Nonlinear
Analysis

PERGAMON Nonlinear Analysis 47 (2001) 849860

www.elsevier.nl/locate/na

Linear Hamiltonian dynamic systems on time
scales: Sturmian property of the principal
solution

M. Bohner

Department of Mathematics and Statistics, University of Missouri-Rolla, 115
Rolla Building, Rolla, MO 65409-0020, USA

O. Dosly

Mathematical Institute, Czech Academy of Sciences, Zizkova 22, CZ-61662 Brno,
Czech Republic

R. Hilscher *

Department of Mathematics, Michigan State University, Fast Lansing, MI
48824-1027, USA

Abstract

Basic results of the oscillation and transformation theories of linear Hamiltonian
dynamic systems on time scales are presented. It is shown that these results incor-
porate, as particular cases, oscillation and transformation theories of linear Hamil-
tonian differential systems and symplectic difference systems. In the last part of
the paper a Sturmian-type property of the principal solution of linear Hamiltonian
dynamic systems is established.
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1 Introduction

The aim of this paper is to present basic results of oscillation and transfor-
mation theories of linear Hamiltonian dynamic systems on time scales and to
establish a Sturmian property of principal solutions of these systems. Recall
that a time scale T is any closed subset of the reals R. An alternative ter-
minology for this object is measure chain which is sometimes used in a more
general context. The time scale calculus was established in [7], developed in
the subsequent papers [8,9], and incorporates as particular cases the differ-
ential calculus if T = R and the difference calculus if T = Z. Basic ideas of
this calculus are given in the next section. At this place we recall only that if
f:T — X where X is a Banach space, one can define the so-called generalized
derivative (sometimes also called delta derivative) which reduces to the usual
derivative f' if T = R and to the forward difference Af if T = Z.

A linear Hamiltonian dynamic system on a time scale T is the first order linear
dynamic system

28 = H(t)z, (1)

where H : T — R?™*?" ig a matrix of rd-continuous functions satisfying the
identity

HEH)T + THE) + pt)YHT () TH(t) = 0, (2)

4 being the graininess of the time scale and J = (_OI IO). System (1) with the
matrix H satisfying (2) was introduced and studied in [6,11] under the name
symplectic dynamic system. The concept of a Hamiltonian dynamic system
was introduced by Ahlbrandt et al. [1]. Here we adopt the latter terminology
(Hamiltonian system) since it perhaps better characterize the essence of the
problem. Note also that if T = R then (1) reduces to the classical linear
Hamiltonian differential system and to the symplectic difference system if
T =Z.

The paper is organized as follows. In the next section we recall basic facts
of the time scale calculus and oscillation theory of Hamiltonian dynamic sys-
tems. These systems are studied in more detail in Section 3, in particular, we
formulate the so-called Roundabout theorem for Hamiltonian dynamic sys-
tems and recall also the concept of the principal solution and its properties as
introduced in [5]. In the last section we establish a Sturmian-type property of
principal solutions.
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2 Auxiliary results

We start with basic facts of the time scale calculus, see [7], unifying the dif-
ferential and difference calculus. A time scale T is any closed subset of the set
of real numbers R. On any time scale T we define the following operators and
concepts:

o(t):=inf{s €T, s>t}, p(t):=sup{seT, s<t}

are the forward and backward jump operators. A point ¢ € T is said to be
left-dense (1-d) if p(t) = t, right-dense (r-d) if o(t) = t, left-scattered (l-s) if
p(t) < t, right-scattered (1-s) if o(t) > ¢ and it is said to be dense if it is r-d
or I-d. The graininess p of a time scale T is defined by u(¢t) := o(t) —¢. For a
function f : T — R (the range R of f may be actually replaced by any Banach
space) the generalized derivative is defined by
o(t)) — f(s
A = 1511)1% %—2, where s € T\{o(t)}.

If T =R, then o(t) = ¢, u(t) =0 and f2 = f' is the usual derivative. In case
T =Z, we have o(t) =t + 1, u(t) = 1 and f» = Af is the forward difference
operator. We will write f° for the composite function f o o.

