian difference system

AXy = A4, X1 + BlU, AU = C Xy — ALY,

where A4,, B,,C;, X;,U, are n X n-matrices with symmetric B, and C,. If the
matrices X, are invertible, then the matrices Q, = U, X' solve the Riccati
matrix difference equation

Ops1=Cp + (I —AL) 0 + B,Q,) (I — Ay).

In contrast to some recent papers dealing with these equations we do not assume
that the matrices B, are invertible. The second part of the paper deals with the
asymptotic behaviour of solutions Q,(A), as|A| — o, of the special Riccati matrix
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difference equation which corresponds to the Sturm-Liouville equation
n
Z (_1)M’H AZ“Y/(H—H = AVrs1
w=0

of even order 2n with constant coefficients ry, ..., r,.  © 1998 Academic Press

1. INTRODUCTION

In the first part of this paper we study inequalities for solutions of
Riccati matrix difference equations which correspond to the linear Hamil-
tonian difference system

AX,=A; X1 + BU, AU, = C Xy — AL,

(abbreviated by LHDS) where Aw, = w,,, — w,, and where A, B,,C,,
X, U, are real n X n-matrices. We will assume throughout that B,, C, are
symmetric and I — A, is invertible for all .

Inequalities for solutions of Riccati equations play an important role in
the oscillation theory of Hamiltonian systems. The history of these in-
equalities for continuous systems goes far back starting with the famous
paper of Sturm [25], which gives inequalities for the zeros of solutions of
linear second order differential equations. The results of Sturm were until
now extended in various directions. A survey of these extensions and the
basic facts of oscillation theory of linear Hamiltonian differential systems
can be found in [23] (see also [20, 22]).

In the last years there has been made considerable effort to derive
analogous results for discrete equations (as LHDS). Principal ideas of
oscillation theory for the three term symmetric recurrence equation
—Ryx; .1 — Ry_yx_, +S,x, =0 for vectors x, € R", for n X n-
matrices R,, S, with symmetric and invertible R, were established in [4].
Extensions of these results to LHDS with positive definite matrices B, are
contained in [12-14]. However, the assumption of positive definiteness of
B, is rather strong, and such systems do not include Sturm-—Liouville
difference equations of higher order, which are treated in the second part
(see also [1, 16)]). In [3, 15] the authors conjecture that the results of the
above mentioned papers remain valid for LHDS, where the matrices B,
may be singular. Their conjecture was answered affirmatively by M.
Bohner in [7, 8]. In Bohner’s work it is shown that, similarly to continuous
Hamiltonian systems and to LHDS with positive definite B,’s, oscillation
properties of general LHDS are intimately related to the corresponding
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Riccati matrix difference equation

Opi1=Cp + (I _AZ)Qk(I + Bka)_l(I _Ak)

and to the non-negativity of the discrete quadratic functional

N
Fo(x,u) = ), {X/Z+1Ckxk+1 + “sz“k}
k=0

for admissible (x, u), i.e., with Ax, = A, x, ., + Bu,.

Here we use these results in order to derive inequalities between
matrices which are related to different LHDS. These inequalities general-
ize results given in [15]. The continuous version of our main result is given
in [20, Chap. V1.

In the second part we investigate the asymptotic behaviour of the
solutions Q,(A), as |A| » «, of the special Riccati matrix difference
equation, which corresponds to the Sturm-Liouville difference equation

M=

(_1)“,.”' AZ’U'yk-Fl—/.L = /\yk+l
0

"

of even order 2n with constant coefficients r,, ..., r,. These asymptotics
lead via results from the already mentioned work by M. Bohner to new
inequalities for finite differences. These results for the special equation
(—D" A*y, . . = Ay, are contained in [19], and the derivation of our
results here is quite similar to [19]. For Sturm—Liouville differential equa-
tions and, more generally, for LHDS similar asymptotic results [20, Chap.
6] can be applied to derive bounds for a corresponding Rayleigh quotient.
Such estimates lead to Rayleigh’s principle [20, Sect. 7.7] (with applications
to the optimal linear regulator [20, Theorem 8.1.1]), and they yield new
variational inequalities [18, Corollary and Example]. In fact, our inequality
here, Theorem 4 in Section 4, is a first result in this direction for the
discrete case.

The paper is organized as follows. In the next section we recall basic
properties of solutions of LHDS and their relations to the corresponding
Riccati equations and the quadratic functionals. The main result of the
first part—Sturm-type inequalities for different LHDS—is derived in
Section 3, and it is used to prove an inequality between recessive solutions
of associated Riccati equations. The section concludes with some com-
ments concerning possible extensions and applications of the presented
results. In Section 4 we state the main result on the asymptotics of the
Sturm-Liouville difference equation with constant coefficients. This result
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is used to derive an inequality for finite differences. The concluding
Section 5 is devoted to the proof of the asymptotics. The key for that proof
is a certain matrix continued fraction, which is stated in Lemma 9. As
indicated in Remark 3 this continued fraction may also be of separate
interest in number theory.

