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INEQUALITIES ON TIME SCALES. A SURVEY
R. AGARWAL, M. BOHNER AND A. PETERSON

(communicated by S Leela)

Abstract. The study of dynamic equations on time scales, which goes back to its founder Stefan
Hilger (1988), is an area of mathematics which is currently receiving considerable attention.
Although the basic aim of thisisto unify the study of differential and difference equations, it also
extends these classical casesto cases“in between”. In this paper we present time scales versions
of the inequalities: Holder, Cauchy-Schwarz, Minkowski, Jensen, Gronwall, Bernoulli, Bihari,
Opial, Wirtinger, and Lyapunov.

1. Unifying Continuous and Discrete Analysis

In 1988, Stefan Hilger [13] introduced the calculus on time scales which unifies
continuous and discrete analysis. A time scale is a closed subset of the real numbers.
We denoteatime scale by thesymbol T. For functions y definedon T, weintroducea
so-called deltaderivative y2 . Thisdeltaderivativeisequal to y’ (theusual derivative) if
T = R istheset of all real numbers, anditisequal to Ay (theusual forward difference)
if T = Z istheset of al integers. Then we study dynamic equations

f(t7y7yA7yA27"'7yAn):07

which may involve higher order derivatives as indicated. Along with such dynamic
equations we consider initial values and boundary conditions. We remark that these
dynamic equations are differential equations when T = R and difference equations
when T = Z. Other kinds of equations are covered by them as well, such as g-
difference equations, where

T=q" :={¢|keZ}u{0} forsome gq>1
and difference equations with constant step size, where
T=hZ:={hkke Z} forsome h>O0.
Particularly useful for the discretization purpose are time scales of the form
T={tkeZ} where tceR t<tiforalkeZ.
Mathematics subject classification (2000): 34A40, 39A13.

Key words and phrases: Time scales, Dynamic equations, Measure chains.
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Thissurvey paper isorganized asfollows: In Section2weintroducethe basic conceptsof
thetimescalescal culus. Section 3 containsthe Cauchy-Schwarz, Holder and Minkowski
inequalities, which can be proved by following the methods similar to those described
in [12], see also the paper of Bohner and Lutz [8]. In Section 4 we derive atime scale
version of Jensen’s inequality. The obtained inequality reduces to the classical Jensen
inequality incase T = IR, and becomesthe arithmetic-mean geometric-meaninequality
incase T = Z . Next, in Section 5 we state the Gronwall inequality, which isessentially
dueto Hilger [13], and discussitsseveral interesting special cases. In particular, weshall
show that thisinequality reducesto thewell-known Bernoulli inequalityincase T = Z .
A Bihari typeinequality by Ozgiin, Kaymakgalan, and Zafer [16] is mentioned as well.
Following the lead of Bohner and Kaymakgalan [7] and Hilscher [15], in Section 6 we
obtain Opial and Wirtinger typeinequalities. Finally, in Section 5 we present Lyapunov
type inequalities and give some of their applications. This supplementsthe recent work
of Bohner, Clark and Ridenhour [6].

2. TheTime Scales Calculus

A time scaleisaclosed subset of the reals, and we usually denoteit by the symbol
T. The two most popular examplesare T = R and T = Z . We define the forward
and backward jump operators o, p : T — T by

o(t)=inf{se T|s>1t} and p(t)=sup{se T|s<t}

(supplemented by inf () = supT and sup® = infT). A point t € T iscalled right-
scattered, right-dense, |eft-scattered, left-dense, if o(t) > t, o(t) = t, p(t) < t,
p(t) =t holds, respectively. The set T* is defined to be T if T does not have a
left-scattered maximum; otherwise it is T without this left-scattered maximum. The
graininess 1 : T — [0, co) isdefined by

u(t) = of(t) —t.

Hencethe graininessfunctionisconstant 0 if T = R whileitisconstant 1 for T = Z .
However, atime scale T could have nonconstant graininess. Now, let f be afunction
definedon T'. Wesay that f isdeltadifferentiable(or simply: differentiable) at t € T
provided there exists an a such that for all ¢ > 0 there is a neighborhood ./ of t
with
[f(a(t)) —f(s) —a(o(t) —s)| < glo(t)—5 fordl se ..

