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Abstract. We prove a relationship between a general inhomogeneous discrete
variational problem, positive semidefiniteness of its second variation, and a
certain inhomogeneous boundary value problem. This result gives both nec-
essary and sufficient conditions for the solvability of our discrete variational
problem.

1. INTRODUCTION.

The purpose of this paper is to emphasize the importance of positive
definiteness of homogeneous discrete quadratic functionals

N T
Fo(n,§) = Z { M1 Chnis1 + & Bii} + ( - ) S( - ) ;
k=0

NN+1 MN+1
i.e., of the question when

Fo(n, &) >0 forall (n,&) with
Amg = Agiirr + By (0 <k < N), () € ImR”, and n # 0

holds. Here, n, € IR" for all 0 < k < N 4+ 1, Any = Nkr1 — ks
& € IR™, Ay, By, Cy are n X n-matrices with I — A, invertible and
By, Cy symmetric for all 0 < & < N, and S, R are 2n x 2n-matrices
such that S is symmetric.

Recently, characterizations of positive definiteness in this sense
have been given by the author in [2, 3] involving disconjugacy of linear
Hamiltonian difference systems

Ang = Agneyr + Br&e, A& = Cxmir — ALé (0<k<N).
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In this paper we will not discuss those characterizations but show that
it indeed makes sense to give them by presenting how the question
of positive definiteness of homogeneous discrete quadratic functionals
arises naturally while trying to solve certain general inhomogeneous
discrete variational problems. For more special versions of this task we
refer to the paper [1] by C. Ahlbrandt and to Chapter 8 of the book [4]
by W. Kelley and A. Peterson. The continuous analogue of it can be
found in Section 2.3 of the book [5] by W. Kratz, and we will in fact
refer to this work again later on.

We shortly summarize the setup of this paper. The next section
contains notation and terminology as well as the introduction of both
the inhomogeneous discrete variational problem and the inhomogeneous
discrete boundary value problem. We give the main results on the rela-
tionship of these two problems to positive semidefiniteness of homoge-
neous discrete quadratic functionals in Section 3. In Section 4 we prove
two auxiliary lemmas while the last section is devoted to the proofs of
our main results, Theorem 1 and Theorem 2 of Section 3 below.

2. NOTATION AND TERMINOLOGY.

Let J := [0, NN Z, J* := JU{N + 1}, and let be given real matrix-
and vector-valued functions on J

Q’ Q’ P’ A’ B’ Q7pﬂc

oftypenxn, nxXxm, mxm, nxXn, nxm,nx1l, mx1 nx1as
well as real (constant) matrices and vectors

S, S* s, s*
of type 2n x 2n, 2n x 2n, 2n x 1, 2n X 1 such that the assumptions
Q, P symmetric, P, B := BT B invertible on J;S symmetric; s* € ImS*

hold. With this setting and for z = (z4)ges- and v = (vg)res we define
an inhomogeneous discrete quadratic functional by

N

F(z, U)3:Z {x£+1Qk$k+l + 2$£+1kak + UkTkak + 2xf+1% + 2pka}
k=0

T
o) {s(a0) + 2]
TN+1 TN+1
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and consider a general inhomogeneous discrete variational problem
(VP) F(z,v) = min, (x,v) admissible, z € R.

Here, (7, v) is called admissible if it satisfies Axy = Apzpi1 + Brog + cx
for all £ € J, and we write x € R in case of S*( _zo) = s*. We put

TN+1

A=A-BP'Q", B=BP'B', C=Q-QPQ",
a=c—BPlp, b=qgq-—QP'p (on J)

and consider an inhomogeneous boundary value problem of the form

Afbk = Ak$k+1 + Bkuk + ag, Auk = Ckxk—f—l - Afuk + bk
(BP) (z,u) € R,

where (z,u) € R indicates that
(RS+S*)<_$°> +R( Ho ) =5 — Rs
TN+1 UN+1

holds with a matrix R satisfying rank(R S*) = 2n and ImRT = KerS*
(such an R exists as is shown in [5, Corollary 3.1.3]).

3. MAIN RESULTS.

With the notation from Section 2 we can now give both a sufficient and
a necessary condition for a pair (%, ) to be a solution of the variational
problem (VP). These main results of this paper read as follows.

Theorem 1 (Sufficiency).
Let (%,1) solve (BP) and let Fy be positive semidefinite. Then (Z,0)
solves (VP), where v is defined by

by = Py (Briw — Qf &g —pi), k€ J.
Theorem 2 (Necessity).
Let (z,0) solve (VP). Then F; is positive semidefinite and Fi(&,0) = 0,
where U is defined by

Uy, = BkBNk_I(Pk’lA)k + QZHA? +pk), ke J
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In the following definition we summarize the description of the
terms used in the above statements.