2. AUXILIARY RESULTS
In this section we recall some basic concepts and properties of LHDS
AXk =Aka+l+BkUk’ AUk=Cka+1_A£Uk,kEZ, (H)

where we assume throughout that the A4,, B,,C, are real n X n-matrices
satisfying

I — A, are invertible and B, , C, are symmetric for all &, (1)

and we denote Zk = (I — A,)~*. Moreover, we use the following nota-
tion. For a symmetric (and real) matrix D the inequality D > 0 (D > 0)
means that D is non-negative (positive) definite. For any matrix V' we
denote by V' its Moore—Penrose generalized inverse, i.e., the unique
matrix V' such that VIV, VTV are symmetric, V' =1VV'V, and V' =
V'Yt Ker and Im denote the kernel and image of the matrix indicated,
respectively. The symbol A denotes the forward difference operator, i.e.,
Aw, =w, 4 — Wi

Let (X,U),(X,U) (e, X ={X,},.,, etc) be two solutions of (H).
Then, under (1), XU, — U!X, is a constant matrix. A solution (X, U) of
(H) is said to be self-conjoined if XU, — UlX, = 0. If, in addition,
rank(X,[, UT) = n, then (X,U) is called a conjoined basis of (H). For a
conjoined basis (X, U) of (H) we say that an interval (k, k + 1] contains a
focal point of X (or of (X,U)) whenever either Ker X, , ¢ Ker X, or
KerX,., C Ker X, but D, = X, X,/, A, B, # 0. Note that if Ker X, ,, C
Ker X,, then the matrix D, is symmetric as is shown in [7, Lemma 4]. The
LHDS (H) is said to be disconjugate on an (integer) interval [k,I] N Z if
the solution (X, U) of (H) with the initial conditions X, = 0, U, = I (the
so-called principal solution of (H) at k) has no focal point in (k, + 1].

We say that (H) is eventually disconjugate if there exists M € N such
that (H) is disconjugate on [M, 1] N Z for all I > M, and (H) is said to be
eventually controllable if there exist M, «x € N such that the only vector
solution of (H) (i.e., x,,u, € R" solving (H)) with x, = 0forall / <k <1
+ K, and for some [ > M is the trivial solution (x, ) = 0. Finally, if (H) is
eventually controllable, a conjoined basis (X, U) of (H) is called recessive,
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if there exists / € N such that X, is invertible, D, = Xka‘le~kBk >0
for k > 1 and if lim, , (f_, X, 4B, X/~ ")~! = 0. Note that, by [11],
eventual controllability and eventual disconjugacy of (H) imply that the
matrix ©f_, X\, A; B, X1 is invertible if k is sufficiently large. Eventual
disconjugacy and controllability are also sufficient for the existence of the
recessive solution, because under these assumptions both Reid’s and
Hartman’s construction of this solution apply also to our LHDS (H) here
(a discrete version of these originally continuous constructions for the
special system —R,x,,, — R,_1x,_; + S, x, = 0 from the introduction
may be found in [2, 4]).

We shall need the following lemmas, where we always assume (1).
Moreover, we fix an interval J = [0, N] N Z, N € N, and we put J* =J U
{N + 1}. A pair (x,u) with x,u:J* - R”" is called (A4, B)-admissible if it
satisfies the equation of motion, i.e., Ax, = A, x,,, + B,u, for k € J.

LEMMA 1 [5, Theorem 8.22]. Let (X,U) be a conjoined basis of (H)
such that KerX,,, CcKer X, for k€J, and for k €J* let Q, be a
symmetric n X n-matrix satisfying X,'Q, X, = U!X,. Then, for admissible
(x,u) with x, € Im X, we have that x,, € \m X, for all k € J*,D,z, =
X, X!y 1 X1 — Xy, and

xZ+lexk+1 + usz”k = A[XZQkxk] + ZZDka
for all k € J, where
zp =u, — Oy x; and
D, = XkaTHAkBk =B, - Bk/’fz(QkH = C) A By

(Compare also [7, Remark 3(iii) and Theorem 1 (Picone’s identity)].)

LEMMA 2. Suppose that matrices A, B,,C, and A, B,,C, satisfy (1)
for k € J, respectively, and put
—Cp Ay
Ay By

-G 4i

4. B

~

= ; 5k = Ek(lézf - B;)Qk-

Moreover, assume that (x,u) is (A, B)-admissible and that
Ker B, c Ker B, , Im(A, —4;) CIm(B, — B,) fork €J. (2)

Then (x,u) with u, = B{(Ax, — A,x,,,) is (A, B)-admissible, and for
ke,

T T _.T T
e 1Cu X1 T W Besty = x4 1Cp Xy + ug Beuy,

+ EZ(% _%)Ek +E;cr5kgkl
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where Z; = (% )X .1, Zy = Pyxyyq + Uy, and Py is any n X n-matrix such
that A, — A, = (B, — B,)P, holds.

This lemma is an immediate consequence of [10, Lemma 7]. We need
also the following relationship between the LHDS (H) and a correspond-
ing discrete quadratic functional, which is the contents of [9, Theorem 3]
(compare also [6, Theorem 7]).

LEMMA 3. A conjoined basis (X,U) of (H) has no focal point in
©, N + 1] iff

Fo(x,u) +d"X] Uyd >0

N
with Fo(x,u) = Y {x], C,x 1 + ul Bou,}

k=0
for all (A, B)-admissible (x,u) with x, = Xod € Im X, xy,, =0, x =
{xk}]i\f:ol # 0.

Let us recall the relation between (H) and the Riccati matrix difference
equation

Qui1=Cp + (I —A3)0, (1 + Bka)il(I —Ay). (R)

Let (X,U) be a conjoined basis of (H). Then Q, = U X * is symmetric
and solves (R) whenever X, and X,,, are invertible. In contrast to
continuous Hamiltonian systems the mere existence of a symmetric solu-
tion of (R) on an interval [ N, ) N Z does not imply the eventual disconju-
gacy of (H) because the matrices D, may be indefinite. Observe D, =
X, X1 AB,=U+BUX; ") 'B, =+ B,Q,) 'B, if X, and X,
are invertible. Therefore, we have by [11, Proposition 1(iv)] the following
statement.

