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Abstract. This study focuses on nonlocal boundary value problems (BVP) for linear
and nonlinear elliptic differential-operator equations (DOE) that are defined in Banach-
valued function spaces. The considered domain is a region with varying bound and
depends on a certain parameter. Some conditions that guarantee the maximal Lp-
regularity and Fredholmness of linear BVP, uniformly with respect to this parameter,
are presented. This fact implies that the appropriate differential operator is a genera-
tor of an analytic semigroup. Then, by using these results, the existence, uniqueness,
and maximal smoothness of solutions of nonlocal BVP for nonlinear DOE are shown.
These results are applied to nonlocal boundary value problems for regular elliptic partial
differential equations, finite and infinite systems of differential equations on cylindrical
domains, in order to obtain the algebraic conditions that guarantee the same properties.

1. Introduction and Notation

BVPs for DOE have been studied in detail in [3, 7, 12]. A comprehensive introduction
to DOE and historical references may be found in [2, 7]. The maximal Lp-regularity for
differential operator equations has been discussed in e.g., [1, 5, 11]. The main objective of
the present paper is to discuss the maximal regularity of nonlocal BVPs for linear DOEs
in Banach-valued Lp-spaces and the existence and uniqueness of solutions of nonlocal
BVPs for nonlinear elliptic DOEs. In this work

(1) BVPs for DOEs are considered in Banach-valued function spaces;
(2) boundary conditions are, in general, nonlocal;
(3) operators used in equations and in boundary conditions are, in general, unbounded;
(4) the considered domain is a region with varying bound and depends on a certain

parameter.

The maximal Lp-regularity and Fredholmness of the linear problems, uniformly with re-
spect to this parameter, are shown, and the existence, uniqueness and maximal smooth-
ness in terms of Sobolev spaces of solutions of nonlinear BVPs are established. These
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results are applied to nonlocal boundary value problems for elliptic and quasi-elliptic par-
tial differential equations and their finite or infinite systems on cylindrical domains with
varying bounds.

Let E be a Banach space. Let Lp(Ω;E) denote the space of strongly measurable E-
valued functions that are defined on Ω with the norm

‖f‖Lp = ‖f‖Lp(Ω;E) =

(∫
‖f(x)‖pE dx

) 1
p

, 1 ≤ p <∞.

By Lp(Ω) and W l
p(Ω), p = (p1, p2), we will denote a scalar-valued p-summable function

space and Sobolev space with mixed norm, respectively [4]. Let C be the set of complex
numbers and

Sϕ = {λ : λ ∈ C, |arg λ− π| ≤ π − ϕ} ∪ {0}, 0 < ϕ ≤ π.

A linear operator A is said to be ϕ-positive in a Banach space E with bound M > 0 if
D(A) is dense on E and ∥∥(A− λI)−1

∥∥
L(E)
≤M (1 + |λ|)−1

with λ ∈ Sϕ, ϕ ∈ (0, π], I is the identity operator in E, and L(E) is the space of bounded
linear operators in E. Sometimes instead of A + λI will be written A + λ or Aλ. It is
known [10, §1.15.1] that there exist fractional powers Aθ of a positive operator A. Let
E(Aθ) denote the space D(Aθ) with graphical norm.

Let E0 ⊂ E be two Banach spaces. Let (E0, E)θ,p, 0 < θ < 1, 1 ≤ p ≤ ∞, denote
interpolation spaces for {E0, E} by the K-method [10, §1.3.1]. A function

Ψ ∈ C(l) (Rn \ {0};B(E0, E)) , where l ∈ N

is called a multiplier from Lp(R
n;E0) to Lq(R

n;E) if there exists a constant C > 0 such
that ∥∥F−1Ψ(ξ)Fu

∥∥
Lq(Rn;E)

≤ C ‖u‖Lp(Rn;E0)

for all u ∈ Lp(Rn;E0), where û = Fu is the Fourier transformation of u. We denote the
set of all multipliers from Lp(R

n;E0) to Lq(R
n;E) by M q

p (E0, E).
A set K ⊂ B(E0, E) is called R-bounded if there is a constant C such that for all

T1, T2, . . . , Tm ∈ K and u1, u2, . . . , um ∈ E0, m ∈ N,∫ 1

0

∥∥∥∥∥
m∑
j=1

rj(y)Tjuj

∥∥∥∥∥
E

dy ≤ C

∫ 1

0

∥∥∥∥∥
m∑
j=1

rj(y)uj

∥∥∥∥∥
E0

dy,

where {rj} is a sequence of independent symmetric [−1, 1]-valued random variables on
[0, 1] (see [5]). Let

Un = {β = (β1, β2, . . . , βn) : |β| ≤ n} , ξβ = ξβ1

1 ξ
β2

2 · · · ξβnn .
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Definition 1.1. A Banach space E is said to be a space satisfying the multiplier condition
with respect to p ∈ (1,∞) when for every Ψ ∈ C(n)(Rn \ {0};B(E)) if the set

(1.1)
{
ξβDβ

ξ Ψ(ξ) : ξ ∈ Rn \ {0}, β ∈ Un
}

is R-bounded, then Ψ ∈Mp
p (E). Moreover, if K is a subset of C(n)(Rn \ {0};B(E)) such

that the set (1.1) is uniformly R-bounded for Ψ ∈ K, then K is called a uniform collection
of multipliers.