Inthis casewe denotethe a by f2(t), andif f isdifferentiablefor every t € T*, then
f is said to be differentiableon T and f2 is anew function defined on T . If f is
differentiableat t € T, thenit is easy to see that

i f—fs —
fA(t> B { ||m5_,;t’se’[[‘ s if I,l(t) =0

fla)—ft)
HeW=t0 it p(t) > 0.

Other useful formulas are as follows:

fo(t) = F(O) + uO (D) (21)
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(Fg)(t) = FAM)at) + F(a(t)g(t) (22)
F\S L A — FER()
(6) =50 23)

A function f defined on T is rd-continuous, if it is continuous at every right-dense
point and if the left-sided limit exists at every left-dense point. The importance of rd-
continuousfunctionsis revealed by the following existenceresult by Hilger [13]: Every
rd-continuous function possesses an antiderivative. Here, F is called an antiderivative
of afunction f definedon T if F4 = f holdson T* . Inthiscasewe define an integral

by
/t f(T)AT = F(t) —F(s) where steT.

For further basic results about the time scales cal culuswe refer thereader to [1, 3, 5, 13].

3. Holder’'sInequality

Thefollowing version of Holder’'sinequality on time scales appearsin [8, Lemma
2.2 (iv)], and it's proof is similar to that of the classical inequality as given e.g. in [12,
Theorem 188].

THEOREM 3.1. (Holder's Inequality) Let a,b € T. For rd-continuous f,g :
[a b] — R we have

/|f (It < {/ (0) pAt}%{/ab|g<t>|w}é7

wherep>landg=p/(p—1).

Proof. For nonnegativereal numbers a and 3, the basic inequality

=

atrptfa g L4 F (3.1)

©
o]

holds. Now suppose, without loss of generality, that

b b
{/ |f<t>|PAt} {/ |g<t>|qm} £0

Apply (3.1) to

IO g gy — L0

t
o) = f|f T)|PAT g f|gr|qAr
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and integrate the obtained inequality between a and b (thisis possible since all occur-
ring functions are rd-continuous) to find

/b{f 'f“('?ﬂ } {fb|g|<gr(>t|:|m}”qm - [ e e
P

\A{_ q}
:/ab{_ :I<>|P L1 lgwp }m

(n)lpaT 9 f|g(T)|9AT

1
pf )
(t)|P o(t)]
/ {f [f( T)|PAT} / {f |9T|qAT}At

p q
=1

Thisdirectly yields Holder's inequality.
The specid case p = q = 2 reducesto the Cauchy-Schwarz inequality.

THEOREM 3.2. (Cauchy-Schwarz Inequality) Let a b € T. For rd-continuous
f,g:[a b] — R wehave

/|f (e < J{/ﬁbmtnw}{/:|g<t>|2m}.

Next, we can use Holder'sinequality to deduce Minkowski’s inequality.

THEOREM 3.3. (Minkowski’s Inequality) Let a,b € T and p > 1. For rd-
continuous f, g: [a, b] — R we have

b 1/p b 1/p b
{/ |<f+g><t>|PAt} <{/ |f<t>|PAt} +{[ |g<t>|pAt}

1/p
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Proof. We apply Holder’sinequality, Theorem 3.1, with g = p/(p — 1) to obtain

b b
/|(f+g><t>|"m=/ I(F + Q)P (F + g (DAt
: b : b
< [ +gop-as [ oo +omp-a

1/p 1/q
< {/b|f(t)|PAt} {/b|(f+g)(t)|(p_1>qm}
1/p
+ {/b|g<t>|pm} {/buf +g><t>|(p—l>th}
b 1/p b 1/p .
= {{/ If(t)lpAt} +{/ |g(t)|PAt} }V I(f + g)(t)|PAt

1/q
We divide both sides of the obtained inequality by [f: [(f + g)(t)|pAt} to arrive at
Minkowski’sinequality.

1/q

1/q

4. Jensen’slnequality

The proof of Jensen’s inequality on time scales follows closely the proof of the
classical Jensen’s inequality (see for example [11, Problem 3.42]). If T = R, then
our version is the same as the classical Jensen inequality. However, if T = Z , then it
reduces to the well-known arithmetic-mean geometric-mean inequality.