LEMMA 4. Suppose that (H) is eventually controllable. Then (H) is
eventually disconjugate if and only if there exists a symmetric solution Q, of
(R) for k € [N,») N Z with some N € N such that (I + B,Q,) B, >0
forall k > N.

We need some auxiliary formulae on Sturm-Liouville difference equa-
tions of even order which will be treated in the last two sections. For
n € N, we consider

L(y)k+1 = Z (_l)MrM Azﬂyk+1—u=)‘yk+ll 0<k<N-n, (SL)
wn=0



268 BOHNER, DOSLY, AND KRATZ

with real parameter A for some fixed N > n, where rg,...,r, are given
reals such that r, # 0. This difference equation is intimately related to a
corresponding LHDS, namely as follows (see [6, Proposition 5] or [11,
Remark 2]). Vectors x,,u, € R" for k €J* =[0, N + 1] N Z solve the
special LHDS

Ax, = Ax; ., + Bu,,
Au, = C(N)xy, —A'u, keJ=[0,N]nZ,
0 1 e O
0 . : 1 0 - 0
where A = | S B=—|:
: Tn o - 1 (Hs)
0 . : 0
1 - 0 7o 0
C(A) = (=N : 3 e A
0 - 0 0 .

if and only if there exists a solution {y,} ", of (SL) such that

(X)) =AMy, foru=0,....,.n—-1,keJ*, (3)

where (), denotes the uth component of a vector, and then y,.,,,...,
VYn+ns1 €Xist such that (SL) holds for k € J and such that

n

(w)p= Y (17" ey,

o=u+1

foru=0,....n—-1,keJ* (4)

3. INEQUALITIES FOR DISCRETE RICCATI EQUATIONS

In this section we present a Sturm-type inequality for symmetric matri-
ces, which are constructed from solutions of two LHDS of the form (H)
and

AX, =4, Xi1 + B, AU = G Xpr —ALU k€2, (H)

where we assume that assumption (1) holds for both systems. We start with
the following auxiliary identity.

LEMMA 5. Assume (1) for (H) and (H), and let (X,U),(X,U) be
conjoined bases of (H) and (H), respectively. Suppose (2) of Lemma 2,
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Ker X,,, C Ker X, fork €J, and let Im X, C Im X,. Then, for k € J we
have Im X, ., € Im X, , and

A[XZ(Qk - Qk):z,(k] =Z{DZy + Z\ (4 — Z) Zy + ZID,Z,

with symmetric Q,., Q. such that X' Q, X, = U!'X,, X! 0. X, = Ul X,., with
D,, D, %, %, asin Lemmas 1 and 2, and with

Z, = BII(AZ.(k _Akz.(k+l) - O Xy,

~ I ~
Z = (_pk):.){kﬂv Zy =P X1 + U,

where P, satisfies A, — A, = (B, — B,)P,.
Proof. Let ¢ €R" and put x, =X,c, u, = Uc, u, =Bj(Ax, —
A, x, 1) Then (x, u) solves (H) so that

X 1CiXier + 1B = A(xfwy) = CT{M.X/?QMX/()}C

holds for k € J. By Lemma 2, (x,u) is (A, B)-admissible. Next, we prove
Im X,., € Im X, by induction. First Im X, c Im X, yields X, XX,
= X, (see [7, Remark 2(iii)] or [6, Lemma A5]), and (H) combined with (2)
implies in the same way that Im(AX, — A, X,.,) € Im B,. Therefore, we
get
Kio1 = Xirr — A X + A X XX

= X1 X X + A(AXy — A Xiin) — (Xk+1 _Aka)XkT:Xk

=X 1 X/ X, "‘AkBk{B/I(AXk — A Xp1) — UkaT‘Xk}'
Since Im(A, B,) C Im X, ,, by [7, Remark 2(ii)], it follows that Im X, , ,

cIm X,, ;. Now, x, € Im X, C Im X, yields by Lemma 1 that (use also
Ker X, C Ker X,)

Xp1Ci Xy +ug By, = A[szkxk] + 2D, 2,
= CT{A(,{,YkTQka) + ZkTDka}C’

where z, = Z,c = u, — O, x,. By Lemma 2, the asserted identity follows.

THEOREM 1 (Riccati Inequality). Assume (1) for (H) and (H), and let
(X,U) and (X,U) be conjoined bases of (H) and (H), respectively. Suppose
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that O, Q, are symmetric with
XkTQka = UkTXk’ Z(kTQka = ,.Usz,(k
fork e J* =[0, N + 11 N Z, and assume for k € J*
=%,  Bi.=B.BlB.  KerB,CKerB. (5)

If Im X, € Im Xy, X{(Qy — Qx) X, = 0, and if (X,U) has no focal points
in (0, N + 1], then (X, U) has no focal points in (0, N + 1] either, and

XkT(,Qk_Qk):XkZO forallk € J*.

Proof. By [20, Lemma 3.1.10], our assumption (5) implies (2) of Lemma
2. Now Lemma 5 yields (observe that D, > 0, % —%, = 0, D, > 0 for
k € J* by the assumptions) A[,)g,f(gk - 0)X,.]1=0for k €J so that

:XkT(Qk_Qk)z.(k ZXOT(QO_QO)Z.(O >0 for k € J*.

