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ABSTRACT. This study focuses on nonlocal boundary value problems (BVP) for linear
and nonlinear elliptic differential-operator equations (DOE) that are defined in Banach-
valued function spaces. The considered domain is a region with varying bound and
depends on a certain parameter. Some conditions that guarantee the maximal L,-
regularity and Fredholmness of linear BVP, uniformly with respect to this parameter,
are presented. This fact implies that the appropriate differential operator is a genera-
tor of an analytic semigroup. Then, by using these results, the existence, uniqueness,
and maximal smoothness of solutions of nonlocal BVP for nonlinear DOE are shown.
These results are applied to nonlocal boundary value problems for regular elliptic partial
differential equations, finite and infinite systems of differential equations on cylindrical
domains, in order to obtain the algebraic conditions that guarantee the same properties.

1. INTRODUCTION AND NOTATION

BVPs for DOE have been studied in detail in [3, 7, 12]. A comprehensive introduction
to DOE and historical references may be found in [2, 7]. The maximal L,-regularity for
differential operator equations has been discussed in e.g., [1, 5, 11]. The main objective of
the present paper is to discuss the maximal regularity of nonlocal BVPs for linear DOEs
in Banach-valued L,-spaces and the existence and uniqueness of solutions of nonlocal
BVPs for nonlinear elliptic DOEs. In this work

(1) BVPs for DOEs are considered in Banach-valued function spaces;

(2) boundary conditions are, in general, nonlocal;

(3) operators used in equations and in boundary conditions are, in general, unbounded;

(4) the considered domain is a region with varying bound and depends on a certain
parameter.

The maximal L,-regularity and Fredholmness of the linear problems, uniformly with re-
spect to this parameter, are shown, and the existence, uniqueness and maximal smooth-
ness in terms of Sobolev spaces of solutions of nonlinear BVPs are established. These
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results are applied to nonlocal boundary value problems for elliptic and quasi-elliptic par-
tial differential equations and their finite or infinite systems on cylindrical domains with
varying bounds.

Let E be a Banach space. Let L,(€2; E') denote the space of strongly measurable E-
valued functions that are defined on {2 with the norm

nm%:wmmﬂ:(/wm%myU1Sp<w

By Ly(€2) and Wf,(Q), p = (p1,p2), we will denote a scalar-valued p-summable function
space and Sobolev space with mixed norm, respectively [4]. Let C be the set of complex
numbers and

Se={A: el |lagh—7|<7m—9}U{0}, O0<p<m.

A linear operator A is said to be @-positive in a Banach space E with bound M > 0 if
D(A) is dense on E and

(A= AD)” <M1+

s,

with A € S, ¢ € (0, 7], I is the identity operator in E, and L(FE) is the space of bounded
linear operators in E. Sometimes instead of A + Al will be written A + X or A,. It is
known [10, §1.15.1] that there exist fractional powers A% of a positive operator A. Let
E(A?) denote the space D(AY) with graphical norm.

Let Ey C E be two Banach spaces. Let (Eyp, E)g,p, 0 < 0 < 1, 1 < p < 0o, denote
interpolation spaces for {Ey, E'} by the K-method [10, §1.3.1]. A function

¥ e CY R\ {0}; B(Ey,E)), where [€N

is called a multiplier from L,(R"™; Ey) to L,(R™; E) if there exists a constant C' > 0 such
that

2719 Pl oy < € il oy

for all u € L,(R"; Ey), where & = Fu is the Fourier transformation of u. We denote the
set of all multipliers from L,(R"; Ey) to Ly(R"; E) by MI(Eo, E).

A set K C B(FEp, FE) is called R-bounded if there is a constant C' such that for all
Tl,TQ,...,Tm € K and UL, U,y v ooy Uy € Eo, m € N,

1 1 m
/ e[S rm,
0 0 i=1
E J

where {r;} is a sequence of independent symmetric [—1, 1]-valued random variables on
[0,1] (see [5]). Let

Up={B8= (BB, 0a) s |B| <}, =gl &

dy,

> i) Ty
j=1

Eo
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Definition 1.1. A Banach space F is said to be a space satisfying the multiplier condition
with respect to p € (1,00) when for every ¥ € C™(R"\ {0}; B(E)) if the set

(1.1) {&Dlu(e): cer™\ {0}, BeU,}

is R-bounded, then ¥ € M?(E). Moreover, if K is a subset of C™(R"\ {0}; B(E)) such
that the set (1.1) is uniformly R-bounded for ¥ € K, then K is called a uniform collection
of multipliers.