Remark 1.2. If E is a UMD space and n = 1 or if E is a UMD space with property (α)
[6] and n > 1, then E satisfies the multiplier condition (see also [5, 11]).

Definition 1.3. The positive operator A is said to be R-positive in the Banach space E
if there exists ϕ ∈ (0, π] such that the set

LA =
{

(1 + |ξ|) (A− ξI)−1 : ξ ∈ Sϕ
}

is R-bounded.

Note that in Hilbert spaces every norm-bounded set is R-bounded.
Let σ∞(E) denote the space of compact operators acting in E. Let us consider the space

W l
p(Ω;E0, E), Ω ⊂ Rn, E0 ⊂ E, l = (l1, . . . , ln), that consists of functions u ∈ Lp(Ω;E0)

that have the generalized derivatives Dlk
k u = ∂lk

∂x
lk
k

u ∈ Lp(Ω;E) with the norm

‖u‖W l
p

= ‖u‖W l
p(Ω;E0,E) = ‖u‖Lp(Ω;E0) +

n∑
k=1

∥∥∥Dlk
k u
∥∥∥
Lp(Ω;E)

<∞.

For n = 1, l1 = l, Ω = (a, b) ⊂ R, the space W l
p(Ω;E0, E) will be denoted by

W l
p(a, b;E0, E).

2. Statement of the Problem

Let b = b(t) be a positive continuous function on [c, d]. Consider a nonlocal linear BVP
on (0, b)

(2.1) Lu := −u′′(x) + Au(x) +B1(x)u′(x) +B2(x)u(x) = f(x), x ∈ (0, b(t)),

(2.2) Ltku := αku
(mk)(0) + βku

(mk)(b) +

Nk∑
j=1

δkju
(mk)(xtkj) +

Mk∑
j=1

Tkju(xtkj0) = fk,

k ∈ {1, 2},

where fk ∈ Ek = (E(A), E)θk,p, θk = mk
2

+ 1
2p

, p ∈ (1,∞), mk ∈ {0, 1}; αk, βk, δkj are,

in general, complex-valued continuous functions of t, xtkj ∈ (0, b), xtkj0 ∈ [0, b], xtkj and
xtkj0 are continuous in t; A,Bk(x) for x ∈ [0, b], and Tkj = Tkj(t) are, generally speaking,
unbounded operators in E.
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Let us also consider the nonlinear BVP

(2.3) Lu := −u′′(x) + A(x, u, u′)u+ λu = F (x, u, u′), x ∈ (0, a),

(2.4) Lku := αku
(mk)(0) + βku

(mk)(a) +

Nk∑
j=1

δkju
(mk)(xkj) = fk, k ∈ {1, 2},

where αk, βk, δkj are, in general, complex numbers and 0 < a ≤ a0, xkj ∈ (0, a), fk ∈ Ek,
and A = A(0, 0, 0) is a positive operator in E.

The problem (2.1)–(2.2) is said to be maximal Lp-regular if the problem (2.1)–(2.2) for
all f ∈ Lp(0, b;E) has a unique solution u ∈ W 2

p (0, b;E(A), E) satisfying

‖Au‖Lp(0,b;E) + ‖u′′‖Lp(0,b;E) ≤ ‖f‖Lp(0,b;E) .

3. Background Material

From [1, 9] we obtain the following background material:

Theorem 3.1. Suppose

(1) E is a Banach space satisfying the multiplier condition;
(2) α = (α1, α2, . . . , αn), l = (l1, l2, . . . , ln) are n-tuples of nonnegative integers such

that

κ = |α : l| =
n∑
k=1

αk
lk
≤ 1, 0 ≤ µ ≤ 1− κ;

(3) A is an R-positive operator in E for ϕ ∈ (0, π];
(4) Ω ⊂ Rn is a region such that there exists a bounded linear extension operator acting

from Lp(Ω;E) to Lp(R
n;E) and also from W l

p(Ω;E(A), E) to W l
p(R

n;E(A), E).

Then the embedding

(3.1) DαW l
p(Ω;E(A), E) ⊂ Lp

(
Ω;E(A1−κ−µ)

)
is continuous and there exists a positive constant Cµ such that

‖Dαu‖Lp(Ω;E(A1−κ−µ)) ≤ Cµ

[
hµ ‖u‖W l

p(Ω;E(A),E) + h−(1−µ) ‖u‖Lp(Ω;E)

]
for all u ∈ W l

p(Ω;E(A), E) and 0 < h ≤ h0 <∞.

Theorem 3.2. Suppose all conditions of Theorem 3.1 are satisfied and suppose Ω is a
bounded region in Rn and A−1 ∈ σ∞(E). Then for 0 < µ ≤ 1− κ the embedding (3.1) is
compact.

Theorem 3.3. Suppose all conditions of Theorem 3.1 are satisfied. Then the embedding

DαW l
p(Ω;E(A), E) ⊂ Lp (Ω; (E(A), E)κ,1)

is continuous and there exists a positive constant C such that

‖Dαu‖Lp(Ω;(E(A),E)κ,1) ≤ C ‖u‖W l
p(Ω;E(A),E)

for all u ∈ W l
p(Ω;E(A), E).