It remains to show that (X, U) has no focal points in (0, N + 1]. We prove
this via Lemma 3. To begin with, let (x,u) be (4, B)-admissible with
x, € Im X;, xy,, =0, and put u, = B{(Ax, — A,x,,,). Then, by Lem-
mas 1, 2, and the assumptions

N

T T T
) {Xk+1Qkxk+1 + .lit.kgky.k} +x0Q0 %0
k=0

> Fo(x,u) + x50,

N

—_+T T T
= X0 1Ovi1¥nr1 T X4 (Qo — Q)Xo + X 2{Dy 2, 2 0,
k=0

and if we have always equality, then (use Lemma 1)
Dizy =X, X!, 1x401 —x, =0 fork e,

and xy,, = 0 implies that x, = 0 for all k € J*. Hence, Lemma 3 yields
that (X, U) has no focal points in (O, N + 1]. 1

Now we apply Theorem 1 to obtain inequalities for so-called eventually
minimal solutions of (R) and (R) corresponding to (H) and (H), respec-
tively. The eventually minimal solution Q~ of (R) is Q; = U, X; *, where
(X, U) is the recessive solution as defined in Section 2. The terminology,
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eventually minimal solution, is justified by the fact that any other symmet-
ric solution Q of (R) which exists on an interval [/, «) satisfies Q, > O
for all kK > m with m > [ sufficiently large. This property of the solution
Q™ for (H) with B, > 0 for all k is proved in [15], but the same method
applies also to (H) (or (R)) under the weaker assumptions here.
Moreover, recall that in the theory of continuous Hamiltonian systems

¥=A(t)x +B(t)u, u=C(t)x—A"(t)u (H,)
and the corresponding Riccati equations
0+ AT(1)Q + QA(1) + Q™B(1)Q — C(t) = 0 (R,)

the terminology principal and distinguished solution is used instead of the
“discrete” terminology recessive and eventually minimal solution. In con-
trast to the discrete case, any symmetric solution Q(z) of (R,) on an
interval (a, ) must satisfy Q(¢) > Q~(¢) for all t for which it exists. More

generally, if (X, U) and (X, U) are two conjoined bases of (H,) and if
U(t) X7H(ty) = U(1) X 4(1y), U(t,) X (1) # U(1,) X 1(1,)

for some ¢, < t,, then X(r) must be singular for some ¢ € (t,, 7,) (where it
is assumed that B(t) > 0, see [20]). For discrete Riccati equations we
derive a similar result.

LEMMA 6. Suppose that Q, Q and B are (real) symmetric n X n-matrices
such that I + BQ and I + BQ are invertible, and such that

(I+BQ) 'B>0 and A=Q(I+BQ) " —0(I+BJ) =o.
Then Q > Q.

Proof. First, by our assumptions, (I + BQ)™'B, (I + BO) B, O +
BQO)™ !, and Q(I + BQ) ! are symmetric. Thus the identities

Q- 0=(I+BQ) QI +BQ) (I+B0) -0~ QB0
= (I+BO) A(I + BO) + (Q — O)BA(I + BO)
> (Q — 0)BA(I + BY);
(0 - 0)BA(1 + BQ) = (0 - 0)B{Q(I + BQ) '(1 + BO) — )
= (0 - 0)B{I - o(1 + BQ) "BJ(C - Q)
=(Q-0)B(I+0B) (Q-0)=0

hold by our assumptions. Hence Q > Q |
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Next, observe that any two solutions Q, O of (R) satisfy

Quir = Qrir=(I - 4"
X{Qk(l +BQ)  — Qk(l + Bkgk)il}(l —A;).

Hence, we obtain the following statement.

LEMMA 7.  Assume (1), and suppose that Q,, O, Oy, 1, O, ., are sym-
metric and satisfy (R) for some fixed k € 7 with (I + B,Q,) *B, > 0. Then

Oi+1 = Oy implies that O, > Q.

THEOREM 2.  Assume (1) for (H) and (H), suppose that (H) and (H) are
eventually controllable, that (H) is eventually disconjugate, and suppose that
(5) of Theorem 1 holds for all sufficiently large k. Then the eventually minimal
solutions Q™ and Q™ of (R) and of

Qi1 =Cr + (I _4£)Qk(1 +§ka)7l(1 —4i), (R)

respectively, satisfy Q< Q for all k > N with N sufficiently large.

Proof.  First, as before in Theorem 1, (5) implies (2). Next, the eventual
disconjugacy of (H) yields the same for (H) via Theorem 1. Moreover, by
the discussion in Section 2 (preceding Lemma 1), our assumptions guaran-
tee the existence of the recessive solutions of (H) and (H), and therefore
the existence of the recessive solutions O~ and Q. Now, let N € N such
that the recessive solutions (X, U) and (X, U) of (H) and (H), respectively,
have no focal points in [N,©) N Z. For fixed m > N we consider the
conjoined basis (X*,U*) of (H) with X* =1, U* =0, = U, X, . Then
by Theorem 1, (X*,U*) has no focal points in (m, ), Qk U*Xk
exists, and @, > O, for k > m. Moreover, there exists / > m with

= forall k >/

by the discussion after Theorem 1. Hence, by Lemma 7, Qk > Qk‘ for all
k > m, in particular, Q,, = Q > Q This yields our assertion. [

Let us conclude this section with some comments.

Remark 1. (i) Our Riccati inequality, Theorem 1, is the discrete version
of [20, Theorem 5.1.2]. This theorem plays an important role in the
investigation of the asymptotic behavior of the continuous Riccati matrix
equation (R,) and in the investigation of eigenvalue problems associated
with (H ).
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(ii) For solutions of the continuous Riccati equation we have the
following statement: For any two symmetric solutions Q, Q of (R,), which
exist on an interval [7,,7,], we have that ind(Q — O)(r) is constant on
[z, t,], where ind denotes the index, i.e., the number of negative eigenval-
ues of a matrix. Observe that the statement of Lemma 7 in this terminol-
ogy reads as ind(Q,,; — Q,.,) = 0 implies that ind(Q, — Q,) = 0. We
conjecture that the more general result in the continuous case holds also
for the discrete equation (R).