Remark 1.2. If E is a UMD space and n = 1 or if F is a UMD space with property («)
[6] and n > 1, then E satisfies the multiplier condition (see also [5, 11]).

Definition 1.3. The positive operator A is said to be R-positive in the Banach space F
if there exists ¢ € (0, 7] such that the set

La={(1+[¢)(A—¢n)™": €€5,)
is R-bounded.

Note that in Hilbert spaces every norm-bounded set is R-bounded.

Let 0. (E) denote the space of compact operators acting in £. Let us consider the space
Wé(Q; Ey,E), QCR" EyC E, I =(ly,...,l,), that consists of functions v € L,(€; Ey)

that have the generalized derivatives D¥u = aa%kku € L,(Q; E) with the norm
Tk

< Q0.

n
= _ = ' D ’
||UHW15 HUHWIQ(Q,EO,E) [l @m0 + ;1, H kU L)

Forn = 1, I = I, Q@ = (a,b) C R, the space W\(Q; Ey, E) will be denoted by
Wé(a,b;Eo,E).
2. STATEMENT OF THE PROBLEM

Let b = b(t) be a positive continuous function on [c, d]. Consider a nonlocal linear BVP
on (0,b)

(2.1) Lu = —u"(x) + Au(z) + Bi(2)u'(x) + Ba(x)u(x) = f(x), x € (0,b(t)),

N My,
(2.2)  Lyu == o™ (0) + Grul™) (b) + Z O™ (2415) + Z Trju(@mio) = frs
j=1 j=1

ke {1,2},

where fy € By, = (E(A), E)gyp, O = " + 55, p € (1,00), my, € {0,1}; ay, By, g are,
in general, complex-valued continuous functions of ¢, zy; € (0,b), Tyjo € [0,d], x; and
Tyejo are continuous in t; A, Bi(x) for « € [0,0], and Ty; = Tj;(t) are, generally speaking,

unbounded operators in E.
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Let us also consider the nonlinear BVP
(2.3) Lu = —u"(x) + A(z,u,u")u + Au = F(z,u,u’), =z € (0,a),

Ng
(2.4) Liu = apu'™)(0) 4 Bru™) (a) + Zékju(m’“)@kj) = fr, ke{1,2},
j=1

where oy, Ok, 0k, are, in general, complex numbers and 0 < a < ag, z; € (0,a), fi € Ej,
and A = A(0,0,0) is a positive operator in E.

The problem (2.1)—(2.2) is said to be maximal L,-regular if the problem (2.1)—(2.2) for
all f € Ly(0,b; E) has a unique solution v € W2(0,b; E(A), E) satisfying

HAUHLp(o,b;E) + Hu”HLP(O,b;E) < Hf“Lp(O,b;E) :
3. BACKGROUND MATERIAL

From [1, 9] we obtain the following background material:
Theorem 3.1. Suppose
(1) E is a Banach space satisfying the multiplier condition;
(2) a = (o, 0,...,a,), I = (1,12, ...,1,) are n-tuples of nonnegative integers such
that .
. — ak .
m:]a.l|—;E§1, 0<u<l—x;
(3) A is an R-positive operator in E for ¢ € (0,7];
(4) Q C R™ is a region such that there exists a bounded linear extension operator acting
from Ly(Q; E) to L,(R™; E) and also from WL(Q; E(A), E) to W)(R™; E(A), E).
Then the embedding
(3.1) D*W)(Q; E(A),E) C L, (4 E(A™""))

is continuous and there exists a positive constant C,, such that

1Dully sy < Co [ il ) + 50 Nl ey |

for allw € WH(Q; E(A),E) and 0 < h < hy < 0.