Definition (First and Second Variation).
The first variation of the discrete variational problem (VP) is given by

N
Fi(z,u,n, &) = ZU;{H {Ckﬂckﬂ — Afug + b — Auk}
k=0

T
(o) ) #5(ars) 4}
NIN+1 UN+1 TN+1

and we write F(x,u) = 0 whenever

Fi(z,u,m,&) =0 holds for all (n,§) with
Ank = AkT}k-H + kak (k € J) and (’fljle) € ImR".

The second variation of (VP) is given by

IN+1 TIN+1

N T
Fan, €) = Z {71 Crer1 + & Bréi } + ( e ) S( e >’
k=0

and we write F, > 0 and call F, positive semidefinite whenever

Fa(n,€) >0 holds for all  (n,£) with
Ang = Agnrs1 + Brés (k‘ € J) and (—7)0) € ImR”.

TIN+1

4. SOME AUXILIARY RESULTS.

We approach our ultimate goal of proving Theorems 1 and 2 by giving
two auxiliary results. We use the notation introduced before.

Lemma 1. If v, = P, (Bfux — Q¥ x11 — px) holds for all k € J, then
we have for all k € J

Tt 1 QuThrt + 201 1 Quvr + vf Prvk + 225 g + 2pp vk

T T T T p—1
= xk+1ckxk+1 + Uy, Bkuk —+ 2$k+1bk — Dk Pk Pk

and
Ak37k+1 + Bk’Uk +cp = Akxk—H + Brug + ay.
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Proof. The above assumptions yield

T Qrryr + 221 Qrvy, + v Pevy + 271 g + 2ph vy
= $f+1Qk$k+1 + 2:5{+1Qk + {UkTPk + 2xf+1c~2k + 2;0%} Vg
= xfﬂ@kxkﬂ + 2xf+1qk
+ {uka + 2 Qr + p’-,f} Pt {B,{uk — QF g1 — pk}
= Tip {Qk = @kPk_IQZ} Tyi1 + uy B Py By ug
+2x1{+1 {Qk - Qkpk_lpk} - pfpk_lpk
= xgﬂckl“kﬂ + uy, Byuy, + Qxfﬂbk — pp P pe

and

-Alcxk-i—l + Bkvk + Cr = -Ak-T]c-i—l + BkPk_l(Bfuk — Q£$k+1 — pk) + Ck
(.Ak - kak_le)ka + kak_lBguk +cr — kak_lpk
= Akxk-}-l + Bkuk + ay

for all k£ € J so that the assertion of the lemma follows. [ |
Lemma 2. Let Any = Agngy1 + Biéi be satisfied for all k € J. If
vp = Py (B{ue — QF zes1 — pr) and G = Py N (BE &, — QF k1) hold on
J, then we have

Fz+n,v+ ) — F(z,v) =2F (z,u,n, &) + Fa(n, §).
Proof. The above assumptions yield
v+ G =By {Bf(uk + &) — QF (Ths1 + 1) — Pk}
for all £ € J, and then it follows by applying Lemma 1 that
Flx+nv+() —F(z,v)
N
= > {@hyr +0) Colmern + M) + (uf + &) Be(ug + &)

k=0
+2(x£+1 + 77kT+1)bk - p;-cppk_lpk}

+< —Zo — To >T{S< —Zo — Mo )+25}
TN+1 T N+1 TN+1 T NN+1
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N

- Z {foCka:kH + ’U/ZBkuk + 2$£+1bk - pZPkilpk}
k=0

T
() fs(a) + )
TN+1 TN+1
N

= > {01 Crmrsr + 2081 Crigr + 2uf By + & Bl + 2nj 1 b }
k=0

T T
) s() s ) sl +2)
TN+1 TIN+1 TIN+1 TN+1 T NIN+1
N N
= 2 {01 (Chmper + bk) + ug Beb } + Y {1 Comierr + & Bréi }

k=0 k=0

o T _ _ T _ _ T
2o ) () = () s(am) +2(m)
TN+1 NIN+1 IN+1 NIN+1 IN+1

N

= 2 Z {me1 (Crmpsr + be) + up (Ang — Agnesr)
k=0

T
+2<_77°) {S<_$°) +s} + Fa(n, €)
TIN+1 TN+1

N

= 2> {0 (Crargr — A ug + be) + Alufme) — (Aug)mrgs }

k=0

+2( _"0) {S( _%) +s} + Fo(n, €)
TIN+1 TN+1

N
= 2 Z 771?+1(Ck$k+1 - Afuk + b, — Auk)

k=0

T
+2< 770) {( to ) +S< x0> +s} + Fa(n, €)
NIN+1 UN+1 TN+1
= 2.7?1(.T, u, 1, 5) + fg('l’], 5)
holds, where we also used summation by parts, i.e., the fact that
A(ugme) = (Aug) kg1 + ug (A7)
holds for all k£ € J. [ |
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5. THE PROOFS OF THE MAIN RESULTS.