(iii) Theorem 2 concerns inequalities for minimal solutions of (R)
and (R) near infinity. Note that Theorem 1 states essentially that Q, > Q,
for solutions Q and Q of (R) and (R), while the assertion of Theorem 2 is

the reversed inequality Q, < Q, for the eventually minimal solutions of

(R) and (R). In [2], C. Ahlbrandt introduced the concept of maximal
solutions near minus infinity (also called primordially maximal solution) of
the special Riccati equation (R) which corresponds to the recurrence
equation —R. x,,, — R,_1x,_, + S¢x, = 0 from the introduction. He
proved that any solution which exists on (—o, N] N Z is less than or equal
to the primordially maximal solution Q" near —«. He gave an explicit
formula for this solution in terms of matrix continued fractions. His
construction of the primordially maximal solution applies likely to the
more general equations (R) which are considered in this paper. We
conjecture that, similarly to the case considered in [2, 4], any solution Q of
(R) which exists on Z satisfies O, < O, < Q; except for at most finitely
many k € Z. Moreover, Lemma 7 suggests that this number of “‘excep-
tions” is closely related to the number of focal points of the conjoined
basis (X, U) of (H) which determines the Q, .

(iv) In[15], L. Erbe and P. Yan prove the following statement for the
Riccati equation (R) with positive definite B,’s: Let W, be symmetric
matrices such that

RIW,] =AW, + C, + AAW, + W, A, — ALW, A,

+(I = A) W (B + W) (I -A4,) =0,

and let V, be symmetric matrices with R[V,] < 0. Then V, + B;! > 0 for
k eJandV, < W, imply that VV, > W, for k € J. This result follows from
Theorem 1 by putting 4, = 4,, B, = B;, C, = —R[V,]. One may verify
directly that all assumptions of Theorem 1 hold. In [15], the inequality is
used to study algebraic Riccati equations. Our Theorems 1 and 2 com-
bined with results in [21] may be used to study algebraic Riccati equations
without assuming that B is positive definite.
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4. ASYMPTOTICS: RESULTS

We now turn our attention to Sturm-Liouville difference equations of
the form

L(Y)iv1= 2 (_1)#’% Az“)’kﬂ—ﬂ = AVii1 0<k<N-n (SL)
w=0

with A € R for some fixed N > n and given reals rg,...,r, with r, # 0.

As is well known and stated more precisely at the end of Section 2, (SL)
is equivalent to the LHDS of the form (Hg, ). For fixed n X n-matrices X,
and U, that are independent of A € R and that satisfy XU, = U/ X, and
rank(X{, U;/) = n we consider for each A € R the solution (X(A), U(A))
of (Hg ) with X,(A) = X, and Uy(A) = U,. Of course the quotient Q,(A)
= U, (V)X *()) is a solution of the corresponding Riccati matrix differ-
ence equation provided X, () is invertible. The main result of this section
gives the asymptotic expansion of Q,(A) as |A| tends to infinity in terms of
negative powers of A. In order to state this result we introduce the
following n X n-matrices via their ( u, v)th entries 0 < w, v < n — 1. These
entries are certain binomial coefficients (3), and for convenience we

assume throughout (%) = 0 for integers «, B with B <0 or a < B. We
need some notation

(T = (=17 717 #),
()= 0" a2 )
(H) = (-0 4 ). ®)
(4,),,= 1 ”(HM—V) ifpsn—o
0 otherwise.

With the above notation (6) our main result now reads as follows.

THEOREM 3. Suppose (X(M),U())) are conjoined bases of (Hg ) for
A € R such that the initial values X, = X(A) and Uy = Uy(A) are fixed
matrices independent of A. Then, for sufficiently large ||, X, (M) is invertible
when k > 3n, and the quotient Q,()\) = U, (N X, () satisfies uniformly for
k > 3n,

Ou(AN) =TH =M+ Gy + A7 'G, + A7 2G, + O(A )T as|A - =,
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where we used notation (6) and

n n
T=YrT Gy= Y r,H'H , G,
=0 =0
Ta o (7)
G,= X r,T{HIH, + HIA,)T.
o=0

Moreover, T, f, and H,, 0 < o < n, are invertible.

Remark 2. We shall give a proof of the above result in the next section.
However, here we wish to remark that (H,),, = 0 for v > u and (H,),, =
(=1 so that H, is invertible for 0 < o <n. Also, u < v implies
20<o0+n<o+n+v— puso that (’Tj,),“= 0 for u < v. Since (T)),,
= (=1 2 )+ 0 only for o = n and since r, # 0, T is invertible too.

o+n

Finally, an easy calculation shows that 7 is invertible and that (T‘l)w =
(=1""*7*(, _#_ ) holds. These considerations of course imply that G,

n—1-

and H'H,, 0 < o <n, are positive definite so that G, and G, are
positive definite as well provided that, e.g., r, > 0 holds for all 0 < o < n.

ag —

Let us briefly give a hint how the matrix 7 shows up when dealing with
Eq. (SL). The transformation formulae (3) and (4) at the end of Section 2
may be equivalently rewritten as

"
(=2 = (B0 s

n-1 n—1
- Z (n_li’_s)(_l)nlsyk+ln+s= Z (Tﬁl)pm(fk)s
s=0 $s=0

so that
X =T7'%  With (%), = Yes1-nspr
7Y, =(-1)""*" K ) 8
(T = 0" ®)
and
“ —p—1
(uk)/.L= Z (_A) " {r()' AU-ykJrlfu'}
o=p+1
n—1 n 20'—/.L—1 n
= VZ::O U_%:+lr0( v+o—n )(_1) yk+l—n+u

v+ o

> rg(za_“_l)(—l)ymm
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so that
u, = T,%, + T,%,  with (3?,() = Yr+14, and
n n
=Y rT,, = Y r,T,,,where
o=0 o=0
vt 200 — m— 1 . _
(T1g) o = (1) (o-+v—n) ifp<o-1 (9)
0 otherwise,
20— pu—1 : _
Ty = | V27T LTY) o
0 otherwise.