Theorem 3.2. Suppose all conditions of Theorem 3.1 are satisfied and suppose ) is a
bounded region in R™ and A™' € o, (E). Then for 0 < u <1 — k the embedding (3.1) is
compact.

Theorem 3.3. Suppose all conditions of Theorem 3.1 are satisfied. Then the embedding

D*W(; E(A), E) C L, (Q; (E(A), E),.1)
1s continuous and there exists a positive constant C' such that

||Dau||Lp(Q;(E(A)7E)n,1) <C “u”Wzi(Q%E(A),E)
for alluw e WL(Q; E(A), E).
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Theorem 3.4. Let E be a Banach space and A be a positive operator in E of type ¢. Let
meN, 1<p<oo, and—<a<m+—. Let 0 < v < 2pa — 1. Then for A € S(p),

the operator —AA/ generates a semigroup e Aim””, which is holomorphic for x > 0 and

strongly continuous for x > 0. Moreover, there exists a constant C' > 0 such that

a —zAY/? o— 11
[ sl o < 0 (Rl piamy e, o+ ol

for every u € (E,E(Am))%_mp and X € S(p).

2pm’

a 14y
m Qmp’p

By using a similar technique as in [8] (or [10, §1.8.1]) we obtain the following.
Theorem 3.5. Let [,s € Ny with0 < s<[l—1,0 = pj;l, zo € [0,b], 0 < h < hy. Then
the mapping u — u(®)(x0) is continuous from W(0,b; Eq, E) onto (Eg, E)p,

[u® (xO)H(Eo,E)e,p < Cllullwgopzo,m -

and
[ @)l < € [ 6Ol 0+ 5 Wl o]
4. HOMOGENEOUS EQUATIONS

Let us first consider the problem

(4.1) Lo(MNu = —u"(x) + (A+ Nu(z) =0

(4.2) Lipou := aku(m’“)(()) + 5ku(m’“ —|— Z (Sk;] l‘tk] fk, ke {1, 2},

Theorem 4.1. Let the following conditions be satisfied:

(1) A is a p-positive operator in a Banach space E for ¢ € (0,7];

(2) 0=0(t) = (—1)™a18s — (—1)™asf1 # 0 and O, = my/2+ 1/(2p) for k € {1,2}.
Then the problem (4.1)—~(4.2) for fi € Ex, |arg \| < m — ¢ and sufficiently large |\| has a
unique solution that belongs to the space WpQ(O, b; E(A), E), and coercive uniformity with

respect to the parameters t and X\ holds, 1i.e.,
2
u(z)||Lp + | Auf, < MZ (1 ill s, + 2% 1 el )

2
(4.3) > A
=0 k=1

is satisfied for the solution of the problem (4.1)—(4.2).

Proof. By condition (1) and by virtue of [10, §1.14] for |argA|] < 7 — ¢, there exists
7xAi\/2

the holomorphic (for # > 0) and strongly continuous (for x > 0) semigroup e .Ina
similar way as in [12, Lemma 5.3.2/1], we obtain that an arbitrary solution of the equation
(4.1), for [arg A] < 7 — ¢, belonging to the space W7(0,b; E(A), E), has the form

u(z) = Vargr + Vaage,
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where
1/2

G € (B(A),E)1,, Vi =e ™ Ty =e 004"

%J)’

Now taking into account the boundary conditions (4.2), we obtain a representation of the
solution of the problem (4.1)—(4.2) as

2

(4.4) u(@) = QA1) | DD Cr(\ H)Var(z) A fi] .

k=1 i=1

where Q(A,t) is a uniformly (with respect to A and ¢) bounded operator in E. By virtue
of the properties of holomorphic semigroups [10, §1.14] and by using Theorem 3.4, from
(4.4) we obtain the estimate (4.3). O

5. NONHOMOGENOUS EQUATIONS

Now consider a boundary value problem for nonhomogenous equations with parameters
on the region (0, b):

(5.1) Lo(ANu == —u"(x) + (A+ M)u(z) = f(z),

(5.2) Lipou := aku(m’“)(()) + 5ku(m’“ —|— Z 6k‘] l‘tkg fk, ke {1, 2}.