LINEAR AND NONLINEAR NONLOCAL BOUNDARY VALUE PROBLEMS 5

Theorem 3.4. Let E be a Banach space and A be a positive operator in E of type ϕ. Let
m ∈ N, 1 ≤ p < ∞, and 1

2p
< α < m + 1

2p
. Let 0 ≤ γ < 2pα − 1. Then for λ ∈ S(ϕ),

the operator −A1/2
λ generates a semigroup e−A

1/2
λ x, which is holomorphic for x > 0 and

strongly continuous for x ≥ 0. Moreover, there exists a constant C > 0 such that∫ ∞
0

∥∥∥Aαλe−xA1/2
λ u
∥∥∥p
E
xγdx ≤ C

(
‖u‖p(E,E(Am)) α

m−
1+γ
2mp ,p

+ |λ|pα−
1+γ

2 ‖u‖pE
)

for every u ∈ (E,E(Am)) α
m
− 1+γ

2pm
,p and λ ∈ S(ϕ).

By using a similar technique as in [8] (or [10, §1.8.1]) we obtain the following.

Theorem 3.5. Let l, s ∈ N0 with 0 ≤ s ≤ l − 1, θ = ps+1
pl

, x0 ∈ [0, b], 0 < h ≤ h0. Then

the mapping u→ u(s)(x0) is continuous from W l
p(0, b;E0, E) onto (E0, E)θ,p,∥∥u(s)(x0)

∥∥
(E0,E)θ,p

≤ C ‖u‖W l
p(0,b;E0,E) ,

and ∥∥u(s)(x0)
∥∥
E
≤ C

[
h1−θ ∥∥u(l)

∥∥
Lp(0,b;E)

+ h−θ ‖u‖Lp(0,b;E)

]
.

4. Homogeneous Equations

Let us first consider the problem

(4.1) L0(λ)u := −u′′(x) + (A+ λ)u(x) = 0

(4.2) Ltk0u := αku
(mk)(0) + βku

(mk)(b) +

Nk∑
j=1

δkju
(mk)(xtkj) = fk, k ∈ {1, 2},

Theorem 4.1. Let the following conditions be satisfied:

(1) A is a ϕ-positive operator in a Banach space E for ϕ ∈ (0, π];
(2) θ = θ(t) = (−1)m1α1β2 − (−1)m2α2β1 6= 0 and θk = mk/2 + 1/(2p) for k ∈ {1, 2}.

Then the problem (4.1)–(4.2) for fk ∈ Ek, | arg λ| ≤ π−ϕ and sufficiently large |λ| has a
unique solution that belongs to the space W 2

p (0, b;E(A), E), and coercive uniformity with
respect to the parameters t and λ holds, i.e.,

(4.3)
2∑
i=0

|λ|1−
i
2

∥∥u(i)
∥∥
Lp

+ ‖Au‖Lp ≤M

2∑
k=1

(
‖fk‖Ek + |λ|1−θk ‖fk‖E

)
is satisfied for the solution of the problem (4.1)–(4.2).

Proof. By condition (1) and by virtue of [10, §1.14] for | arg λ| ≤ π − ϕ, there exists

the holomorphic (for x > 0) and strongly continuous (for x ≥ 0) semigroup e−xA
1/2
λ . In a

similar way as in [12, Lemma 5.3.2/1], we obtain that an arbitrary solution of the equation
(4.1), for | arg λ| ≤ π − ϕ, belonging to the space W 2

p (0, b;E(A), E), has the form

u(x) = Vλ1g1 + Vλ2g2,
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where

gk ∈ (E(A), E) 1
2p
,p, Vλ1 = e−xA

1/2
λ , Vλ2 = e−(b−x)A

1/2
λ .

Now taking into account the boundary conditions (4.2), we obtain a representation of the
solution of the problem (4.1)–(4.2) as

(4.4) u(x) = Q(λ, t)

[
2∑

k=1

2∑
i=1

Cki(λ, t)Vλk(x)A−νkλ fi

]
,

where Q(λ, t) is a uniformly (with respect to λ and t) bounded operator in E. By virtue
of the properties of holomorphic semigroups [10, §1.14] and by using Theorem 3.4, from
(4.4) we obtain the estimate (4.3). �

5. Nonhomogenous Equations

Now consider a boundary value problem for nonhomogenous equations with parameters
on the region (0, b):

(5.1) L0(λ)u := −u′′(x) + (A+ λI)u(x) = f(x),

(5.2) Ltk0u := αku
(mk)(0) + βku

(mk)(b) +

Nk∑
j=1

δkju
(mk)(xtkj) = fk, k ∈ {1, 2}.