THEOREM 4.1. (Jensen’s Inequality) Let a,b € T and c,d € R. Suppose g :
[a b] — (c, d) isrd-continuousand F : (c,d) — R isconvex. Then

b
c (fa g(t)At> _ JaFlamat
b-a b—a

Proof. Let xo € (¢, d). Then (e.g., by [11, p. 109]) there exists 8 € R such that
F(x) = F(X0) > B(x —x0) foral xe (cd). (4.1)

Since g is rd-continuous,
. — f; g(1)At
" "h-a
iswell defined. Fog isalsord-continuous, and hencewemay apply (4.1) with x = g(t)
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and integrate from a to b to obtain

b b
| Flam)ai-o-ar (f s OlAr >= | Flam)ai-o-aF(a)

Thisdirectly yields Jensen’s inequality.

ExamMPLE 4.1. Let T = R. Obviously, F = —log is convex and continuous on
(0, >0) , so we may apply Theorem4.1 with a= 0 and b = 1 to obtain

1 1
Iog/ g(t)at >/ logg(t)dt
0 0

1 1
/ g(t)dt > exp / log g(t)dt]
0 0

whenever g: [0, 1] — (0, oo) iscontinuous.
ExamMPLE 4.2. Let T = Z and N € N. Again we apply Jensen’'s ineguality,
Theorem4.1,witha=1,b=N+1,andg: {1,2 ...,N+ 1} — (0, c0) tofind

and hence

and hence
1 N N l/N
N Zg(t) 2 {Hg(t)} .
t=1 t=1

Thisisthe well-known arithmetic-mean geometric-mean inequality.
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EXAMPLE 43. Let T = 2" and N € N. We apply Theorem 4.1 with a = 1,
b=2V,and g: {2 0 < k< N} — (0, ) tofind

_ oN
()l C2)

N

S ff logg(t)At
- 2N -1
_ Yo 2logg(2Y)

2N -1

_ k

_ Yo log(9(24))?

2N -1

_ k

log {TT (0297 |
B 2N 1

1

N ) 1/(2N-1)
:ﬂw{ﬂwﬂwz}

k=0
and therefore
N—1 ok ./ ok N—1 1@ -1
_o 2°g(2 K
Licg ZUZ) {H(g<2k>>2 } .
k=0

5. Gronwall’sInequality

DerINITION 5.1. An rd-continuousfunction f is called regressive provided
1+ ut)f(t)£0 foral teT.

The set of all rd-continuous functions f that satisfy 1+ u(t)f(t) > 0 foral t e T
will be denoted by Z* .

The following existence theorem has been proved by Hilger, see [13].

THEOREM 5.1. Let to € T. If p isrd-continuous and regressive, then

y*=pt)y. y(to) =1
has a unique solution.

We call the unique solution from Theorem 5.1 the exponential function and denote
it by ey(-, to). In fact, there is an explicit formula for ep(t, s), using the so-called
cylinder transformation

h .
L if h#£0 (forz# —1/h)

&wz{zifhzo
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Theformula, see [14], reads

ep(t,s) = exp{/st Eu(r)(p(r))Ar} .

We now proceed to give some fundamental properties of the exponential function. To
do so it is necessary to introduce the following notation: For regressive p,q: T — R
we define

p
14 pp’

P& q:=p+q+upy, opi=— peq:=pd(Sp).

Notethat the set of all regressive and rd-continuousfunctionstogether with the addition
@ isan Abelian group.

THEOREM 5.2. Assume p,q: T — R areregressive and rd-continuous, then the
following hold:

(i) eo(t,s)=1andey(t, t) =1;
(i) ep(a(t),s) = (1+ u(t)p(t))ep(t; s);
(iii) ep&,s) =ep(t, );

(iv) eplt,s) = g5y = €sp(S );
(V) ep(t,s)ep(sT) = €p(t,r);
(Vi) ep(t,s)eqy(t, s) = epgq(t, s);

?
iy ep(ts)
(vii) :(t,:) = €poq(t, ).
Next we note the following result from [9].