Theorem 5.1. Let all conditions of Theorem 4.1 be satisfied, let E be a Banach space
satisfying the multiplier condition, and let A be an R-positive operator in E for ¢ €
(0,m]. Then the operator u — Dy(A, t)u := {Lo(A)u, Lyou, Ligou} for |arg\| < m — ¢,
0 < ¢ <7, and sufficiently large |X|, is an isomorphism from W}(0,b; E(A), E) onto
L,(0,b; E) x Ey x Ey. Moreover, coercive uniformity with respect to the parameters A and
t holds, 1.e.,

2 ) 4
=0

A1z, + > (Ualls, + I el )
k=1

is satisfied for the solution of the problem (5.1)—(5.2).

Proof. We have proved the uniqueness of the solution of problem (5.1)—(5.2) in Theorem
4.1. Let

0 if
We now show that a solution of the problem (5.1)-

W2 (0,b; E(A), E) can be represented as a sum v(z
restriction on [0, b] of the solution u of the equation

(5.4) Lo(Mu = fi(z), z€R=(—00,00)

which belongs to the space
= ul(x) + uy(x), where wu; is the
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and uy is a solution of the problem
(5.5) Lo(Mu =10, Luou = fr — Lixous.

A solution of equation (5.4) is given by the formula

[e.e]

ule) = LM O OFFi= oo [ e 15100 (FR) (€)ds

where F'f is the Fourier transform of the function f, and
Lo(X, &) = (£ + M) 1+ A
Using R-positivity of A, we show that the operator functions
Ua() = ALy (A6 and  Wa,(6) = INTEELG (0, 0)

are Fourier multipliers in L,(R; £). This implies that the problem (5.4) has a solution
ue W2(R; E(A),E) and

2 ) ‘
(5.6) DOE[u ) +lAul,, < C S, -

J=0

Moreover, by using Theorem 4.1 and (the trace) Theorem 3.5, we obtain that the problem
(5.5) has a solution uy € W2(0,b; E(A), E) with the estimate (4.3). Then the estimates
(4.3) and (5.6) imply (5.3). O

Remark 5.2. Let O be a realization operator of the problem (2.1)-(2.2) in L,(0,b; E), i.e.,
D(0) = {W2(0,b; E(A), E), Liu=0, Lyu=0}
Ou = —u"(z) + Au(z), x € (0,b(t)).

By Theorem 5.1, the differential operator O has a resolvent (O — AI)~! for A\ € S(y),
0 < ¢ < 7, and uniformity with respect to the parameter ¢

2

DA

1=0

DO — \I

))+HA(O—)\I)*1HB( <C

-1
) HB(LP(O,b;E Lp(0,5,E)) —

holds. This estimate implies that the operator O is a generator of an analytic semigroup
in L,(0,b; E) for ¢ < 7.

6. COERCIVENESS ON THE SPACE VARIABLE AND FREDHOLMNESS

Consider the problem (2.1)—(2.2).
Theorem 6.1. Let the following conditions be satisfied:

(1) E is a Banach space satisfying the multiplier condition and A is an R-positive
operator in E for p =7 and A™! € 0,(F);
(2) H(t) = (—1)m105152 - (—1)m2062ﬂ1 7& O, Qk = % + 2%),'
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(3) for any e > 0 there is C(g) such that for almost all x € [0, b],
1Bi(z)ull < ellull gay,py, ,, TCE)ull,  ue(EA), E)ya,
| Ba(x)ul| < el|Au|l + C(e) ||lull, u e D(A),
where the functions By(x)u for u € (E(A), E)ij21 and By(x)u for u € D(A) are

measurable on [0,1] in E;
(4) if my, =0, then Ty; = 0; if my, = 1, then for any € > 0 there is C(e) such that for
we (BA)E), . p>1,

<e¢ HUJH(E(A),E)L +C ) lull-

575 P

||Tkju||(E(A),E)%

+o5.p

bS]

Then for all u € WPQ(O, b; E(A), E), coercive uniformity with respect to the parameters t
and X\ holds, i.e.,

2 2
(6.1) doRE O, < ClILully, + Y I Lal g, + lully,

=0 k=1
is satisfied for the solution of the problem (2.1)—(2.2). Moreover, the operator u —
D(t)u = {Lu, Lyu, Lypu} from W7}(0,0; E(A), E) into Ly(0,1; E) x Ey x Ey is bounded
and Fredholm.