As already mentioned before, the proof of Theorem 3 will be delayed to
Section 5. For the remainder of this section we state and prove an
application of Theorem 3, namely an inequality for certain finite differ-
ences. Its proof requires a combination of the above result on asymptotics,
of the Reid Roundabout Theorem, and of the discrete Picone formula
from Section 2.

THEOREM 4. Letn € N, r,. >0 for 0 <o <n —1,r, >0, and let X,
and U, be n X n-matrices with rank(X],UJ) =n, X[ U, = U] X,, and
XJ Uy = 0. Then there exists c, = co(n) > 0 such that for all N > 3n — 1,
c=cq andforally,_,,...,yn.1 € R with

n—1
xo=(Aky_ )" = Xod € Im X, (10)

the inequality

N n ) N-n+1
Z Z ro’{Ao-yk+l—o} +c Z ylz + dTXOT UOd
k=0 o=0 k=1
~r 1\~
= Xy1)Go — ;Gl XN+1 (11)

holds, where (see (8)) Xy.1 = (Yyio_pr--» Y1) s and where G,,G; > 0
are defined by (7). The inequality is sharp in the following sense, by using the
same notation, and with the same c,,.
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SUPPLEMENT. There exists ¢, = ¢,(n) > 0 such that for all N > 3n — 1,
¢ >cq there existy,_,,..., Yy+1 € R with (10) such that

N n , N+1-n

Z Z ro'{Aa-yklefO'} +c Z y/f + dTXOT UOd

k=0 0=0 k=1 (12)
~ 1 ~

<X 1GoX e — {1 - ?}Z%HGNCNH-

Proof. Let (X(A),U(A) be the conjoined basis of (Hg ) with initial
values X, and U, as in our theorem. If A < 0O, then

N n N
- 2
F(y,A) = )y Zr(r{Ayk+1—(r} + (=) Y yie +d'X{ Upd
k=0 ¢=0 k=0
is positive for all {y,})' "1, # 0 with (10) and with yy,,_, = = =Yy,
= 0. Hence

N
F(xu) = 2 {xlz+lc(/\)xk+l + ”%Buk} + x5 Xo XUy X xg
k=0

is positive for all with respect to (Hg ) admissible pairs (x,u) with
Xy € ImX,, xy,, = 0,and x # 0. The Reid Roundabout Theorem, Lemma
3 from Section 2, now implies that (X(A), U(A)) has no focal points in
(0, N + 1], i.e., that

Ker X, ,(A) € Ker X, (A), D(A) = X (A X[, (M) AB > 0
foral0 <k <N

holds. The discrete Picone identity, Lemma 1 from Section 2, now in turn
implies

y:(x,u) = kgo {A(xIZQk(/\)xk) +ZZ(/\)Dk()‘)Zk()‘)} +ngoxo

N

= x1{7+1QN+1( M Xy + kZ Z/Z(A)Dk()‘)zk()‘)
-0

= x}(u 19n+1(A) Xy iq

for all with respect to (Hg ) admissible pairs (x,u) with x, € Im X,
where we put Q,(A) = X, (DX (DU (DX, (M) and z, (D) = u, — Q,(Vx,.
By Theorem 3 there exist ¢, = c¢o(n) > 0 and ¢; = ¢,(n) > 0 such that
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X, (A is invertible and
1 Cy
0 <Q(N) — T cI + Gy, — -G T< —ZTTGlT (13)
c c

hold for all k> 3n and for all ¢ = —A > ¢, (note G, > 0). Now, if
N + 1> 3n and ¢ > ¢, the above considerations together with the left
part of inequality (13) imply

N n N—n
- 2
Z Z rzr{A yk+1—a'} + (_/\) Z yl§+l + dTXOT UOd
k=0 oc=0 k=0
N
=F(»A) —c X Vi
k=N—-n+1
='/O—(y )\) Cf[(H—lfNﬁ-l
_In\T 1~ ~
= (T 1) Oyi(M)T 1xN+1 _C)?/Tv+1xN+1
=7r (T l) {QN+1(/\) _CTTT}T_l)TNH
~T 1 ~
2 Xy41yGo — ZGl AN+1
for all N> 3n -1, for all ¢ >c,, and for all y,_,,...,yy,; € R with

(10), and this is the assertion (11).

Now, to prove the Supplement, we consider the solution (x, u) of (Hg )
with x, = X,d, u, = Uyd for some d € R", d # 0 so that x, = X,d,
u,=Ud, and z, =u, — X, XU, X[x, =0 hold for all 0 <k <N + 1.
But then we have

N

F(y,A) —c Z yl§+l =f1(f+l(T71) {QN+1()\) cT'T }TﬁlfN+l
k=N-n+1

1 cy
NII‘ ~
<Xyy 1{Go - ZGl + c_zGl}xNH

c
5T o _ _ A\ Z~r ~
=Xn+1GoXy 1 {1 - }CxN+lGlxN+l

for all N > 3n — 1 and for all ¢ > ¢, by the right part of inequality (13),
and this is assertion (12) so that our proof is complete. |
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5. ASYMPTOTICS: PROOFS

Let us in this last section give the proof of our main result on asymp-
totics of solutions of Riccati matrix difference equations, Theorem 3. We
will proceed somewhat similar to the considerations in [19, Sect. 5] where
Eq. (SL) already has been examined for the case of ry= -+ =r,_;, =0
and r, = 1. We therefore recommend to have this work ready for refer-
ence.