THEOREM 5.3. If p and f arerd-continuousand p isregressive, then the unique
solution of the initial value problem

yh=pt)y + (1), y(to) = Yo
isgiven by
y(t) = yoep(t, to) + ft t ep(t, o(7))f(T)AT.
A comparison theorem follows.

THEOREM 5.4. Let y and f berd-continuousand p € #*. Then
yA(t) < p(t)y(t) + f(t) forall teT
implies
y(t) < y(a)e(t, a) + f ‘st o(r)f(1)dr forall teT.
a
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Proof. Notethat p € #* implies 1+ u(t)p(t) > 0 and hence e, > 0. Now

yeo(- A2(1) = y* (Deop(0(t). &) + Y(t)(=P)(Deop(t. a
= PO O enl D+ HOEDOReslt,
p(t)
{yﬂ RO 1T apY ) et
— ) — pltyy(ty) et

Therefore

ym%ﬁta—YG%i/W%ﬂ—MﬂW)Pm(U)@N

/f Jesp(o(T), @)AT
/a ep(a o(1)f(1)T

and hence the assertion follows by applying Theorem 5.2.
The above comparison Theorem 5.4 gives the following interesting results.

THEOREM 5.5. (Bernoulli’sInequality) Let a € R with a € Z* . Then
e(t,s) >1+a(t—s) foral t,seT witht>s

Proof. Since o € #*, wehave e, (t,s) > 0 foral t,se T. Supposet > s
Let y(t) = a(t —s). Then

ay(t) + a = a?(t —s) + a > a = y*(t).
Since y(s) = 0, we have by Theorem 5.4
t
y(t) < f ea(t, 0(1))alT = 1+ eqt, 9)
S
sothat e,(t,s) > 1+ a(t —s) follows.

THEOREM 5.6. (Gronwall’s Inequality) Let y and f be rd-continuousand p €
Z#*, p=>0. Then

t
+/y(r)p(r)Ar forall teT
a

implies t
y(t)gf(t)+/ep(t, o) f(Dp(dT forall teT.

a
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Proof. Define
t
2(t) = [ ymp(mar
a
Then z(a) = 0 and

2(t) = y(t)p(t) < [F() +2()]p(t) = pt)z(t) + pt)F (1)
By Theorem 5.4,
20) < [ et o) (OprA
and hence the claim follows becau:e of y(t) < f(t) +z(t).
If wetake T = hZ and a = 0 in Gronwall’sinequality we get the following.

ExampLES.1. If T =hZ and y isafunctionon [0, co) and b > 0 isaconstant

such that
L1

y(t) <c(t) + b y(kh)
k=0

for t € T, then

y(t) < ot) + b S c(kh)(L + bh)y=n".
If welet h =1 inthe above example we get the following.

EXAMPLE 5.2. Assume {yn}2, is asequence of real numbersand b > 0 isa
constant such that

n—1
Yo < C+bD y(K)
k=0

for n € Ny, then it follows that

n—1

Yn <Gt b c(1+ bkt
k=0

COROLLARY 5.1. Let y berd-continuousand p € Z* with p > 0. Then

y(t)g/ty(r)p(r)Ar forall teT

implies
y(t) <0 foral teT.

Proof. Thisis Theorem 5.6 with f(t) = 0.
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COROLLARY 5.2. Let y berd-continuousand a, 3,y € R with y > 0. Then

y(t) < a(t—a)+B+v/aty(r)Ar forall teT
implies
y(t) < (% +/3) ot a)- 7.
Proof. InTheorem5.6, let f(t) = a(t —a) + 8 and p(t) = y. Then
v <10+ [ st o) H(D)p(r)BT
—a(t-a)+p+ y/atem o(0)la(t —a)+ Flot

To proceed we observe that for

we have

WA(r) = —%(@V)(T)eev(ﬁ t)
1
= T+ a0y esy(T, 1)
= [1+ u(n)(©y)(D)]esy(n,1
— ey (a1, 1) = gt o(1)).