Proof. Assume that the condition (1) is satisfied for arg A = m. The general case is reduced
to the latter if the operator A+ \gI, for some sufficiently large Ag > 0, is considered instead
of the operator A, and the operator By(z)— Ao/ is considered instead of the operator By(z).
Let u € W7(0,b; E(A), E) be a solution of the problem (2.1)~(2.2). Then u is a solution
of the problem

d2

() (A Al u(@) = F(&) + () — Ba(a)cu(a) — Ba(a)u(a),
Ltkou = fk — iTkju(:vkjo), k€ {17 2},

where Ly are defined in (4.2). By Theorem 5.1, for sufficiently large Ay > 0, we have

2

(62) D |AE

1=0

uOl|,, + lAully, < O [+ dou = Bru® - By,

2

D3

k=1

My,
Je — Z Tiju(exjo)

J=1

Ey
By Theorem 3.1, Theorem 3.3, and condition (3), for all u € W;(0,b; E(A), E) we have

SaHu(l) +Cle Hu

||Blu(1)

HLP HWI}(Oyb?(E(A)vE)l/Q,l»E)
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1B2ull,, < € llwllwyopmeay,m +CE) llully, . >0

From these two inequalities, we obtain for u € Wg(O, b; E(A); E) by using Theorem 3.1

63)  wax{[Bu®, . 1Bl } < e Nullyonein.s +CE lul,
By virtue of Theorem 3.5, the operator u — wu(zg) from Wg(O,b;E(A),E) into
(E(A), E)Qg,p is bounded and

(6.4) [w(@o)l gy, < Cllullwaopma.e -

Tpi
Consequently, from condition (4) and the estimate (6.4), it follows for all ¢ > 0 and
u € W3(0,0; E(A), E) that

(6.5) [ Trjulzrolll g, < € lullwzopma.z +CE) lullg, -

Using the estimates (6.2), (6.3), and (6.5), we get (6.1).
Next, the operator D can be rewritten in the form

D= D0(>\0, t) + Ll, Where Do()\o, t)u = {Lo(A)U, Lt107 Ltgo},
using the notation from (4.1)-(4.2), and

D1 ()\0, t)u = {—)\0'&(1') + Bl(gj)u(l)< ) -+ BQ Z le .fL'ﬂ] Z TQJ l'tgj }

We can conclude from the first part of this theorem that the operator DO()\O, t) from sz
onto L, x Ey x Ey has an inverse. From the estimate (6.1) and in view of Theorem 3.1
and Theorem 3.2, it follows that the operator D; from sz into L, x Fy x Fy is compact.
Then by the perturbation theory for linear operators, it follows that the operator D(t)
from W into L, x Ey x Ey is a Fredholm operator. O

7. NONLINEAR BVPs For DOESs
Consider the nonlinear BVP (2.3)-(2.4). Let

k 1
Ek = (E(A)7E)77k:p7 Ne = 5 + %, k € {O, 1}, FU = EO X El
1
X = L,(0,a;E), Y =W2((0,a); E(A),E), 0<a<ap 0;— % o

Yo={ueW2(0,a); E(A),E): Liu=0, Lou=0}, f(z)=F(,0,0).
Remark 7.1. By Theorem 3.5, the embedding D*W?2(0,a; E(A), E) C Ej is continuous

and there exist constants Cy and Cy such that for w € Y, W = (wy, ws), wy = D™ w, we
have

< Cyfjwlly,

[D*0]lg, o0 = 320 [P (@),
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1
Wil = sup > llwillp, < Co llwlly -

z€(0,a] =0
By virtue of Theorem 3.5 and Theorem 5.1, both Cy and C; clearly may be chosen
independent of a.
In what follows, let us assume the following condition:

(C) Let E be a Banach space satisfying the multiplier condition with respect to p > 1.
Suppose there exist f € Ej such that the operator A(0,®) for & = (f1, f2) is
R-positive in E.