First of all, let us construct a fundamental matrix of (SL). To do so, we

compute the characteristic polynomial of (SL). It is given by
2p

P(x) =(-1)"""ax" + i_:o(—l)n_”rﬂ ;O(Z#)(—l)yx””’*

=x”{(—1)"+l)\ + io(—l)”“;—‘;(x - 1)2“}

so that

1 " 1
X+ — =2 =x2”P(— :
X X

(14)

P(x) =x”{(—1)"+1A + f_‘,o(—1)”‘“ru

We let —Ar, = |Ar,|e'™ with [ € {0,1} and put for A # 0

p=p(N) = YAJrT, e = exp{

2miv n—1- l}
+ Ti—

for0 <v<n. (15)
If p is sufficiently large, P(y):=(—1""Q + X _o(=D""*r,y* pos-
sesses n distinct zeros, denoted by pz,()), 0 <v<n. Now, g&'=
(=1)Ar,/IAr,| and (note (15))

0= P(p3,(1)) = p"{(—n"“Ap-" 8N

1 n—1 _
+— X (=" et BN
P =0

~p{(=D)" /A + R E (D) = (DML - 7 (V)
as p o]
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imply that z,(A) — ¢, for all 0 < v <n as Al = «. From now on we
assume that p is sufficiently large and put

1 7 4
5V=3V()\)=—+—{l+ l+—~}, x,=pd, for0<v<n,
p 2 pe,
(16)
where we use the principal value of the square root. Hence
8,(A) > e, as|A—>oxoforall0<v<n, (17)

and x,,1/x,, 0 < v < n are the 2n distinct zeros of P because of

1 1 , 1[0 T
XoF——2=—(x,—1)%= =1+ /1+ =
X X, x,| 2 pE,

pgv p"c}'v 4 4 -~
= 1+24/1+— +1+ — = pg,
x, | 4 PE, PE,

and because of (14). Note that (17) is exactly the crucial relationship (21)
from [19]. As in [19, formula (22)] we now proceed by introducing some
notation:

V= (), ?=(Ui), B = U (A) = 34(A)

o
for0 < u, v <n,

A = diag(8,,...,8,_,), D(a) =diag(l, a,...,a" %) (18)
for a € C,

®=D(p)VA W ID(1/p), ®=D(1/p)VAVLD(p),

V=@ " V=" J,=1—p 2V W J,=]— p 2PPL

This notation implies the following statements.
LEMMA 8. Assume notation (6), (9), and (18). Then we have
(i) ®F = D(pV A V"1 DA/p), ®* = DA/p)V AV -1 D(p),
ke Z, ¥ =D(pVAVDA/p), ¥ =DA/p)VA"V D(p);
(”) p—kq)k — (AT)k + p—nAn—k\P—l, pk—nq)—k — (AT)n—k\I, +
p—nAk, p—k¢)—k =Ak + p—n(AT)n—k\I,' pk—n¢)k =An—k\1,—1 + p_n(AT)k,
0<k<n
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(iii)y If J, and J, are invertible, then the fundamental matrix W(k) of
(SL) with the initial condition W(0) = I is given by

Wi(k) W, (k)

wik) = Wik +n) Wy(k+n)|

where Wy(k) = {p @~ — p*= 2@ kw1 WYL, Wy(k) = { pk "k w!
_ pfkfnq)fkqffl}]fl;

(iv) If (X =X, U = U)) is a conjoined basis of (Hg ) for some
AMER, thenfor 0 <k <N + 1,

X, = pk—nT—l{I+ pn—Zka')—kﬁ—l(I)k\I,}\P—lq)—kJ,

Uy = TIX, + p“To{1 + p~" "2+ T 10k d=ky
so that U, X, * is given by
T,T + p"T,{I + p-"—ZkE)—k\'ffﬁ—lcbk}_lw{l T+ RE kR T,
where

{J — ;AT YU, — T,TX,) — p "V TX,, (19

T =J7TX, — p "W U Ty YU, — T,TX,)

provided the occurring inverse matrices exist.

Proof.  Part (i), i.e., [19, formula (23)], follows directly from (18), while
(ii) and (iii), i.e., [19, Lemmas 3 and 2], follow exactly as in [19]. Finally, (iv)
follows as in the proof of [19, Lemma 5] with (iii) and

X, T 0 T 0 X,
(Uk) = ( T, TZ)W(k)( ~TTT T;l)( U, |
(See (8) and (9) from Section 4 and note that T and 7, are invertible.) |
LEMMA 9. The formulae
I'=p""G —Ap™ "I — p_z"TTF_lf,

T= p "G — Ap™ "I — pfznf’fflfT
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hold, where
Tisdefinedby (1), T=T®,T=T"%"1G= Y r,G,)
o=0

(G((,))W=(_1)“*V(U+2;J-_M) for0<u,v<n,0<o<n.