Hence

/ e (t, o(1))[a(r —a) + B]AT = / wWA(1)[a(T — a) + B]AT

= [ {mmar—a)+ o) - aw(o <>>}Ar
=w(t)[a(t —a) - —a/w

= i[ (t—a)+B]+€ey(t a)+ — /ey(t o(1))At
= i[ (t—a)+ B] +€eyta /wA

=~ Jlatt-a)+ pl+ et a)+ Tw) - wia)
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S0 that

y(t) <a(t—a)+ B —[a(t —a) + B] + Be,(t, a) — % ¥ %ey(t, a)

a o
=|—- +B> e/(t,a) — —
(5+p)ata-2

shows the correctness of our claim.

We conclude this section with a Bihari type inequality from [16]. To prove this
inequality, we need the following comparison result, whose proof can be found in [16,
Theorem 3.1].

THEOREM 5.7. Let h: T x R — R be continuous and nondecreasing in the
second variable. Suppose v and w satisfy the dynamic inequalities

VA <h(t,v) and wh > h(t,w).
Then v(to) < w(tp) for some to € T implies v(t) < w(t) forall t € T.
The Bihari type inequality, see [16, Theorem 4.2], now reads as follows.

THEOREM 5.8. (Bihari’s Inequality) Suppose that g is continuous and nonde-
creasing, p is rd-continuous and nonnegative, and vy is rd-continuous. Let w be the
solution of

wh = p(t)g(w), w(a)=p

and suppose there is a bijective function G with (G o w)? = p. Then

v <p+ [ pngy(m)aT forall teT
implies t
y(t) < G™* [G([B)+/ p(T)AT] forall teT.

Proof. We denote

v =B+ [ prgly(m)ar
Then v satisfies
V() = p(Hg(y(t), Vv(a) = B
Since p(t) > 0 and y(t) < v(t), the monoctonicity of g implies
VA(t) = p(H)g(y(t) < pt)g(v(t)),

and so v satisfies

VA

ptig(v), v(a) =B
Therefore, by Theorem 5.7, v(t) )

w(t). Next,

NN

Gw(t) = G(B) = (Gow)(t) — (Gow)(@) = [ (Gow?(ar = [ pmar
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so that .
w(t) = G™1 {G(B) +/a p(T)AT} .

But y(t) < v(t) < w(t) now shows the correctness of our claim.

6. Opial’slnequality

Opial inequalities and many of their generalizations have various applications in
thetheoriesof differential and differenceequations. Thisisvery nicely illustratedin the
book [4] “ Opial Inequalitieswith Applicationsin Differential and Difference Equations’
by Agarwal and Pang, which isthe only book devoted solely to continuousand discrete
versions of Opia inequalities. In this section, following [7], we present several Opial
inequalitiesthat are valid on time scales. Throughoutweassume O € T andlet he T
with h > 0.

We will need two simple consequences of the product rule: First,

()2 = (f - £)2 = f8F + f9F2 = (f + fO)f4 (6.1)

and in general, one can use mathematical induction to prove the formula

|
(f+HA = {Z fk(f")'k} 2 leN. (6.2)
k=0

THEOREM 6.1. (Opid’s Inequality) For a differentiable x : [0,h] N T — R with
x(0) = 0 we have

h h
o peimae<n [ e
0 0

with eguality when x(t) = ct.
Proof. Consider

y(t) = / X2(9)|As.

Thenwe have y* = |x4| and |x| < y sothat
h h
[ ocex a1+ eDma:
0 0
h
< /O [y +y") Xl (DAt
h
- [ly+ywioa
-/ 2R
0
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= y*(h) - y*(0)

h 2
- { / |xA(t>|At}
0
<n " P
0

where we have used formula (6.1) and Theorem 3.1 for p=1/2.
Now, let X(t) = ct for some c € R. Then X4(t) = c, and it is easy to check that

the equation
h
/|(>"<+>”< e At—h/ IKA12(t)A
0

We next state a generalization of Theorem 6.3 where x(0) need not be equal to 0.

holds.

THEOREM 6.2. Let x:[0,h|NT — R bedifferentiable. Then

h h h
| iocexntimat<a [ pewpat2s [ pxewmia
0 0 0

a €T with dist(h/2 a) = dist(h/2, T) (6.3)
and B = max{[x(0)[, [x(h)|}.