Theorem 7.2. Assume (C) holds and let the following conditions be satisfied:

(1) (=1)™a1fy — (=1)™asf # 0;

(2) A(z,U) for U = (ug,uy), x € [0,al], u € Ex, is a @-positive operator in a Banach
space E for 0 < ¢ < m, where the domain of definition D(A(z,U)) does not depend
on x, ug, and A : [0,a] x Fy — B(E(A),E) is continuous. Moreover, for each
R > 0 there is a constant L(R) > 0 such that

H [A(x,U) — Alx, U)} UHE < L(R) HU — UHFO | Aul| 5

forx €10,a], U,U € Fy, U = (o, 1), and Ul < R, UHFO < R;

(3) the function F : [0,a] X Foy — E is such that F(-,U) is measurable for each U € Fy
and F(t,U) is continuous for almost all x € [0,a]. Moreover, for each R > 0 there
is a function or € L,(0,a) such that

1@, U) = F(z, )|, < er(@) [T =T,

for almost all z € [0,a], U,U € Fy, and |U|| < R, ||U|| < R.

Then there is a € (0, ag) such that the problem (2.3)—(2.4) for |arg\| <7 —¢, 0 <@ <7
and sufficiently large |A| has a unique solution belonging to the space W2(0,a; E(A), E).

Proof. We want to solve the problem (2.3)—(2.4) locally by means of maximal regularity
of the linear problem (2.1)-(2.2) via the contraction mapping theorem. By virtue of
Theorem 5.1, for |arg \| < 7 — ¢, 0 < ¢ < 7 and sufficiently large |A|, the linear BVP

(7.1) (L+MNw = —w"(z)+ A\(0, H)w(z) = f(z), z € (0,a), Liw=fi, Lyw= fo,

where H = (w(xo),w'(z0)), o € (0,a), and Ly is defined in (2.4), is maximal regular in
X and satisfies the estimate

2
[w]y <C (HfHX + Z Hf’fH(E(A),E)ek,p> ’
k=1

where C' does not depend on a € (0,a0]. Let w be a solution of the BVP (7.1). Consider
a ball

B, ={fveX:v-—weY,, |[v-uw|y <r}.
Given v € B, and V = (v,'), consider the linear BVP
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(7.2)
—u"(z) + A0, H)u(x) + Au(z) = F(z,V) + [A0, H) — A(z, V)] v(z), =z € (0,a),
L= fi, Lou= fs.

Define a map @ on B, by Qv = u, where u is a solution of the problem (7.2). We want to
show that Q(B,) C B, and that L is a contraction operator in Y, provided a is sufficiently
small and r is chosen properly. To this end, by using maximal regularity of the problem
(7.1), we obtain from (7.2)

Qv —wlly = [lu—wly
< Co{lF(@.V) = F(a,0)ll + A0, H) — Alx, V)] o]}

Then, by using the assumption (2), we obtain
I[A(0, H) = A(z, V)] vl
< sup [, H) — Ale, )y + 1 AGE H) = A, V)l ] ol

z€(0,a]

< Kot LRIV = Hllg | llo = wlly + el
< (K LR) (Crllo = wlly + W = Hlo )| v = wlly + Jwlly]
< [Bo+ LB (Cor+ W = H|g )| I+ Tl

where Kj = sup,epoq [[4(0, H) — A(z, H)|| g, ) and R = Ci+||[W]|, , is a fixed number.
By assumption (3), we similarly obtain

|F@. V)= Fe.0)lx < I, V) = Fo H)lx + | Fz, H) = F(,0)] 5
< el [IV = Wlg oo + 1 g

< Crlgll, o = wly + Wl

< el [Cor + Wil -

A

Since r < 1, we have from the above estimates that
1Qv = wlly < Co { | Ko+ LIR) (Cor 4+ [W = Hllg o) | Ir + olly ]}
+Collgl, [Cor + Wil -
In a similar way, for v,v € B,, V = (v,7’), we obtain
1Qu — Qully < Co{||F(z,V) = F(z,V)|, + ||[A0, H) = A(z,V)] (v — )|
+ A, V) = Az, V)] 9| }
< Co {19l IV = Vllg + (Ko + LCR) [H = Vo) llo = 9lly
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R) [[H = V|, Iolly]