Theorem 5.1. Let all conditions of Theorem 4.1 be satisfied, let E be a Banach space
satisfying the multiplier condition, and let A be an R-positive operator in E for ϕ ∈
(0, π]. Then the operator u → D0(λ, t)u := {L0(λ)u, Lt10u, Lt20u} for | arg λ| ≤ π − ϕ,
0 < ϕ ≤ π, and sufficiently large |λ|, is an isomorphism from W 2

p (0, b;E(A), E) onto
Lp(0, b;E)×E1×E2. Moreover, coercive uniformity with respect to the parameters λ and
t holds, i.e.,

(5.3)
2∑
j=0

|λ|1−
j
2

∥∥u(j)
∥∥
Lp

+ ‖Au‖Lp ≤ C

[
‖f‖Lp +

2∑
k=1

(
‖fk‖Ek + |λ|1−θk ‖fk‖E

)]
is satisfied for the solution of the problem (5.1)–(5.2).

Proof. We have proved the uniqueness of the solution of problem (5.1)–(5.2) in Theorem
4.1. Let

f̄t(x) =

{
f(x) if x ∈ [0, b(t)]

0 if x 6∈ [0, b(t)].

We now show that a solution of the problem (5.1)–(5.2) which belongs to the space
W 2
p (0, b;E(A), E) can be represented as a sum v(x) = u1(x) + u2(x), where u1 is the

restriction on [0, b] of the solution u of the equation

(5.4) L0(λ)u = f̄t(x), x ∈ R = (−∞,∞)
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and u2 is a solution of the problem

(5.5) L0(λ)u = 0, Ltk0u = fk − Ltk0u1.

A solution of equation (5.4) is given by the formula

u(x) = F−1L−1
0 (λ, t, ξ)F f̄t =

1

2π

∫ ∞
−∞

eiξxL−1
0 (λ, t, ξ)

(
F f̄t
)

(ξ)dξ,

where F f̄ is the Fourier transform of the function f̄ , and

L0(λ, ξ) =
(
ξ2 + λ

)
I + A.

Using R-positivity of A, we show that the operator functions

Ψλ(ξ) = AL−1
0 (λ, ξ) and Ψλ,j(ξ) = |λ|1−

j
2 ξjL−1

0 (λ, ξ)

are Fourier multipliers in Lp(R;E). This implies that the problem (5.4) has a solution
u ∈ W 2

p (R;E(A), E) and

(5.6)
2∑
j=0

|λ|1−
j
2

∥∥u(j)
∥∥
Lp

+ ‖Au‖Lp ≤ C ‖f‖Lp .

Moreover, by using Theorem 4.1 and (the trace) Theorem 3.5, we obtain that the problem
(5.5) has a solution u2 ∈ W 2

p (0, b;E(A), E) with the estimate (4.3). Then the estimates
(4.3) and (5.6) imply (5.3). �

Remark 5.2. Let O be a realization operator of the problem (2.1)–(2.2) in Lp(0, b;E), i.e.,

D(O) =
{
W 2
p (0, b;E(A), E), L1u = 0, L2u = 0

}
Ou = −u′′(x) + Au(x), x ∈ (0, b(t)).

By Theorem 5.1, the differential operator O has a resolvent (O − λI)−1 for λ ∈ S(ϕ),
0 < ϕ ≤ π, and uniformity with respect to the parameter t

2∑
i=0

|λ|1−
i
2

∥∥Di(O − λI)−1
∥∥
B(Lp(0,b;E))

+
∥∥A(O − λI)−1

∥∥
B(Lp(0,b;E))

≤ C

holds. This estimate implies that the operator O is a generator of an analytic semigroup
in Lp(0, b;E) for ϕ < π

2
.

6. Coerciveness on the Space Variable and Fredholmness

Consider the problem (2.1)–(2.2).

Theorem 6.1. Let the following conditions be satisfied:

(1) E is a Banach space satisfying the multiplier condition and A is an R-positive
operator in E for ϕ = π and A−1 ∈ σ∞(E);

(2) θ(t) = (−1)m1α1β2 − (−1)m2α2β1 6= 0, θk = mk
2

+ 1
2p

;
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(3) for any ε > 0 there is C(ε) such that for almost all x ∈ [0, b],

‖B1(x)u‖ ≤ ε ‖u‖(E(A),E)1/2,1
+ C(ε) ‖u‖ , u ∈ (E(A), E)1/2,1,

‖B2(x)u‖ ≤ ε ‖Au‖+ C(ε) ‖u‖ , u ∈ D(A),

where the functions B1(x)u for u ∈ (E(A), E)1/2,1 and B2(x)u for u ∈ D(A) are
measurable on [0, 1] in E;

(4) if mk = 0, then Tkj = 0; if mk = 1, then for any ε > 0 there is C(ε) such that for
u ∈ (E(A), E) 1

2p
,p, p > 1,

‖Tkju‖(E(A),E) 1
2 + 1

2p ,p
≤ ε ‖u‖(E(A),E) 1

2p ,p
+ C(ε) ‖u‖ .

Then for all u ∈ W 2
p (0, b;E(A), E), coercive uniformity with respect to the parameters t

and λ holds, i.e.,

(6.1)
2∑
i=0

|λ|1−
i
2

∥∥u(i)
∥∥
Lp
≤ C

[
‖Lu‖Lp +

2∑
k=1

‖Ltku‖Ek + ‖u‖Lp

]
is satisfied for the solution of the problem (2.1)–(2.2). Moreover, the operator u →
D(t)u = {Lu, Lt1u, Lt2u} from W 2

p (0, b;E(A), E) into Lp(0, 1;E) × E1 × E2 is bounded
and Fredholm.