With the above auxiliary lemmas we can now provide the proofs of
Theorem 1 and Theorem 2 from Section 3.

Proof of Theorem 1. Let (%, ) solve (BP), i.e

Az = Aki'k-}—l + By + ag, Ay, = ijk—}-l - A%ak + by (k € J),
(z,u) € R,

assume Fo(n,&) > 0 for all pairs (n,€&) with An, = Agner1 + Brék
(k€ J)and (™ ) € ImRT, and define

Oy = P, '(BF g — QFdp1 —p) forall ke

) € R means

§>

By Lemma 1, (£, ) is admissible. Now, (Z,
(RS+S*)<T$°) +R(A“0 ) =s*—Rs
TN+1

so that o € ImS* N ImR for

However, we have

dim(ImS* NImR) = dimImS* + dimImR — dim(ImS* + ImR)
= dimImS* + dimImR” — dimIm(S* R)
= dimImS* +dimKerS* —2n=2n-2n=20

so that o = 0, hence s* = 5*(; Nmfl), and therefore & € R (see also [5,

Lemma 2.3.2]). We proceed by letting (z,v) be an arbitrary admissible
pair with 2 € R. The proof is done once we show F(z,9) < F(z,v).
To achieve this goal we define

Ug = BkBk_I(Pk’Uk + Q{.’E}H_l + pk) forall keJ.
Then vy = P, *(Bfuy — Qf w411 — pi) for all k € J. We now put

n=x—2, &=u—u, (:=v-—70.
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Then Lemma 1 implies that

A1 + Brék = Apxpy1 + Brug + ag — (AkZr1 + Bty + ai)
= Apzri1 + Brog + ek — (ApZg1 + Broy + cx) = Ang

holds on J. This together with ¢, = P, (B} & — QF1yi1) on J yields
.7:(:5,1)) - f('%’ @) = 2F1(ivﬁ'7 7, §) + ‘FZ("’ §)

by Lemma 2. Now, z € R and & € R show

)= () () s
TIN+1 TN+1 TN+1

ie, (™) € KerS* = ImRT so that F5(n,§) > 0 because of the

TIN 41
positive semidefiniteness of F,. Finally we have (with (_"0) = R'p

TIN 41
for some 3 € IR?")

N
Fi(@,0,m,6) = Y 0 {Criyr — ALty + b — Ady}
k=0
o \" ([ @ —
o) 1) =527+
NIN+1 UN+1 TN+1
= 0+0%a=0
so that F(x,v) — F(Z,0) = Fa(n,€) > 0 and F(z,0) < F(z,v). H
Proof of Theorem 2. Let (z,?) solve (VP), i.e.,

Ady = Apipgr + Bty +cx (k€ J), i €R, )
F(z,v) < F(z,v) for all admissible (z,v) with z € R,

and define
Qg = BB (Pety + QY dipyy +p) forall ke J

so that o, = P, (Bl — QT 441 — px) holds on J. Let (n,€) satisfy
Ang = Agngy1 + Beée (k € J) and (n;v"fl) € ImR”. We have to show
that both F1(Z,4,n,£) = 0 and Fy(n, &) > 0 hold. To do so we put

77](: = AT, gl(: = agka Cl? = Pkil(BZ’gl? - ang—l—l)
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for all £ € J and all o € IR. Since
A + By = o(Ariey1 + Brée) = aAny = Any
holds for all £ € J and « € IR, we may apply again Lemma 2 to obtain
F(EZ+n* 0+ (") — F(,0) =2F (2, 0,n% &) + Fo(n®, £)
for all a € IR. Of course, T + n* € R because of

— 7 — a —
S*(/\ To ZO ) :S*+C\fs*< 770) :8*,
INt+1 NN NN +1

and Lemma 1 yields the admissibility of (& + n®, o + (). Hence
0 S 271('%7 ﬁu ’r’a7§a) + -7'—2(7%5) = 20[7:1('%7 ﬁu , g) + a2~7'-2(777 g)
forall « € R, i.e.,

]_-2(77’ é.) + 2f1(:i"aaa , g)

This immediately yields F;(Z,4,7n,£) = 0 and Fy(n, &) > 0. |

>0 forall ae€R\{0}.

Remark. From the proofs of Theorem 1 and Theorem 2 we obtain the
following corollary. If (z,4) solves the boundary value problem (BP)
and if F, is positive definite (in the sense given in the introductory
Section 1), then the solution (Z,9) of the variational problem (VP)
from Theorem 1 is unique in the sense that

F(&,0) < F(z,v) for all admissible (z,v) with € R and = # &

holds. Conversely, the existence of a solution of (VP) which is unique
in the above sense implies the positive definiteness of F;.
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