Directly one can verify the following basic rules of the differential calculus on
time scales

[£(t) £ 9(®)]% = £22) £g2(), F(t) = F(&) + p(t) F2(2),
[FR)g®) = RO (8) + F(£)g™(8) = FA(B)a(®) + 7 ()g™(2),
{ 0} }A _ 2 (®)9t) — F)g* ()

g(t) g(t)g° (t)

For the investigation of solvability of dynamic equations on time scales (dy-
namic equation means an equation involving an unknown function together
with its generalized derivatives) we need also the following concepts. Here the
usual notation for an interval [a,b] actually means the set {t € T, ¢t € [a, )]},
open and half open intervals are defined in the same way, [a,b]* = [a,b] if b
is I-d and [a,d]* = [a,b) if b is l-s. A function f : [a,b] — R is said to be
rd-continuous if it is continuous at each r-d point and there exists a finite left
hand limit at all I-d points, and this function is said to be rd-continuously
differentiable if its generalized derivative exists and is rd-continuous, these
classes of functions will be denoted by C,q and Cl;, respectively. For ev-
ery rd-continuous function f there exists its generalized antiderivative - a
function F' such that F® = f. Using this antiderivative we define the in-
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tegral [°f(t) At := F(b) — F(a). A function f is said to be regressive if
14 w(t)f(t) # 0 (the mapping id +u(t)f(¢) is invertible if the range of f
is a Banach space). The initial value problem for the linear dynamic equation

25 =g(t)z, z(to) = 2

with a regressive and rd-continuous function g has a unique solution [7, The-
orem 5.5].

Now we turn our attention to linear Hamiltonian dynamic systems. First ob-
serve that (2) implies (I+uH )T J(I+uH) = J,i.e., the matrix valued function
I 4- pH is symplectic, i.e. nonsingular, and hence # is regressive. This means
that if the matrix # consists of rd-continuous functions, the initial condition
z(tg) = zo determines a unique solution of (1). Let us write the matrix H in

the form
A B
4= ( ’ D). (3)

If T =R, i.e. u(t) =0, then (2) reduces to the identity HT(¢)J + JH(t) = 0
which implies that the matrices B, C are symmetric and D = —.A”. This means
that (1) is the classical linear Hamiltonian differential system

o = A()z + B(t)y, u' = C(t)z — AT (t)u, (4)

whose oscillation theory is deeply developed, see e.g. [12-14] and the references
given therein. If T = Z, then (1) takes the form

Zre1 = (I + Hi)ze

and (2) (with g = 1) implies that (1) complies with the so-called symplectic
difference system whose oscillatory properties are studied in [2,3].

The identity (2) is translated in terms of A, B,C,D as
C—CT+ p(ATC -CTA) =0,

BT — B+ u(BTD — DTB) = 0, (5)
AT +D + u(ATD - CTB) = 0.

In particular, we have z7 = (I + p(t)#(t))z. Since the matrix

I+pA uB )

I+ puH =
uC I+ uD
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is symplectic (compare (5)), we have

-1

I+pA uB I+ uDT —uB?
uC I+ uD —uCT T+ pAT

Consequently, if we write z = (:) with n-dimensional vectors z, u, we have

(x) _ (I +uD" —pB” (x)” -

U —uCT I+ pAT | \u

Let Z = ()5), Z = (}5) be 2n x n-matrix valued solutions of (1). By a di-
rect computation (using (2)) one can easily verify that (Z7J Z)A =0, ie.
ZT()TZ(t) = M, where M is a constant matrix. If Z = Z, M = 0 and
rank (}U{) = n, the solution (g) is called a conjoined basis of (1). Oscillatory
properties of (1) are defined using the concept of a focal point introduced in
[6,10]. A conjoined basis Z = (g) has no focal point in an interval (a, b] if X ()
is nonsingular at all dense points ¢ € (a, b] and both