A consequence of Theorem 6.2 is the following result.

where

THEOREM 6.3. Let x: [0, h]NT — R be differentiable with x(0) = x(h) = 0.

Then
/|X+x XA|(t) At<a/|x t)|2At,

where o isgivenin (6.3).

Now we offer some of the possible generalizations of the inequalities presented
above. The continuous and/or discrete versions of these results may be found in [4].
We have not included all of such results, but most of them may be proved by using
similar techniques as the ones presented in this section.

THEOREM 6.4. (see [4, Theorem 2.5.1]) Let p, q be positive and continuous on
[0, h], f;‘At/p(t) < 00, and g nonincreasing. For a differentiable x : [0, h| N T — R
with x(0) = 0 we have

/Oh[qUI(X+X“)XAI](t)At < {/ } {/ p(t) ZAt}
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THEOREM 6.5. (see [4, Chapter 3]) Suppose |, n € N. For n-times differentiable
x:[0,h]NT — R with x(0) = x2(0) = ... = X" '(0) = 0 we have

r

THEOREM 6.6. (see [4, Theorem 3.2.1]) Suppose n € N. For n-times differen-
tiable x : [0, h] N T — R with x(0) = x2(0) = ... = x" '(0) = 0 we have

h
oat < [ ol a
~ O .

|
{Z Xk(xa)lk} XA”
k=0

h n h o 2
/ (X + x9)x& |(t)At<h”/ ‘xﬂ (t)‘ At.
0 0

THEOREM 6.7. (see [4, Theorem 2.3.1]) Suppose | € N. For a differentiable
Xx:[0,h] N T — R with x(0) = 0 we have

r

We conclude this section with a Wirtinger type inequality from [15].

h
()AL < h'/ XA at,
0

|
{Z Xk(xa)lk} XA
k=0

THEOREM 6.8. (Wirtinger’s Inequality) Let M be positive and strictly monotone
such that M? exists and is rd-continuous. Then we have

b b o
| el e < w [ EEEED o)

for any y with y(a) = y(b) = 0 and suchthat y2 exists and is rd-continuous, where

1 14 2
_ M)\’ p(t)IMA(D)] M) \ |
”"{(teé’b‘wfwr)) " ([‘Z’b‘f Mo (D) )*(te[ﬂ%w(wﬂ }

Proof. For conveniencewe skip the argument (t) in this proof. Let

b b o
A= [ B= [N
. L VA

B my \ u(t)MA()]
“‘(tei’b‘?mwa(w)’ g ‘Cﬁiﬁ’w M7 (1) )
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Without loss of generality we assume that M2 is of positive sign. Then we apply the
Cauchy-Schwarz inequality, Theorem 3.2, to estimate

A:/bMA(yU)ZAt
b
=/ [(My?)® — MyA(y +y°)] At
b
= [ty v
b
< [ iy + 7l
b
= [ iy -yl
: b
/M|yA||y"|At+/ UM (y*)2At

MM@ b uMA MM@
_ A 2
2/ way V'l I'\/I ly? IAt+/a Me Jva] )

1

MM® P ?
<2{/ ey ) At} {f WIMAI(y")ZAt} +pB
< 2a+v/AB + BB.

Therefore, by denoting C = /A/B, wefind that C2 — 2aC — B < 0, and solving for
C > 0 weobtan

C*<(a+Va2+p)P=Ww
so that the proof is complete.
ExAMPLEG.1. Let a> 0 and
1 15 2
AW t AN
Y= sup @ + sup & + sup @ .
te[abNT t te[abNT t te[abNT t

Then ) b )
1 /7o)
A 2
> = . .
JAGCI S (64)
To show this we remark that M(t) = § satisfies the assumptions of Theorem 6.8, and

M(a(t)) —M(s) _ L/o(t) —1/s _ (s—a(t))/(so(t) _ 1

ot)y-s  ot)—s o(t)—s so(t)

implies
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Mt o) pOIMAD] _ p)
Mo -t wme@m t o A

MM (t)
IMA(H)]

=1,

and (6.4) follows from Theorem 6.8.