Proof. Assume that the condition (1) is satisfied for arg λ = π. The general case is reduced
to the latter if the operator A+λ0I, for some sufficiently large λ0 > 0, is considered instead
of the operator A, and the operator B2(x)−λ0I is considered instead of the operator B2(x).
Let u ∈ W 2

p (0, b;E(A), E) be a solution of the problem (2.1)–(2.2). Then u is a solution
of the problem

− d2

dx2
u(x) + (A+ λI)u(x) = f(x) + λu(x)−B1(x)

d

dx
u(x)−B2(x)u(x),

Ltk0u = fk −
Mk∑
j=1

Tkju(xkj0), k ∈ {1, 2},

where Ltk0 are defined in (4.2). By Theorem 5.1, for sufficiently large λ0 > 0, we have

(6.2)
2∑
i=0

|λ|1−
i
2

∥∥u(i)
∥∥
Lp

+ ‖Au‖Lp ≤ C
[∥∥f + λ0u−B1u

(1) −B2u
∥∥
Lp

+
2∑

k=1

∥∥∥∥∥fk −
Mk∑
j=1

Tkju(xtkj0)

∥∥∥∥∥
Ek

 .
By Theorem 3.1, Theorem 3.3, and condition (3), for all u ∈ W 2

p (0, b;E(A), E) we have∥∥B1u
(1)
∥∥
Lp
≤ ε

∥∥u(1)
∥∥
W 1
p (0,b;(E(A),E)1/2,1,E)

+ C(ε)
∥∥u(1)

∥∥
Lp
,
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‖B2u‖Lp ≤ ε ‖u‖W 1
p (0,b;E(A),E) + C(ε) ‖u‖Lp , ε > 0.

From these two inequalities, we obtain for u ∈ W 2
p (0, b;E(A);E) by using Theorem 3.1

(6.3) max
{∥∥B1u

(1)
∥∥
Lp
, ‖B2u‖Lp

}
≤ ε ‖u‖W 2

p (0,b;E(A),E) + C(ε) ‖u‖Lp .

By virtue of Theorem 3.5, the operator u → u(x0) from W 2
p (0, b;E(A), E) into

(E(A), E) 1
2p
,p is bounded and

(6.4) ‖u(x0)‖(E(A),E) 1
2p ,p
≤ C ‖u‖W 2

p (0,b;E(A),E) .

Consequently, from condition (4) and the estimate (6.4), it follows for all ε > 0 and
u ∈ W 2

p (0, b;E(A), E) that

(6.5) ‖Tkju(xkj0)‖Ek ≤ ε ‖u‖W 2
p (0,b;E(A),E) + C(ε) ‖u‖Lp .

Using the estimates (6.2), (6.3), and (6.5), we get (6.1).
Next, the operator D can be rewritten in the form

D = D0(λ0, t) + L1, where D0(λ0, t)u = {L0(λ)u, Lt10, Lt20} ,
using the notation from (4.1)–(4.2), and

D1(λ0, t)u =

{
−λ0u(x) +B1(x)u(1)(x) +B2(x)u(x),

M1∑
j=1

T1ju(xt1j),

M2∑
j=1

T2ju(xt2j),

}
.

We can conclude from the first part of this theorem that the operator D0(λ0, t) from W 2
p

onto Lp × E1 × E2 has an inverse. From the estimate (6.1) and in view of Theorem 3.1
and Theorem 3.2, it follows that the operator D1 from W 2

p into Lp×E1×E2 is compact.
Then by the perturbation theory for linear operators, it follows that the operator D(t)
from W 2

p into Lp × E1 × E2 is a Fredholm operator. �

7. Nonlinear BVPs for DOEs

Consider the nonlinear BVP (2.3)–(2.4). Let

Ek = (E(A), E)ηk,p, ηk =
k

2
+

1

2p
, k ∈ {0, 1}, F0 = E0 × E1

X = Lp(0, a;E), Y = W 2
p ((0, a);E(A), E), 0 < a ≤ a0, θj =

mj

2
+

1

2p

Y0 =
{
u ∈ W 2

p ((0, a);E(A), E) : L1u = 0, L2u = 0
}
, f(x) = F (x, 0, 0).

Remark 7.1. By Theorem 3.5, the embedding DkW 2
p (0, a;E(A), E) ⊂ Ek is continuous

and there exist constants C0 and C1 such that for w ∈ Y , W = (w1, w2), wk = Dmkw, we
have ∥∥Dkw

∥∥
Ek,∞

= sup
x∈[0,a]

∥∥Dkw(x)
∥∥
Ek
≤ C1 ‖w‖Y ,
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‖W‖0,∞ = sup
x∈[0,a]

1∑
k=0

‖wk‖Ek ≤ C0 ‖w‖Y .

By virtue of Theorem 3.5 and Theorem 5.1, both C0 and C1 clearly may be chosen
independent of a.