(20)

Proof. Let z,,...,z, , denote any zeros of P from (14) and put
Z = (z») and A = diag(zg,...,z,_,). For 0 < u, v < n we then have

n . 1 g
(-1 azk = Y (-1)" VU{ZVJF -~ —2} z}
o=0

ZV
n 20
- X (-1 X (2 ) -yt
o=0 s=0
= Z (_1)n—1r0{21 +3, + 3,
o=0

where for 0 < o < n,

o—p—1
R C R (B
oe

n—1
n—1-—s— 20’ s—n _ [ N-n
B ZO(_l) M(a’+n+,u,—s)zv _(TUTZA )W,
s=

n+to—pu—1

S-ar Ly ()

S=0— W

n—1
s—p—1 20 s
_ ;0(_1) " (S+G_M)zy=—(G(,,)Z)M,

20
S ARG N E

s=n+o—pu

n—1
n—1-p—s 20 s+n _ (T 7An
- ZO(_l) ’ (0’4—n+s—M)ZV+ _(T(TZA)M-
§=

Therefore we have

((=NI+G)Z=T"ZA" + TZA". (21)
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Now, first, if z, = ps, (see (16)), then Z = D(p)V, A=pA, and ¥ =
‘”ZA”Z ! by (18) and Lemma 8(i) so that (21) yields by denoting
F =TV

(=NI+G=Tp "W 1+ Tp"¥ = p"T'TT + p"T

and hence the first formula of our assertion. Next, |f z,=1/(ps,), we
have Z = D(1/p)V, A = p~*A~%, and ¥ = p"ZA"Z~* again by (18) and
Lemma

8(i) so that again (21) yields by denoting T' = 77 ¥~?

(=N +G = Fpr¥t 4 Tpn® = prF 4 pn FT1FT
and hence the second formula of our assertion. |

Remark 3. By (17), (18), and Lemma 8(i) we have ¥, ¥, ¥~ ¥~1 —
O(p" 1) as p — o trivially. The above Lemma 9 yields (let a € {—1,1}
denote the sign of —Ar, and note that p" = [A/r,| by (15))

V=arT '+ p"T G- p "T TT¥ L,
TTO-t=ar I+ p "G — p 2TV,

Hence W(p) — ar, 7! and T7"¥~'(p) — ar,I as p — = and therefore
Y, ¥, vt ¥t = O(1) as p - . Thus we have

V=arT'+p"T G+ O(p~?"),

~ P 0 L (22)
V= (ar,) T"—(ar,) “p"GT"+0(p~?") asp— .

Note also that, if we define modified matrices I',,, G, and T, by
I'y = p"D(=1)TD(-1), G, =D(-1)GD(-1),
T.=(-1)" 'D(-)TD(-1),

then Lemma 9 implies 'y, = (=MI + G, — ar, T,'T;'T,. Thus we have
obtained a matrix continued fraction for T',, where all matrix elements of
G, T,,ar,T,, and (—A)I are integers provided that r, ..., rn, and A are
integers. Moreover, they are all non-negative provided ry,...,r,, and —A
are non-negative. G, is symmetric and, as we shall see Iater, positive

definite if ry,...,r,_, >0and r, > 0, A <0.

We may now finish the proof of Theorem 3 as follows.
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Proof of Theorem 3. First of all, (18) and (22) imply J, =1 + O(p~2")
and J, =1+ O(p 2")as p — = so that J, and J, are invertible for large
p (which we assume throughout anyway). Next (19) and (22) yield

J=0(1) and J=0()asp—= (23)
and, moreover, again by using (19) and (22) (with a = sgn(—Ar,) as
above),

J=T; (U, - TTX,) — ab—FTTX, + 0(p2")  as p—=. (24)
r

Let us define o = T; '(U, — T,TX,) and % = T'TX, = T]X,. Note
that T, = T"T holds by Lemma 10 (iv) below. Hence

rank(", #") = rank( Xy, Uy ) = n, and

# = UX, — XI(T,T)" X, is symmetric.
Note that 7,7 is symmetric by Lemma 10 (v) below. Therefore, by [17,

Proposition 2], &/ — .4 is invertible for small |¢| > 0 and (& — e%#)" ! =
O /|eD) as £ — 0. Thus

J isinvertible and J~! = O( p") as p —> (25)

by (24). Now suppose k = 3n + [ > 3n. Then all inverses from Lemma
8(iv) exist, and we obtain from Lemma 8(i), (ii), (iv), Lemma 9, and from
(18), (22), (23), (25) that the following asymptotics for Q,(A) — T,T hold
uniformly as p — :

p"T2<I + p_7"p_’<’f>_["f/4ﬁ_lp_/q)l‘l’_3}
XW(I + p~p~ ST DT
= p"T,¥T + O(p~*")
= p"Tp{an, Tt + p " T1G = p 2T TTW HT + 0(p ™)

r}’l n

~ ~ ~ .~ la~ 1 ~
= p"TZ{arnT_l +p "T G — p_Z”T_lTT[—T - —2p_”GT}}T
+ O( p_3")
—2n — —3n
T'T + —

n n

= p"le{arnl +p "G — TTGT}T

+ 0( p_3”)

1o 1o
= TZT‘l{—M +G + XTTT+ FTTGT}T'F O(p*).



RICCATI DIFFERENCE EQUATIONS 285

This yields the statement of our Theorem 3 because of the binomial
identities of the concluding Lemma 10. ||

LEMMA 10. By elementary calculations (see [24]), we have for 0 < o0 <n
with the notation (6), (7), (9), and (20):
(I) TZO’ = TT’ZTJ' (“) G((r) = HOTHO' + ﬁgﬁo
(i) TTH'H = -T,, (vy T,7'T=T'T
(V) T, T+ T,T'GT=T"G,T (viy T, *T"TT =T"G,T

(viiy T, T 'T'GTT = T"G,T.
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