Ker X°(t) C Ker X(t) and D(t):= X()(X°(®)B(t)=0  (7)

hold for ¢ € (a,b]". Here Ker, I and > stand for the kernel, Moore-Penrose
generalized inverse and nonnegative definiteness of a matrix indicated, respec-
tively. Note that if the previous kernel condition is satisfied then the matrix
D(t) is really symmetric as is shown in [6]. System (1) is said to be disconju-
gate on the interval [a, b] if the conjoined basis Z = (g) given by the initial
condition X{a) = 0,U(a) = I has no focal point in (a,b]. If a time scale T
is not bounded above, system (1) is said to be nonoscillatory if there exists
T € T such that it is disconjugate on [T, o), in the opposite case it is said to
be oscillatory. Let us compare the above definition of the focal point with this
definition in the continuous case T = R. There, the focal points are just singu-

larities of the first component X of a conjoined basis (5) . The kernel condition

in (7) is automatically satisfied since X (t) = X9(¢) in the continuous case.
Concerning the “D(t)-condition”, this condition reduces to B(¢) > 0 if X (¢)
is nonsingular. However, this condition is known as the Legendre condition in
the theory of linear Hamiltonian system (4}, and the classical Sturmian theory
extends to (4) only under this assumption, see [14]. Hence Legendre condition
is apriori supposed in oscillation theory of (4) and the “time scale definition”
of the focal point actually reduces to the usual definition if T = R. In the
discrete case T = Z there are no dense points, so X is allowed to be singular
and (7) reduces to the concept of no focal point in (¢,t + 1] introduced in [3].
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Consider the transformation of (1)

= R(t)w, (8)

where R is a 2n x 2n symplectic matrix of C}, functions. This transformation
transforms (1) into the system

A=(tw, #H=(R)"[-R*+HR]| (9)

and symplecticity of R implies that this system also has the Hamiltonian
structure, i.e. HTJ + JH + uHT TH = 0. Moreover, if

R(t) = (H(t) 0 ) and w= (y>’
K(t) (H*(t))™ B

where H, K are C}; n x n matrix functions such that H is nonsingular and
HTK is symmetric, then (8) preserves oscillatory nature of transformed sys-
tems. Let us write the matrix # in the form

ﬁw=(@”?®)
éw) B

—(H°)"Y(H? — AH — BK),
(Ha) IB(HT)—-l
(KO)T(H® — AH — BK) — (H°)T(K” — CH —~ DK),
(HA DTHU _ BTKO')T(HT)—I

with

A
B
¢
D

In particular, if (g) is a conjoined basis of (1) such that X (¢) is nonsingular,

then setting H = X, K = U shows that we have A = 0, B = (X?)"1B(XT)"!
C =0 in (9). More precisely,

R(6)=X(0) [ (X7(6)) 7 BE) (X)) A,

0()=U) [ (X°(0)BE)(XT(s) As + (XT(1)
is a conjoined basis of (1) for which XTU — UTX = —I.

We finish this section with the definition of the principal solution of (1). First
recall some necessary concepts [5, Section 2|, [6, Definition 6]. System (1) is
said to be dense normal on an interval [a, b] if for any dense point s € (a, b
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the trivial solution (z) = (8) is the only solution of (1) for which z(¢) = 0 on
[a, s]. System (1) is said to be eventually dense normal if there exists T € T
and £ € N such that this system is dense normal on [T, s] for every dense
s > T and, if there is no dense point in (T, ), then for any ¢ > T :z;”k(t) =0,
k =0,...,£ implies (2) = (g) on (t,00). Here o* = go--.-00, o%(t) = t.

k—times
Observe that in the continuous case T = R the dense normality is just usual

controllability condition (sometimes also called identical normality), see [12—
14].

A conjoined basis (‘5) of (1) is said to be a principal solution of system (1) if

X (t) is nonsingular,
(X)) BEXT@) T 20,
both for large ¢, and

lim X~ }(£)X(t) = 0 (10)

t—o0

for any conjoined basis (5) for which the (constant) matrix
L:=XTU-UTX is nonsingular. (11)

Any conjoined basis (5) for which (10) and (11) hold is said to be a nonprin-
cipal solution. Note that in the theory of difference equations the concepts
recessive and dominant solution is used instead of the concepts principal and
nonprincipal solution, respectively.