In what follows, let us assume the following condition:

(C) Let E be a Banach space satisfying the multiplier condition with respect to p > 1.
Suppose there exist fk ∈ Ek such that the operator A(0,Φ) for Φ = (f1, f2) is
R-positive in E.

Theorem 7.2. Assume (C) holds and let the following conditions be satisfied:

(1) (−1)m1α1β2 − (−1)m2α2β1 6= 0;
(2) A(x, U) for U = (u0, u1), x ∈ [0, a], uk ∈ Ek, is a ϕ-positive operator in a Banach

space E for 0 < ϕ ≤ π, where the domain of definition D(A(x, U)) does not depend
on x, uk, and A : [0, a] × F0 → B(E(A), E) is continuous. Moreover, for each
R > 0 there is a constant L(R) > 0 such that∥∥[A(x, U)− A(x, Ū)

]
u
∥∥
E
≤ L(R)

∥∥U − Ū∥∥
F0
‖Au‖E

for x ∈ [0, a], U, Ū ∈ F0, Ū = (ū0, ū1), and ‖U‖F0
≤ R,

∥∥Ū∥∥
F0
≤ R;

(3) the function F : [0, a]×F0 → E is such that F (·, U) is measurable for each U ∈ F0

and F (t, U) is continuous for almost all x ∈ [0, a]. Moreover, for each R > 0 there
is a function ϕR ∈ Lp(0, a) such that∥∥F (x, U)− F (x, Ū)

∥∥
E
≤ ϕR(x)

∥∥U − Ū∥∥
F0

for almost all x ∈ [0, a], U, Ū ∈ F0, and ‖U‖ ≤ R,
∥∥Ū∥∥ ≤ R.

Then there is a ∈ (0, a0) such that the problem (2.3)–(2.4) for | arg λ| ≤ π−ϕ, 0 < ϕ ≤ π
and sufficiently large |λ| has a unique solution belonging to the space W 2

p (0, a;E(A), E).

Proof. We want to solve the problem (2.3)–(2.4) locally by means of maximal regularity
of the linear problem (2.1)–(2.2) via the contraction mapping theorem. By virtue of
Theorem 5.1, for | arg λ| ≤ π − ϕ, 0 < ϕ ≤ π and sufficiently large |λ|, the linear BVP

(7.1) (L+λ)w = −w′′(x) +Aλ(0, H)w(x) = f(x), x ∈ (0, a), L1w = f1, L2w = f2,

where H = (w(x0), w′(x0)), x0 ∈ (0, a), and Lk is defined in (2.4), is maximal regular in
X and satisfies the estimate

‖w‖Y ≤ C

(
‖f‖X +

2∑
k=1

‖fk‖(E(A),E)θk,p

)
,

where C does not depend on a ∈ (0, a0]. Let w be a solution of the BVP (7.1). Consider
a ball

Br = {v ∈ X : v − w ∈ Y0, ‖v − w‖Y ≤ r} .
Given v ∈ Br and V = (v, v′), consider the linear BVP
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(7.2)

− u′′(x) + A(0, H)u(x) + λu(x) = F (x, V ) + [A(0, H)− A(x, V )] v(x), x ∈ (0, a),

L1u = f1, L2u = f2.

Define a map Q on Br by Qv = u, where u is a solution of the problem (7.2). We want to
show that Q(Br) ⊂ Br and that L is a contraction operator in Y , provided a is sufficiently
small and r is chosen properly. To this end, by using maximal regularity of the problem
(7.1), we obtain from (7.2)

‖Qv − w‖Y = ‖u− w‖Y
≤ C0 {‖F (x, V )− F (x, 0)‖X + ‖[A(0, H)− A(x, V )] v‖X}

Then, by using the assumption (2), we obtain

‖[A(0, H)− A(x, V )] v‖X
≤ sup

x∈[0,a]

[
‖A(0, H)− A(x,H)‖B(F0,E) + ‖A(x,H)− A(x, V )‖B(F0,E)

]
‖v‖Y

≤
[
Kb + L(R) ‖V −H‖0,∞

]
[‖v − w‖Y + ‖w‖Y ]

≤
[
Kb + L(R)

(
C1 ‖v − w‖Y + ‖W −H‖0,∞

)]
[‖v − w‖Y + ‖w‖Y ]

≤
[
Kb + L(R)

(
C1r + ‖W −H‖0,∞

)]
[r + ‖w‖Y ] ,

where Kb = supx∈[0,a] ‖A(0, H)− A(x,H)‖B(F0,E) and R = C1+‖W‖0,∞ is a fixed number.

By assumption (3), we similarly obtain

‖F (x, V )− F (x, 0)‖X ≤ ‖F (x, V )− F (x,H)‖X + ‖F (x,H)− F (x, 0)‖X
≤ ‖ϕ‖p

[
‖V −W‖0,∞ + ‖W‖0,∞

]
≤ C1 ‖ϕ‖p ‖v − w‖Y + ‖W‖0,∞

≤ ‖ϕ‖p
[
C1r + ‖W‖0,∞

]
.

Since r ≤ 1, we have from the above estimates that

‖Qv − w‖Y ≤ C0

{[
Kb + L(R)

(
C1r + ‖W −H‖0,∞

)]
[r + ‖w‖Y ]

}
+ C0 ‖ϕ‖Lp

[
C1r + ‖W‖0,∞

]
.