As an application of Theorem 6.8 and Example 6.1 we now state a sufficient
criterionfor nonoscillation of acertain second order dynamic equation, see[15, Theorem
3.

THEOREM 6.9. Let N € T and define

1 15 2
WYy = sup ORI sup CIORNN sup o®) .
t>NteT T t>NteT t>NteT L

O<limsupWy =W < oo,

N— oo

then the equation

v+ 2y =0

A
to(t)
is nonoscillatory for all A < .

7. Lyapunov’sInequality

Lyapunov inequalities have proved to be very useful in oscillation theory, disconju-
gacy, eigenval ue problems, and numerousother applicationsin the theory of differential
and difference equations. A nice summary of continuous and discrete Lyapunov in-
equalities and their applications can be found in the survey paper [10] by Chen. In
this section we present several versions of Lyapunov inequalities on time scales. The
established results supplement those presented in [6]. Throughout we assume a, b € T
with a< b.

Welet T C R beanytimescale, p: T — R be rd-continuous with p(t) > 0
foral t € T, and consider the Sturm-Liouville dynamic equation together with the
guadratic functional

b
F00 = [ {082 - pie )} (0.
a
To prove a Lyapunov inequality for
x5 4 p(t)x? =0 (7.1)

we need the following auxiliary results.
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LEMMA 7.1. If x solves(7.1) and .#(y) is defined, then

Zy) = F(x) = Z(y —x) + 2(y = x)(b)x"(b) — 2(y — x)(a)x"().

Proof. Under the above assumptions we find

Fly) - FX) — Fly %) / [y () + px)?
—(y* - +p(y"—x)}()At
/ s SO 4 p(x®) — (R + 2y — ()2

+p(y?)? — 2pyx? + p(x?)?} (t)At
_2 fa [YA5E — pyox® + p(x9)? — (x2)2) (1)t
—2 /a i {yAxA +yox — xoxA (xA)Z} (t)At
- 2/: {yx® — 18 At
- 2/: {(y — x)x2}" At
= 2(y(b) — x(b))x4(b) — 2(y(a) — x(a))x*(a),

where we have used the product rule (2.2).

LEMMA 7.2. If Z(y) isdefined, thenforany r,.se T witha<r<s<b

/S(yA(t))ZAt > (y(S) B y(r))Z

S—Tr

Proof. Under the above assumptions we define

(r) —ry(s)
S—Tr S—r

xA(t):w, and x¥(t) = 0.

Hence x solvesthe specia Sturm-Liouville equation (7.1) where p = 0 and therefore
we may apply Lemma7.1to .%, defined by

a0 = [ e Proa
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to find
Fo(y) = Zo(X) + Foly — X) + (Y = X)(S)X2(s) — (Y — X)(r)x*(r)
= Fo(X) + Foly — X)
> Fo(X)
:/‘{W$—y0qu
' sS—r

_ (e —y()?

S—r ’

and this proves our claim.

Using Lemma 7.2, we can now prove one of the main results of this section, a
Lyapunov inequality for Sturm-Liouville dynamic equations of the form (7.1).

THEOREM 7.1. (Lyapunov’s Inequality) Let p: T — R, be positive-valued and
rd-continuous. If the Sturm-Liouville dynamic equation (7.1) has a nontrivial solution
x with x(a) = x(b) = 0, then the Lyapunov inequality

pHAL > ——, (7.2)

holds, where f : T — R isdefinedby f(t) = (t —a)(b—t),and d € T issuch that

%b_d‘:min{ izb—s‘: se[ab]rﬂl‘}.

Proof. Suppose x is a solution of (7.1) with x(a) = x(b) = 0. Then we have
from Lemma7.1 (with y = 0) that

b
F00 = [ {087 - pex)?} 0t = o
Since x isnontrivial, we find that M defined by
M = max {x(t) : t € [ab]} (7.3)

is positive. We now let ¢ € [a, b] to be such that x?(c) = M. Applying the above as
well asLemma 7.2 twice (oncewith r = a and s = ¢, and asecond timewith r = ¢
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and s=b) wefind

/ pl() / " (o0} (e
b

(x(c) — x(a))? N (x(b) — ))2
~ c—a b—
1
el )
b-—a b—

-MT > Mg

where the last inequality holds because of f(d) = max{f(t) : t € [a,b]}. Hence,
dividingby M > 0 yieldsthe desired inequality.