3 Roundabout theorem and principal solution

In this section we present basic oscillatory properties of (1) and of its principal
solution. As we have mentioned in the previous section, oscillatory properties
of (1) are defined using the concept of the focal point of a conjoined ba-
sis. These properties can be equivalently characterized via the concept of a
generalized zero of a vector solution of (1) which is defined as follows [11,
Definition 1]. A point ¢t € T is a zero of a solution z = (z) if ¢ is dense and
z(t) = 0. A point o(t) is a o-zero of z if ¢ is r-s, z(¢) # 0, z°(t) € Im p(t)B(t)
and z7(¢)B!(t)z°(t) = 0. A point ¢ € T is a node of z if ¢ is r-d, z(t) # 0
and B(t) 2 0. A point -Hg—(t) € T is a o-node of z if t is 1-s, (z(t) # 0),
z°(t) € Im p(t)B(t) and 27 (¢)BY(t)2°(t) < 0. A generalized zero of z is defined
as its zero, or its o-zero, or its node, or its c-node.
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Basic oscillatory properties of linear Hamiltonian dynamic systems are sum-
marized in the next theorem, which is (based on the terminology introduced
by Reid [13,14] for linear Hamiltonian differential systems (4)) usually referred
as Roundabout theorem. This statement, proven in [11], shows that the classi-
cal Sturmian theory extends to (1) and that certain quadratic functional and
Riccati-type matrix dynamic equation play a crucial role in the characteriza-
tion of disconjugacy of (1).

Theorem 1. Suppose (1) is dense-normal on T := [a,b]. Then the following
statements are equivalent:

(i} System (1) is disconjugate on Z;
(ii) The quadratic functional

o) = | @) [HE () + KCH() + e HT@ICH() } 2(8) At > 0,

where I == (9 g) for every z : T — R?*® such that Kz € C*(Z), KTz €
Cra(Z), Kz(a) = 0 = K(b), satisfying Kz2(t) = KH(t)z(t) on I*;

(ifi) No solution z = ’”) of (1) with z(a) = 0 has any generalized zero in
(avb];'

(iv) There exists a symmetric solution @ on I of the Riccati matriz equation
R[Q]:==—-Q*+C(t)+D(H)Q — Q°(A(t) + Bt)Q) =0  (12)

with I + u(A + BQ) nonsingular and [I + p(A+ BQ)]™'B > 0 on Z*;
(v) There exists a conjoined basis Z = (g) of (1) with no focal point in {a, b]
such that X is tnvertible on I.

Observe that the hypothesis of dense-normality is missing in the discrete case
(T = Z) and that the Legendre condition is contained in the item (i). Thus,
no apriori assumption like “B(t) > 0” is needed here.

We finish this section with basic facts concerning principal solutions of (1).
The statements given below were proved in [5].

Theorem 2. Suppose that (1) is nonoscillatory and eventually dense normal.
Then this system possesses a principal solution Z = ()5) This solution is

determined uniquely in the following sense. If Z = (g) is another prinﬂcipal
solution, then there ezists a monsingular n X n matrix M such that (‘5) =
X

(3)M.

In addition to the “minimality” of the first component of the principal solu-

tion with respect to first components of other conjoined bases of (1) involved
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already in the definition of a principal solution, this solution has another
“minimality property”.

Theorem 3. Suppose that (1) is nonoscillatory and eventually dense nor-
mal. Let (g) be its principal solution. Then the solution Q = UX™! of the
associated Riccati equation (12) is eventually minimal in the sense that if

Q is any solution of this equation which ezists on some interval [a,00) and
[+ u(A+ BQ)™YB > 0 in this interval, then Q(t) — Q(t) > 0 for t € [a, 00).

4 A Sturmian property of the principal solution

In this section we present a Sturmian-type property of the principal solu-
tion of (1). This statement can be explained as follows. Consider the linear
Hamiltonian differential system (4) with B(¢) > 0, which is a special case
of (1). Let (“5::) be the conjoined basis of this system given by the condi-
tion X3(b) = 0, Uy(b) = I, and suppose that X,(¢) is nonsingular in some left
neighbourhood of b. Further suppose that there exists a < b such that Xp(a) is
singular. Now, if ()U() is any other conjoined basis of (4), then by the classical
Sturmian theorem there exists ¢ € [a,b) such that X (¢) is singular. A similar
situation we have if b = 0o and the solution (‘5:) is replaced by the principal

solution (}5), if a € R is the largest singularity of X, then the first component

%) is singular at some point of the interval
la, 00), see e.g. [14]. In [4] it was proved that recessive solutions of the linear
Hamiltonian difference system

X of any other conjoined basis (X)

T
Azy = ApTrr + Brug, Aup = Crzpyr — Ay us,

have the same Sturmian-type property. The next theorem unifies these state-
ments in the scope of the oscillation theory of Hamiltonian dynamic systems
on time scales.