In a similar way, for v, v̄ ∈ Br, V̄ = (v̄, v̄′), we obtain

‖Qv −Qv̄‖Y ≤ C0

{∥∥F (x, V )− F (x, V̄ )
∥∥
X

+
∥∥[A(0, H)− A(x, V̄ )

]
(v − v̄)

∥∥
X

+
∥∥[A(x, V )− A(x, V̄ )

]
v̄
∥∥
X

}
≤ C0

[
‖ϕ‖p

∥∥V − V̄ ∥∥
0,∞ +

(
Kb + L(R) ‖H − V ‖0,∞

)
‖v − v̄‖Y
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+L(R)
∥∥H − V̄ ∥∥

0,∞ ‖v̄‖Y
]

≤ C0

[
C1 ‖ϕ‖p +Kb + L(R)

(
‖H −W‖0,∞ + C1r

)
+ L(R)C1 (r + ‖w‖Y )

]
‖v − v̄‖Y .

Now by suitably choosing r, a ∈ (0, a0), fk, and by using Remark 7.1 and condition (C),
we obtain

‖Qv −Qv̄‖Y ≤ δ ‖v − v̄‖Y , where δ < 1,

i.e., Q is a contraction operator. If a is chosen so small, then we have

Q(Br) ⊂ Br.

The contraction mapping principle therefore implies the existence of a unique fixed point
of Q in Br, which is the unique strong solution u ∈ Y0. �

8. Nonlocal BVPs

8.1. Elliptic Equations on a Domain with Varying Bound. The Fredholm property
of BVPs for elliptic equations in smooth domains was studied in e.g., [2, 5]. In this section
we use Theorem 5.1 and Theorem 6.1 in order to establish the maximal Lp-regularity for
the solution of nonlocal elliptic BVPs on a cylindrical region with varying bound. Let
G ⊂ Rm, m ≥ 2, be a bounded domain with an (m− 1)-dimensional boundary ∂G which
locally admits rectification. In the domain Ωt = [0, b(t)] × G, t ∈ [c, d], we consider a
nonlocal BVP

(8.1) (L+ λ)u := −D2
xu(x, y)−

m∑
k,j=1

akj(y)DkDju(x, y) + a(x, y)Dxu(x, y)

+
m∑
j=1

aj(x, y)Dju(x, y) + a0(x, y)u(x, y) + λu(x, y) = f(x, y),

(8.2) Ltku := αk
∂mk

∂xmk
u(0, y) + βk

∂mk

∂xmk
u(1, y) +

Nk∑
j=1

δkj
∂mk

∂xmk
u(xkj, y)

+

Mk∑
j=−1

Tkju(xkj0, y) = fk(y), k ∈ {1, 2}, y ∈ G,

(8.3) L0u :=
m∑
j=1

cj(y
′)
∂

∂yj
u(x, y′) + c0(y′)u(x, y′) = 0, x ∈ (0, 1), y′ ∈ ∂G,

where Dx = ∂
∂x

, Dj = −i ∂
∂yj

, Dy = (D1, . . . , Dm), mk ∈ {0, 1}, αk, βk, δkj are complex-

valued continuous functions of t ∈ [c, d], r = ordL0, y = (y1, . . . , ym), xkj ∈ (0, 1),
xkj0 ∈ [0, 1], and Tkj = Tkj(t) are, in general, unbounded operators in Lp(G).

Theorem 8.1. Let the following conditions be satisfied:
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(1) akj ∈ C(Ḡ), a, aj, a0 ∈ C1(Ḡ), c0 ∈ C(Ḡ), ∂G ∈ C2;
(2)

∑m
j=1 cj(y

′)σj 6= 0, y′ ∈ ∂G, σ ∈ Rm is normal to ∂G, cj, c0 ∈ C1(Ḡ) for r = 1

and c0(y′) 6= 0, y′ ∈ ∂G for r = 0;
(3) for y ∈ G, σ ∈ Rm, arg λ = π, |σ|+ |λ| 6= 0, λ+

∑m
k,j=1 akj(y)σkσj 6= 0;

(4) for the tangent vector σ′ and a normal vector σ to ∂G at the point y′ ∈ ∂G, the
boundary value problem[
λ+

m∑
k,j=1

akj(y
′)

(
σ′k − iσj

d

dξ

)(
σ′k − iσj

d

dξ

)]
u(ξ) = 0, ξ > 0, λ ≤ 0,

m∑
j=1

cj(y
′)

(
σ′k − iσj

d

dξ

)
u(ξ)

∣∣∣∣∣
ξ=0

= h

(and for r = 0, the problem generated by the same equations with u(0) = h) has
one and only one solution which, including all of its derivatives, tends to zero as
ξ →∞ for any numbers h ∈ C;

(5) (−1)m1α1β2 − (−1)m2α2β1 6= 0 for t ∈ [c, d];
(6) if mk = 0, then Tkj = 0; if mk = 1, then for any ε > 0 there is c(ε) such that for

all u ∈ B
2− 1

p1
p (G;L0u = 0, r < 2−mk − 2/p2),

‖Tkju‖
B

1− 1
p1

p (G)
≤ ε ‖u‖

B
2− 1

p1
p (G)

+ c(ε) ‖u‖Lp1 (G) ,

where p2 ∈ (1,∞) \ {2}, or p2 = 2 and r 6= 1.