< Co|Cullgll, + Ko+ L(R) (|1 H = Wy o + Cir) + LIR)C: (r+ Jully) | o=,

Now by suitably choosing r, a € (0,a0), f, and by using Remark 7.1 and condition (C),
we obtain
Qv —Qvlly <d|lv—20]y, where §<1,

i.e., () is a contraction operator. If a is chosen so small, then we have

Q(B,) C B,.
The contraction mapping principle therefore implies the existence of a unique fixed point
of @) in B,, which is the unique strong solution u € Yj. O

8. NoNLocAL BVPs

8.1. Elliptic Equations on a Domain with Varying Bound. The Fredholm property
of BVPs for elliptic equations in smooth domains was studied in e.g., [2, 5]. In this section
we use Theorem 5.1 and Theorem 6.1 in order to establish the maximal L,-regularity for
the solution of nonlocal elliptic BVPs on a cylindrical region with varying bound. Let
G C R™, m > 2, be a bounded domain with an (m — 1)-dimensional boundary 0G which
locally admits rectification. In the domain €; = [0,b(¢)] X G, t € [c,d], we consider a
nonlocal BVP

m

(81) (L + )‘)u = —Dﬁu(x,y) - Z akj(y)Diju('rv y) + a(x, y)Dmu(mv y)
k,j=1
+ 2 as(e ) Djule,y) + aolw, y)ulz,y) + Xu(z,y) = (2, ),

mp mp N M

0
u(0,y) + B —u(ly) + Z Ok 3oy WUThs )

0
(8.2) Lyu = aké)xmk

+ Z Tk] Ik]Oa fk( ) k € {172}7 Yy € Ga

7j=—1
(8.3) Z z,y) + oy )ulz,y) =0, x€(0,1), y €0G,
where D, = aw Dj = — aiij D, = (Dy,...,Dy), my € {0,1}, ag, Bk, d;; are complex-

valued continuous functions of ¢t € [¢,d], 7 = ord Lo, ¥ = (Y1,---,Ym), Tx; € (0,1),
Zjo € [0,1], and Ty; = Tj;(t) are, in general, unbounded operators in L,(G).
Theorem 8.1. Let the following conditions be satisfied:
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(1) ar; € C(GQ), a,a;,a90 € CHG), ¢y € C(GQ), 0G € C?;

(2) Yt ci¥)o; # 0,y € 0G, 0 € R™ is normal to 0G, cj,co € CHG) forr =1
and co(y') # 0, v € 0G forr = 0;

(3) fory € G, 0 e R™, argA =, [of + [N # 0, A+ D700 ax;(y)ora; # 0;

(4) for the tangent vector o' and a normal vector o to OG at the point y' € OG, the
boundary value problem

A+ Z ari (y') (afc — iajdilg) (02 — wjdi{)] w() =0, £€>0, A<0,
=h

k=1
e d
S (a; _ w%) u(e)
£€=0

(and for r = 0, the problem generated by the same equations with uw(0) = h) has
one and only one solution which, including all of its derivatives, tends to zero as
& — oo for any numbers h € C;
(5) (-1)m1041ﬁ2 - (—1)m204251 7é 0 fOT te [C, d],
(6) if my, =0, then Ty; = 0; if my, = 1, then for any € > 0 there is c(¢) such that for
1

9— 1
allu € Bp ™ (G; Lou = 0,7 <2 —my — 2/ps),

<ellu|| ,_ 1 +cle) ||u ,
@ S | ”Bf, o @) llull, (@

where py € (1,00) \ {2}, orpe =2 and r # 1.