Theorem 4. Suppose that (1) is nonoscillatory and eventually dense normal.
Let Z = (5) be a principal solution of (1) such that X (t) is invertible and
D(t) := X(¢)(X°(t))"'B(t) > 0 for t € (a,00). If X(a) is singular or D(a) ?
0, then for any conjoined basis Z = (g) of (1) either X(t) is singular or
D(t) = X(t)(X°(¢))"1B(t) # O for some t > a.

PROOF. Suppose, by contradiction, that there exists a conjoined basis Z =
()[5) for which X (t) is nonsingular and D(t) > 0 for ¢ > a. Ifaist-d,ie. p(a) =
0, then 0 < D(a) = X(a)X~*(a)B(a) = B(a) and if X(a) is nonsingular, we
have D(a) = X(a)X*(a)B(a) = B(a) = B(a) > 0, a contradiction with our
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assumptions. Hence X (a) cannot be nonsingular. If u(a) > 0, then using (6)
for £ = a we have

X(X)1B=X[(I + uD")X° — uB*U°|(X°)'B
= (I + uD")B - uB*Q°B.

Consequently,

D(a) — D(a) = X (a)(X°(a)) "' B(a) — X (a)(X°(a)) " B(a)

)
w#(a)B7(a)[Q°(a) — Q°(a)]B(a) 2 0,

I

a contradiction, i.e., X (a) cannot be nonsingular also in this case.

Denote , )
G(5X) = [ (X7(s)7'B(s) (X(s)) " As
and let

Xt)=X®OI+6tX)], Ut)=U®[I+G(tX)]+ (X))
(

Then ,;) is a conjoined basis of (1) for which XTU — UTX = —I. Since
G(t; X) is nonnegative definite, X is nonsingular for ¢ > a. Any conjoined
basis of (1) is of the form

X[M +G(t X)N|
<0[M +G(t; X)N] + (XT)—1N>7 (13)

where M, N are constant n x n matrices such that M7 N is symmetric and
_ t _ ~
G(t; X) = [ (X7(5)) ' B(s)(X7(s)) " As.

In particular, the solution (}U{) is also of this form and substituting ¢ = a into
(13) we get M = I, N = —I, hence

X=XI-6tX), U=0[I-6GX) - (X" (14)
The first equalities in (13) and (14) imply that

I=[I-6(X)][I+§(t X))

Since the second factor in the last equality is a nondecreasing matrix-valued
function, the first factor is nonincreasing and 0 < G(¢; X) < I, hence there
exists a nonnegative definite matrix limit G,, = lim; ., G{¢; X). Moreover,
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G > 0 because otherwise there would exist 0 # ¢ € R™ such that G(¢)c = 0
for t > a (use that fact that G(¢, X) is nonincreasing) and then

) - (gt 20, )
u(t) WG X) + (XT(t) e
is a solution of (1) with z(¢) = 0 and u(¢) # 0 on [a,o0) which contradicts

eventual dense normality of this system. Consequently, X (a) = X(a)Gy is
nonsingular.

Denote
X =X[Go—6(:X)], U=UlGw—-9(tX)]— (X"

Then XU — UTX = I and

lim X ~1(t)X(t) = lim[Goo — G(t; X)] = 0.

t—ro0 t—o0

Hence (2‘:) is a principal solution of (1) for which X(a) is nonsingular. By

Theorem 3 there exists a nonsingular n X n matrix M such that (g) = (ﬁ)M ,

in particular, X(a) = X (a)M is nonsingular. However, this contradicts sin-
gularity of this matrix which we obtained at the beginning of the proof as
a consequence of the assumption that X (¢) is nonsingular and D(t) > 0 for
t > a. This completes the proof.
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