Then, for f ∈ Lp(Ωt), p = (p1, p2), 0 < p1, p2 < ∞, fk ∈ B
2−mk− 1

p1
p (G) and | arg λ| = π

and sufficiently large |λ|, the problem (8.1)–(8.3) has a unique solution that belongs to the
space W 2

p(Ωt), and coercive uniformity with respect to the parameters t and λ holds, i.e.,

‖u‖W 2
p(Ωt)

≤ C

[
‖(L+ λ)u‖Lp(Ωt)

+
2∑

k=1

‖Lku‖
B

2−mk−
1
p1

p (G)
+ ‖u‖Lp(Ωt)

]
is satisfied for the solution of the problem (8.1)–(8.3). Moreover, the operator

u→ Q(t)u = {Lu, Lt1u, Lt2u}
from W 2

p(Ωt;L0u = 0) into

Lp(Ωt)×
2∏

k=1

B
2−mk− 1

p1
p (G,L0u = 0, r < 2−mk − 2/p2)

is bounded and Fredholm.

Proof. Let E = Lp1(G). Consider the operator A defined by

D(A) = W 2
p1

(G;L0u = 0), Au = −
m∑

k,j=1

akj(y)DkDju(x, y).
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For x ∈ [0, b], also consider the operators

B1(x)u = a(x, y)u(x, y), B2(x)u =
m∑
j=1

aj(x, y)Dju(x, y) + a0(x, y)u(x, y).

Let us apply Theorem 6.1 to the problem (8.1)–(8.3). Using [5, Theorem 8.2], the operator
A + µI is R-positive in Lp1 for sufficiently large µ ≥ 0. Moreover, it is known that the
embedding W 2

p1
(G) ⊂ Lp1(G) is compact (see, e.g., Triebel [10, Theorem 3.2.5]). Then due

to the positivity of A+µI in Lp1(G), we obtain that (A+µI)−1 ∈ σ∞(Lp1(G)). Therefore,
condition (1) of Theorem 6.1 is fulfilled. Condition (2) of Theorem 6.1 coincides with
condition (5). By virtue of condition (1) of Theorem 8.1, the operators B1(x) in Lp1(G)
and B2(x) from W 1

p1
(G) to Lp1(G) are bounded. Using [10, §4.3.3] and in view of the

embedding between Sobolev and Besov spaces [4, §18, Theorem 18.9], we have

(E(A), E) 1
2
,1 =

(
W 2
p1

(G,L0), Lp1(G)
)

1
2
,1

= B1
p1,1

(G,L0, r = 0) ⊂ W 1
p1

(G).

Therefore, the operator B1(x) from W 1
p1

(G) into Lp1(G) and, consequently, from
(E(A), E) 1

2
,1 into Lp1(G), is compact. Then we obtain that the operator B1(x) satis-

fies condition (3) of Theorem 6.1. In a similar way, we prove that the operator B2(x)
satisfies condition (3) of Theorem 6.1, too. Moreover, using interpolation properties of
Sobolev spaces (see, e.g., [10, §4]), it is easy to see that condition (4) of Theorem 6.1 is
also fulfilled. �

8.2. Infinite Systems of Nonlinear Differential Equations. Consider a BVP for an
infinite system

(8.4) −u′′m(x) + [Am(x, u, u′) + λ]um(x) = Fm(x, u, u′), x ∈ (0, a), m ∈ N,

(8.5) αkD
mkum(0) + βkD

mkum(a) +

Nk∑
i=1

δkiD
mkum(δki) = fkm, k ∈ {1, 2},

where u = {um} and u′ = {u′m}. Let

A(x, u, u′) = {Am(x, u, u′)} , A = A(0, 0, 0), u = {um} ∈ `q,

D(A) = `sq :=

u ∈ `q : ‖u‖lsq :=

(
∞∑
m=1

|2msum|q
) 1

q

<∞

 , s > 0, q ∈ (1,∞),

Au =
∞∑
m=1

2msum, ηk =
k + 1/p

2
, F0 =

1∏
k=0

`s(1−ηk)
p .

From Theorem 7.2 by using [10, §1.18.2], we obtain the following result.

Theorem 8.2. Let the following conditions be satisfied:

(1) (−1)m1α1β2 − (−1)m2α2β1 6= 0;



LINEAR AND NONLINEAR NONLOCAL BOUNDARY VALUE PROBLEMS 15

(2) the functions Am(x, U) and Fm(x, U) are continuously differentiable on [0, a0] for
U ∈ F0.

Then there is a ∈ (0, a0) such that the problem (8.4)–(8.5) for | arg λ| ≤ π−ϕ, 0 < ϕ ≤ π,
and sufficiently large |λ| has a unique solution belonging to the space W 2

p (0, a; `sq, `q).

Remark 8.3. It should be noted that the assertion of Theorem 8.2 is valid for all finite
systems satisfying the conditions of Theorem 8.2.
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