Tl

k

2—mp— =
Then; fOT' f € Lp<Qt)7 p= (plap2>f 0 < P1, D2 < o0, fk € Bp o (G) and |arg/\| =T
and sufficiently large |\|, the problem (8.1)~(8.3) has a unique solution that belongs to the
space Wg(Qt), and coercive uniformity with respect to the parameters t and A holds, i.e.,

2
el < C [+ Nullg g, + D I1Lxull
k=1

+ llullz, @

27771,k7L
Bp "(G)

is satisfied for the solution of the problem (8.1)—(8.3). Moreover, the operator
u— Q(t)u = {Lu, Lyu, Lipu}
from W2(Q; Lou = 0) into

27WL}€7i

2
Lp(Q) x [[Bo " " (G, Lou=0,r <2—my — 2/p,)
k=1
1s bounded and Fredholm.

Proof. Let E = L, (G). Consider the operator A defined by

D(A) =W, (G;Lou=0), Au=— Y ay(y)DpDju(z,y).

k,j=1
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For = € [0, b], also consider the operators
Bi(z)u = a(z,y)u(z,y), Bs(x Za] z,y)Dju(z,y) + ao(z, y)u(z, y).
j=1

Let us apply Theorem 6.1 to the problem (8.1)—(8.3). Using [5, Theorem 8.2], the operator
A+ pl is R-positive in L,, for sufficiently large p > 0. Moreover, it is known that the
embedding W2 (G) C Ly, (G) is compact (see, e.g., Triebel [10, Theorem 3.2.5]). Then due
to the positivity of A+ul in L, (G), we obtain that (A+ul)™" € 04 (Ly, (G)). Therefore,
condition (1) of Theorem 6.1 is fulfilled. Condition (2) of Theorem 6.1 coincides with
condition (5). By virtue of condition (1) of Theorem 8.1, the operators B;(z) in L,, (G)
and By(x) from W) (G) to Ly, (G) are bounded. Using [10, §4.3.3] and in view of the

embedding between Sobolev and Besov spaces [4, §18, Theorem 18.9], we have
(E(A),B)1, = (W, (G, LO),Lm(G)) =B, (G, Lo,r =0) C W, (G).

p1,1

Therefore, the operator Bi(z) from Wpll(G) into L, (G) and, consequently, from
(E(A),E)é1 into L,, (G), is compact. Then we obtain that the operator B;(z) satis-

fies condition (3) of Theorem 6.1. In a similar way, we prove that the operator Bs(x)
satisfies condition (3) of Theorem 6.1, too. Moreover, using interpolation properties of
Sobolev spaces (see, e.g., [10, §4]), it is easy to see that condition (4) of Theorem 6.1 is
also fulfilled. O

8.2. Infinite Systems of Nonlinear Differential Equations. Consider a BVP for an
infinite system

(8.4) —up () + [Am(z,u,u") + N uy (2) = Fp(z,u,u’), 2 €(0,a), meN,

Ny
(85)  axD"™up(0) + D" up(a) + Y 0D i (Oki) = frm, k€ {1,2},

i=1
where u = {u,,} and u' = {u] }. Let
Az, u,u') = {Ap(z,u,u)}, A= A(0,0,0), u={un} €y,

1
q

D(A) == ucty: ul, = <Zrzm5umrq <oop, 520, ge(l,00),

q

From Theorem 7.2 by using [10, §1.18.2], we obtain the followmg result.
Theorem 8.2. Let the following conditions be satisfied:

(1) (=1)™aifBy — (—1)™2ayfBy # 0;
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(2) the functions Ap(z,U) and F,,(x,U) are continuously differentiable on [0, aq] for
Ue€F.

Then there is a € (0, ag) such that the problem (8.4)—(8.5) for |arg\| < 7m—p, 0 < v <,
and sufficiently large || has a unique solution belonging to the space W2 (0, a; 5, (,).
Remark 8.3. It should be noted that the assertion of Theorem 8.2 is valid for all finite
systems satisfying the conditions of Theorem 8.2.
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