ExAMPLE 7.1. We shall discussthetwo classical cases T=R and T = Z.
(i) If T =R, then

o

Hence f(d) = @ and the Lyapunov inequality from Theorem 7.1 reads

/ab Pt > ———

(ii) If T = Z ,then we consider two cases. First, if a+ b iseven, then

%b—s : se[a,b]}:o so that d:ib.

2

min{‘%b—s‘: se[ab]}:o so that d:%b.

Hence f(d) = @ and the Lyapunov inequality reads

If a+ b isodd, then

min{ %b—s‘: se[a,b]}:% otha d=2FP=1

2

Thistime we have f(d) = (o=

! andthe Lyapunov inequality reads

b a|l- g

As an application of Theorem 7.1 we now state a sufficient criterion for disconju-
gacy of (7.1), see [6, Theorem 3.6] and aso [2].
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THEOREM 7.2. (Sufficient Condition for Disconjugacy of (7.1)) If p satisfies

b
b—a
At < ——, 7.4
| et < o (74)
then (7.1) is disconjugateon [a, bJ.

REMARK 7.1. Notethat in both conditions (7.2) and (7.4) we could replace —2 (_d;:l

by b;‘fa ,and Theorems 7.1 and 7.2 would remain true. Thisisbecausefor a<c<b
we have
1 1 (a+b— 2c)? 4 4

c—atb_c b-ac—ab-o b-a’b-a

In the remainder of this section we present corresponding results for the linear
Hamiltonian dynamic system

XA = A(t)x? + B(t)u, Uud = —C(t)x — A*(t)u (7.5)

where A, B, and C arerd-continuous n x n-matrix-valued functionson T such that
I — u(t)A(t) isinvertibleand B(t) and C(t) are positive semidefiniteforal t € T.
The corresponding quadratic functional is given by

b
F (X, u) :/ {u*Bu — (x?)"Cx7} (t)At.

We denote by W(-, r) the unique solution of theinitial value problem
We = —AT W W(r) =1,

where r € [a b] isgiven,i.e, W(t,r) = e_a«(t,r). Notethat W exists due to our
assumptionontheinvertibility of | —uA. Observethat W(t, r) = | provided A(t) = 0.
Finally, let

S
F(sr) = / W*(t, r)B(t)W(t, r)At.
r
THEOREM 7.3. (Lyapunov’s Inequality) Assume (7.5) has a solution (X, u) such
that x isnontrivial and satisfies x(a) = x(b) = 0. With W and F as above, suppose

that F(b, c) and F(c, a) areinvertible, where ||x(C)|| = maXic[apnr |[X(1)||. Let A
be the largest eigenval ue of

b
F= / W (t, ©)B()W(L, C)AL,

and let v(t) bethelargest eigenvalueof C(t). Then the Lyapunov inequality

holds.
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REMARK 7.2. If A=0,then W=1 and F = f: B(t)At. If, in addition B =1,
then F = b — a. Note how the Lyapunov inequality fab v(t)At > /\5 reduces to

f: p(t)At > ;2 for the scalar case as discussed earlier in this section.

It is possible to provide a slightly better bound than the one given in Theorem
7.3, similarly asin Theorem 7.1, but we shall not do so here. Instead we now give a
disconjugacy criterion for the system (7.5) whose proof is similar to that of Theorem
7.2.

THEOREM 7.4. (Sufficient Condition for Disconjugacy of (7.5)) Using notation

from Theorem 7.3, if
b 4
/a v(t)At < T

then (7.5) isdisconjugateon [a b] .

We conclude this section with a result concerning so-called right-focal boundary
conditions, i.e., x(a) = u(b) = 0.

THEOREM 7.5. Assume (7.5) hasa solution (x, u) with x nontrivial and x(a) =
u(b) = 0. With the notation asin Theorem 7.3, the Lyapunov inequality

b
1
/ v(t)At > —
a A

holds.
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